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Foreword 


You are about to encounter a very special book. Summing series has been of 
interest for centuries, and, in an age of powerful computers, the interest has 
greatly intensified. Keopf’s Hypergeometric Summations, The Concrete Tetra- 
hedron by Kauers and Paule, and A=B by Petkovsek, Wilf, and Zeilberger 
are all impressive works devoted to this topic. 

So why do we need, Methods for the Summation of Series, ostensibly de- 
voted to the same subject? Let us begin by noting the background that the 
author Tian-Xiao He (Earl and Marian A. Beling Professor of Natural Sci- 
ences and Professor of Mathematics, Illinois Wesleyan University) brings to 
this effort. He has done important work in numerical analysis, wavelet analy- 
sis, approximation theory, and splines. These interests have led him naturally 
into enumerative combinatorics and the emerging field of Riordan Arrays. This 
diversity of interests is on full display in this book. It would be fair to say that 
this volume combines the charm of an ancient book like I. J. Schwatt’s, An 
Introduction to the Operations with Series (1924), with a keen awareness of 
the many aspects of the most recent methods developed for the summation of 
series. The advantage of this mixture is that insight and context are provided 
for many applications. 

The five chapters of this book provide a clear view of the depth of vision. 
The first chapter is devoted to classical methods, which, while they date back 
to the 19th century and before, are nonetheless effective and always timely. 
Symbolic methods occupy the next two chapters. This, too, is a venerable 
subject dating back to invariant theory; its modern combinatorial manifesta- 
tions were pioneered by Gian-Carlo Rota. This is a compelling way to place 
the classic theory of finite differences in a modern and substantially more 
powerful setting. 

Chapter 4 moves to the world of special functions. Of particular interest 
is the extensive use of Riordan Arrays, a topic in which Professor He is one of 
the world leaders. This is, indeed, one of the highlights of this book. The final 
chapter continues to build on Riordan Arrays and concludes with an account 
of some of the algorithms that have been so successful in doing summations 
via computer algebra. 


xi 


xii Foreword 


This is a well-written, lucid book with many surprising gems. I am happy 
to recommend it to you as a valuable addition to your library. 
George E. Andrews 
Evan Pugh University Professor in Mathematics 
Member, National Academy of Sciences (USA) 
Past President, American Mathematical Society 


Testimonial 


In the past three months, I really enjoyed reading through the book. It is a 

very good monograph and text and offering an overview of several valuable 

techniques, and readers will find it to be a very fine reference book as well as 

one from which to study. I certainly give it my highest recommendation. The 
author presented very impressive publications and research activities. 

Henry Wadsworth Gould 

Professor Emeritus of Mathematics 

West Virginia University, Morgantown 

Fellow of the American Association for the Advancement of Science 

Honorary Fellow of the Institute of Combinatorics and its Applications 

July 11, 2021 
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Preface 


This book presents methods for the summation of infinite and finite series and 
the related identities and inversion relations. The summation includes the col- 
umn sums and row sums of lower triangular matrices. The convergence of the 
summation of infinite series is considered. We focus on symbolic methods and 
the Riordan array approach for the summation. Much of the materials in this 
book have never appeared before in textbook form. This book can be used as 
a suitable textbook for advanced courses for higher-level undergraduate and 
lower level graduate students. It is also an introductory self-study book for 
researchers interested in this field, while some materials of the book can be 
used as a portal for further research. In addition, this book contains hundreds 
of summation formulas and identities, which can be used as a handbook for 
people working in computer science, applied mathematics, and computational 
mathematics, particularly, combinatorics, computational discrete mathemat- 
ics, and computational number theory. The exercises at the end of each chapter 
help deepen understanding. 

Since the methods discussed in this book are related to the classical sum- 
mation methods, we present the main classical methods in Chapter 1 with the 
example oriented way. This chapter provides useful supplementary materials 
for the people who study advanced Calculus, and training materials for the 
people who study applied and computational mathematics. 

The infinitesimal calculus or differential and integral calculus is a field to 
treat functions of continuous independent variables. The methods to find sum- 
mation of series by using infinitesimal calculus shall be surveyed Chapter 1. 
We will introduce one by one the following five simple and common methods: 
(1) Substitution method; (2) Telescoping method; (3) Method of the sum- 
mation of trigonometric series; (4) Differentiation and integration method for 
uniformly convergent series; and (5) Abel’s summation. 

As is well known, the closed form representation of series has been studied 
extensively. It is also known that the symbolic calculus with operators A (dif- 
ference), F (shift or displacement), and D (derivative) plays an important role 
in the Calculus of Finite Differences, which is often employed by statisticians 
and numerical analysts. The object of Chapter 2 is to make use of the classical 
operators A, E, and D to develop closed forms for the summation of power se- 
ries that appear to have a certain wide scope of applications. Throughout this 
chapter the theory of formal power series and of differential operators will be 
utilized, while the convergence of the infinite series is discussed. In this chap- 
ter, we focus on the summation and identities arising from the interrelations 


XV 


xvi Preface 


of a number of operators in common use in combinatorics, number theory, and 
discrete mathematics. Various well-known results can also be found in some 
classical treatises in this chapter. Since all the symbolic expressions used and 
operated in the calculus could be formally expressed as power series in A (or 
D or E) over the real or complex number field, it is clear that the theoretical 
basis of the calculus may be found within the general theory of the formal 
power series. Worth reading is a sketch of the theory of formal series that has 
been given briefly in Chapter 2. 

Chapter 3 presents a frame work with several source formulas, from which 
numerous summation formulas and identities are constructed. This frame work 
is due to a general substitution rule, called Mullin-Rota’s substitution rule. 
Given a generating function or a formal power series expansion, then a cer- 
tain operational formula may be obtained by using the substitution rule. Some 
operator summation formulas from multifold convolutions are also obtained 
similarly. With the aid of Mullin-Rota’s substitution rule, we shall show in this 
chapter that the Sheffer-type differential operators together with the delta op- 
erators A and D could be used to construct a pair of expansion formulas that 
imply a wide variety of summation formulas in the discrete analysis and com- 
binatorics. A convergence theorem is established for fruitful source formulas. 
Numerous new formulas are represented as illustrative examples. A kind of 
lifting process is used to enlarge the number of new formulas. In addition, this 
chapter presents further investigation on a general source formula (GSF) that 
has been proved capable of deducing numerous classical and new formulas for 
series expansions and summations besides those given in the previous parts of 
the book. 

In the first half of Chapter 4, we shall continue the symbolic process for 
some special function sequences and number sequences such as the sequences 
of Bernoulli polynomials and numbers, Stirling numbers, Fibonacci numbers, 
etc. In the second half of this chapter, we construct identities and summation 
formulas for the function sequences and number sequences related to Riordan 
arrays. A Riordan array is an infinite lower triangular matrix, which columns 
are multiplication of certain power series g and f. The theory of Riordan 
arrays provides a modern method for classical umbra calculus, bringing new 
insights into many areas of combinatorial importance. This chapter gives an 
introduction to the basic and applicable materials on Riordan arrays and the 
Riordan group for students and researchers, who seek novel ways of working in 
fields such as combinatorial identities, triangles for enumerating combinatorial 
numbers, special polynomial sequences, orthogonal polynomials, etc. 

In Chapter 5, we shall present the methods extended from the previous 
chapters for constructing various summation formulas, identities, and inver- 
sion relations. The formulas constructed in this chapter include the identi- 
ties of high dimensions, convolution-type, Abel-type, and those related to 
Bernoulli polynomials and numbers, Euler polynomials and numbers, etc. 
Some methods represented in this chapter are related to generalized Riordan 
arrays and generalized Riordan groups with different bases and their Sheffer 
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analogs, Sheffer-type polynomial sequences and the Sheffer group. Some iden- 
tities and inversion relations are constructed by using dual sequences with the 
Riordan array representation named pseudo-Riordan involutions. Finally, an 
extension of W-Z algorithm and Zeilberger’s creative telescoping algorithm 
is represented and used to construct and prove the identities for Bernoulli 
polynomials and numbers. 

I am grateful to Professor Leetsch C. Hsu (Xu Lizhi) for guiding me into 
the field of enumeration combinatorics. This book is dedicated to the mem- 
ory of him. The author would like to thank Professor George Andrews for 
his foreword and Professor Henry Gould for his testimonial and both of them 
for their comments and encouragements. I would like to thank all the col- 
laborators who have published joint papers with me in the fields of symbolic 
methods and/or Riordan arrays over the past decades, especially Leetsch C. 
Hsu, Louis W. Shapiro, Renzo Sprugnoli, Henry W. Gould, and Peter J.-S. 
Shiue for the pleasant cooperation with them and everything I have learned 
from them. I would like to thank the Editors of the Discrete Mathematics and 
Its Applications Series, CRC Press/Taylor & Francis Group, LLC, and KGL, 
specially Miklos Bona, Robert Ross, Vaishali Singh, and Manisha Singh for 
their help and patience in the process. The author is thankful for the support 
given by the Earl and Marian A. Beling Professor’s Fund. 

Tian-Xiao He 
Illinois Wesleyan University 
Bloomington, IL 
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Classical Methods from Infinitesimal 
Calculus 


CONTENTS 
Lt Use of Infinitesimal Calculus ...4...c00.c00006000000eeecenneneaens 2 
LL Comvrersence Of Series: paps dtsceeniersvepreereeenesssiaieis 2 
1.1.2 Limits of sequences and series ..............0.0eeeee eens 8 
1,2 Abel's SumimMahiow .v ocx siandeavadawsradidvscaxcinadsa veawevawasss 20 
1.2.1 Abel’s theorem and Tauber theorem .................... 20 
12.2 Abel's summation method osac.scasanseweesacaanxvawcsas 27 
1.3 Serie MeLNO  cisscocctarrrcaaneeahoedes Reeedone ane arab eokaacke ears 3D 
1.3.1 Use of the calculus of finite difference ................... 36 
1.3.2 Application of Euler-Maclaurin formula and the 
Bernoulli polymonugls. sgciscekccvarcassessdesacnascdaress 48 


Since the methods discussed in this book are related to the classical summation 
methods, we start this book from main classical methods for summation of 
series described in an example-oriented way. 

The infinitesimal calculus or differential and integral calculus is a field to 
treat functions of continuous independent variables, i.e., the variables may take 
every possible value in a given interval. The methods to find the summation 
of series by using infinitesimal calculus shall be surveyed in this chapter in the 
example-oriented way. 

The summation of a series }>,,.., Gn is defined by 


n 
y an = lim s, = lim ) Qk; 
noo NM oo 1 


n>1 k= 


where s, = pen ax is the partial sum of the series. On the summation of 
infinite series, there are following five simple and common methods. 


(1) Substitution method. To get the sum of 7.) un, we may substitute 
Un = Ank” that brings the sum f(k) = >°,,s9 Un if a known function 
f(x) = O50 anx” can be determined. 


(2) Telescoping method. In a given series }7,,..9 Un, if we have un = Un— 
Uti (n = 0,1,...) and lim, +o. Un = Uoo < 00, then }0,55tn = 
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V9 — Voo- In particular, if 
1 
Un = —————————_ 
AnQAn+1°°'An+m 
where a, = c+kd (k = 1,2,...), od € R, d 40, then 
1 1 
Vp, = — 
md AnGn+1°*'* AOn+m—-1 


(3) Trigonometric series summation. In order to evaluate the sums of 


p> Gn, cos(na) and S- Gy sin(na), 


n>0 n>=0 


we consider them as the real part and the imaginary part of power 


series 
; Gi, gh ; 


n>0 
where z = e7? 
tion 


? which can be summarized. In many cases, summa- 


So = 2" = log 


(lz| < 1) 


is useful to find the sum of the power series. 


(4) Differentiation and integration method for uniformly convergent se- 
ries. Namely, we may transfer a given uniform convergent series to 
a new series by differentiation or a suitable integration that can be 
summed, and the sum of original series will be found by taking an 
inverse transformation, i.e., integration or differentiation. 


(5) Abel’s summation. One may see Subsection 1.2.2 for details. 
Some examples shown in this chapter are selected from or greatly influ- 


enced by [1, 44, 51, 73, 79, 84, 102, 123, 135, 139, 141, 143, 164, 165, 177, 183, 
191, 200]. 


1.1 Use of Infinitesimal Calculus 
1.1.1 Convergence of series 
Example 1.1.1 Here is an example of the first method. Since 


oe SS = In2, (1.1) 


n>1 


we immediately have 


(-1)""1 oa 1 1 i (—1)"-1 7 
a rennet (4-5) =2y OO 1-2-1. 


n>1 n>1 n>1 
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A few examples for the second method dealing with the so-called telescop- 


ing series are shown below. 


Example 1.1.2 Since 


soe diet sae 
n(n+1)(n+2) 2\n(n+1)) (n+1)(n+2)/)’ 


we obtain 
1 


Thus, 


Similarly, 


3 2n+1 : se 1 ; 
———~ = lim = = oes SE 
n(n+1)? too \n?  (n +1)? 


n>1 


Telescoping method can also be used for the following triangular function 


series. 
a ee ee 
netn+1) 4 


n>1 


In fact, 
£ 


1 
S -1 _ yy S -1 -1 
a tan (<4) = lim 2{tan (n + 1) — tan n| 


= lim [tan7'(@+ 1) — tan7'1] = us 
£00 4 


Similarly, 
eo ae 
n?(n +1)? 
n>1 


Some series can be transferred to telescoping series as shown below. 
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Example 1.1.3 


f 1 1 7 
aan ~ 2G Se 


n>1 


| 


= >-=3 
3 9 
where we use >~,,,1/n? = 27/6, and the telescoping series \>,5,1/n (n+ 
11, 7 = 
Similarly, 


1 1 
= 2; (n4+2)(n+3) a (n + 1)(n + 2)(n +3) 


n>1 n>1 
_ t.1 A 
s a 


Example 1.1.4 Using the method of differentiation term by term to the fol- 
lowing series in their uniform convergence intervals, |z| <1, we obtain 


Mu / 


. neg} _ , grt -_ : a” 


n>1 n>1 n>1 
i " 1 " 142 
= —l-a) —|—-l1 ae 
l-« l-« (1-2) 


S 5 n(n + 2)a” = ne (\a| < 1) and 


Similarly, 


2 1 
Yo = (1+ 20)”, 


n! 
n>1 
where the Taylor’s series of 1/(1—«) and e® are applied. 


Some techniques shown below are useful in applying differentiation 
method. Consider the summation of the following series 


_ a(a+d)...la+(n—1)d_,, 
n= aed 
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d > 0. It is easy to have the differential equation 
F a 
(1— x)y"(z) = Gy(2), 


which yields a solution y(a) = (1 — x)~@/¢. 


Another example for differentiation method is 


1 ((n — 1)!)? 2n + —1_,\2 
22 ml (2a)°" = (sin * a) 


for all |z| < 1. Denote y = y(a) = (sin”'2)?. it is easy to find y satisfies 


differential equation (1 — «*)y’’ — xy’ — 2 = 0 and one of its power series 


solution is i ( WN? 
Y= F y gi 


Readers can check the correction by evaluating the first few terms of Taylor’s 
expansion of (sin~'(«))? and compare with the series shown above. Another 
power series solution of the differential equation can be obtained using coeffi- 
cient comparison method. 

Making use of the complex function properties, one may obtain more 
summation formulas. Denote by w = u+ iv a complex number. Then 
log w = log|w| + i(arg w + kr), where arg w = tan~!(v/u) is an argument 
of w, and & is an arbitrary integer. Let Re(w) be the real part of w. Then 
Re(log w) = log |w|. Denote z = e*”. We have 


ges se Fe ys = —Re(log(1 — z)) 


n>1 n>1 


= —Re(log(1 — e™)) = —log|1 —e|. 


Using Euler formula, we obtain 
ix ix /2 1 in /2 ix /2 in /2 Qo © 
1l—e” =2e = (e —e ) = —2e sin 5. 


Thus, 


y ent = — log |2sin | (1.2) 
n 2 
n>1 


for 0 < a < 27. More examples are given as follows. 


Example 1.1.5 


Dn 
Eg 
3 
8 
| 
— 
3 
|* 
lI 
4 
| 
: 8 
CS 
/\ 
8 
A 
iw) 
mel 
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cos 
> —— = Re y — = Re(e*) = e** cos(sinx), (|z| < oo) 
n>1 . n>1 

sin nx z” z COs 2 a: : 
> = Im YS me Im(e*) = e** sin(sin a) (|a| < oo). 
n>1 Ms n>1 ms 


Using formula sinnasinna = $[cosn(a— x) — cosn(a + x)] and summation 


(1.2) yields 
sin $(x +a) 


sin 4 (ax —a)|- 


> sin nasinnx = 1, 
n 2 


n>1 


Similarly, formula 
1 
sin? nasinna = Z (sin n(2a — x) — sinn(2a + a) + 2sin nz) 
and the first summation in Example 1.1.5 yields 


a. : 
sin” na sln Nv T 
De a ag es) 
n>1 


for all0 <a < 2a <7. By taking limit a > 1/2 on the both sides of (1.3), 
we obtain 


yy sin(2Qn—l)e a 


ae ka (\a| < 7). (1.4) 
n>1 
From (1.4) one can establish 
cos(2Qn—1)a 7? 
Saat = eT ath (lel S29). (1.5) 


n>1 


Indeed, for |x| = 7, (1.5) is easy to be obtained from S>,.,1/n? = x? /6. For 
|x| < 2, denoting the series on the left-hand side of (1.5) by F(x) and taking 
its derivative term by term yields 


d in(2n —1 
4 ye) =~ OHV = _F sone, 


dx 
n>1 


where the last step is from (1.4). The antiderivative of the above equation 
generates 


F(x) = =4 f square =C- Fel, 


where the constant C' is determined by 


which implies (1.5). 
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We now consider a positive divergent series }>,., 1/an. Then, for x > 0, 


we have 
ee) ee) a 
ag + &@ ag + @ a3+2 ag + & a3 + 2x 
«( a3 Jones. (1.6) 
a4+ 2x x 


Indeed, it is easy to write 


ay ay ag+ 2 a 4 ay () 

Cc! ag+ 2x x ~ ag+2 a2 +x x 

1 ay i a1 a2 4 a1 a2 (=) 
z ag+2 ag+2 a3g3+2“ ag+2 a3+2 x 


erred rs) Cor uae 
ag + @ ag + @ a3+2 


In general, we have the expression of the remainder R,, as 


p= Of ce er ec 
” 2 \agqt+2 ag3+2 An41 + 2x 


l| 


Hence, to prove the convergence of series of (1.6), we only need to show the 
infinite product tends to zero as n > oo. 
Since 2 > 0, we have 


x 1 
ae at 


k>2 


where by = ax/z (k = 2,3,...). The divergence of }7,5, 1/ax implies the 

divergence of > 7,5, 1/bx. If an by < 00, then limp5001/(by +1) # 0, which 

implies that >? ,59 1/(b«+ 1). di vets to infinite. If uy by = 00, then 1/(b,+ 
hoo 

1) ~ 1/b, as k + oo. Hence, 57... 1/(b% + 1) = o. ‘We have shown in any 


case, 
al 
ay, ja xv 
R, = — 1- >0 
bras Ak +x 


as n — oo. This completes the proof of formula (1.6). 
Formula (1.6) has a lot of applications. Here are two examples. 
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Example 1.1.6 


1! 2! 3! 
Pei (@+l@+2)~ (@F1)(x+2)(e@+3) 
1 
aaa (x > 1) 
x ie ee 


ing Tugs” tage” 


Se if |a| <1 
1/-«), if |a|>1. 


Here, the first formula is from (1.6) by substituting transform « > «x —1 and 
An =n. And we leave them as exercises (cf. Exercise 1.4). 


1.1.2 Limits of sequences and series 


In this section, we discuss the limits of sequences and series, which will be ap- 

plied in convergence of formal series and sequence approximation. The major 

part of this section is Toeplitz theorem on sequence transformation and its 

corollaries as well as the limits of sequences and series related to integrals. 
First, we establish the following proposition. 


Proposition 1.1.7 Denote sn = > op-1 Uk, tn = +> op-1 Sk, and Tm = 
4 a1 kup. Then 

(i) 8, > € implies tp, > € and T, > 0. 

(it) th > € and T, + T imply rT =0 and sy, > &. 


Proof. (i) Write sy, = €+ un. Thus for and € > 0, there exists N = N(e) such 
that n > N implies |u,,| < €/3. Thus, for n > N, we have 


nm 


fig 1 ene N 
i, = _ L j= 7 L— —f ns 
rp ar: y (€+ vp) >> setl—-—é+r 


k=N+1 k=1 
where 
ie 1 = Z n—-N € - € 
tml=|= 2 uel < ee 
n n 37 3 
k=N+1 


For the fixed N chosen as above, there exits no > N such that 


Neg € 


Therefore, 


made eta S 
nn = = al aaa 
3° 3° 3 


when n> no, ie., thn > £ as n—- oo. 
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Since 


when n — oo. 
(ii) We have shown that 


1 
tn + T = 7 (sn +758), 


or equivalently, 
n 
Sn = aan + Tn) 


Hence, from (i), T, > 0 and lim s, = lim t, = £. 
noo noo 


Proposition 1.1.8 If A, > A and B, > B as n > o, then 


1 n 
A ss Ap Bn4i-k —> AB, (n => oo). 
k=1 


Proof. For any « > 0 (€ < 1), there exists N such that A, = A+ R, and 
B, = B+S, with |R,|,|S,| <¢ whenever n > N. Hence, for all p,q > N, we 
have 

A,B, = AB + AS,+ BR, + R,Sq, 

|A,B, — AB| < e(|A|+ |B] +1). 
Let n > 2N. Then 


~ S- ApBn—k+1 


n—N+1 


k=1 

N-1 1 1 n 

» ApBn—k41 + ie x Ag Bn—k+1 + me > Ay Bn—K41- 
k=1 k=N k=n—N+2 


Sle 


Since A,,, Bp are bounded, the first and the third sums on the right-hand 
side of above equation tend to zero as n — oo. In addition, 


n—-N+1 (N — 1) 


1 2 
_ ; Ap Bn—k+1 =AB—AB + H, 
n 

k=N 


where |H| < ¢€(|A| + |B| +1). Therefore, there exists no such that n > no(e) 
implies 


1 n 
= S > AgBn—n41 — AB] < e[1 +14 (|Al + |B] +1) +1], 
k=1 


which completes the proof of the proposition. 
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We now present the Toeplitz’s sequence transformation theorem. Consider 
lower triangular matrix 


Poo 
Pio Pil (1.7) 


p20 P21 p22 


where prx > 0 and the sums of all rows are one (i.e., iar Pnk = 1). Fora 
given sequence (s,,), we call sequence 


th = S 7 Dandie (1.8) 
k=0 


n = 0,1,2,..., a transformed sequence from (s,) with respect to matrix 
[Pnk]n>k>0- 

Theorem 1.1.9 (Toeplitz’s sequence transformation theorem) Assume (tn) 
is transformed from (sp) with respect to [Pnk]ln>n>0. Then 


lim s,=s— lim t, =s 
n—-oo n+ Co 


holds if and only if for every fixed m 
lim! Pri =O. 
noo 


Proof. Necessity. If s, = 0 for n 4 m and s,, = 1. Then th = Prm (n > m), 
which yields 


lim pam = lim t, = lim s, = 0. 
noo noo noo 


Sufficiency. If the antecedent of theorem holds, then for any € > 0 there 
exists N = N(e) such that n > N implies |s,, — s| < €/2. In addition, there 
exists N’ > N so that 

€ 


nO» Pn1s-++5 hn Sapa aN A? 
Pn0;Pni PnN 4(N+1)M 


are fulfilled for every n > N’, where M = Maz|s,| (note that if M = 0, then 
the conclusion of the theorem is trivial). Therefore, 


n 
tn —S= S— pnk(Sk = 8) 
k=0 


satisfies 
€ 


4(N +1)M 


n 
€ 
+5 DO Pnk<e 
k=N41 


lta —s| < (N+1)(2M) 


whenever n > N’. This implies t, > s as n — oo and completes the proof for 


the sufficiency. a 
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Example 1.1.10 We now give some examples of applications to Theorem 
1.1.9. The first one is 


It 


(pop1p2--*Pn)"*t =p, (1.9) 


lim 

n—-co 
where (pr)k>0 is a positive sequence that approaches to p as n — oo. Indeed, 
the left-hand side of (1.9) can be written as 


La 
ee (A 2 er) 7 


Sequence {Dio logpnb can be considered as the transfered matrix 


from (pp) with respect to the transformation matrix [pnx = 1/(n + 1)]. Since 
Dn — p, from Theorem 1.1.9, we have wT ko log pp > logp as n > oo. 
Thus, (1.9) holds. 


By setting 


a° a\? n+1\" 
po =1,pi = ar »P2=\5 ott Pn gees 
1 2 n 


in (1.9), we obtain 


1 
y)jrrl nm+T 1 n 
lim (ar) = lim (1+) aoe, (1.10) 
oo nr 


a 
. : n” n 
z.e., lim {| — =e: 
noo \ n! 


Corollary 1.1.11 Let (an) and (bn) be two sequences with bn > 0, S > 9 On = 
00, and an/bn — 8 (n+ co). Then ~ 


_ ag + a1 t+ a2+++* tan 

1 eg, 1.11 
Proof. (1.11) can be proved from Theorem 1.1.9 by setting s, = an/bn, Prk = 
be /(bo + b1 +--+ + bn), and tn = (dg +a) +--+ +n)/(bo +1 +--+ + bn). 


|| 
Example 1.1.12 Jn (1.11), ifan = (n+1)°%! (a > 0) and by, = (n+1)%—n*, 


then we have 
yo-l + ga-1 eee + n%-1 — not 1 
N00 


li —— 
ne (n+ 1)% — n& 


n—-oco ne 


l| 
| 


Similarly, if a positive sequence (Pn)n>o0 satisfies 


; Pn 
OO ———— 
NCO Yo Ppl. apes + Pn 


? 
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then from an assumption lim s, = s, we obtain 
noo 


lim 2022 + $1Pn—1 + $2Pn—2 +++: + SnPo 
tt ee ee 


(1.12) 
n-70o pot pit+:::+DPn 


Let pn > 0, 371 Pe = 00, and let ype = Pn with pr/ Pr, > 0 as 
n—> oo. Then 


fim PEPa t+ bePyt +s: + PnP 


1. 1.13 
noo log Pr, ( ) 


In fact, from (1.11) the left-hand limit of (1.13) can be written as 


i bie + Pars te tee 
noo log P; + (log P2 — log P;) + (log P3 — log Pz) +--- 
+(log Py _ log Poi) 
Pils PnPx 
- pa eS — log P, ee : P is 
n n og (1 + —— 


If pn =1 (n=1,2,...), then (1.13) implies 


eee at Oe eT 
— _ eae —_—w (6) n 
2'3 = 


as mn —> oo. 
The final example is related to positive sequences (py) and (qn) satisfying 


. Pit pat:::Pn - git g2t-+ In 
lim ————Y—— =a, lim ————_— =b, 
noo NDn noo NGn 
where 0 < a,b < oo. Then 
+ 2 a) fe eee b 
lim Pig ‘P2q2 P393 NPnGn _ _& ; (1.14) 
n—+00 nnn a+b 


To prove (1.14), we first observe that 77°, pe = co and OP dk = &. 
Otherwise npn + 0 and nq, > 0 as n > oo, which imply a = b = oo that 
contradict to the assumption. Denote 


an = PrQn _ Pri Qn=1y bn = N2Pndn; 
where P,, = ae pr and Qn = paar de. Thus 


on pet apy (n — oo). 
by NPn Nn 


Therefore, from Corollary 1.1.11 we obtain 


. ay +agt-+-+an . PrQn 
lim Ch lim =n 7 &£°&> a ate b, 
no by tbo +++: +n — n00 7, kpe de 
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which yields 


pat KPRIR _ rai KPEG PrQn a ab 
N72 Dndn Fy Qn NP ndn a+b’ 


ast —> &. 


Corollary 1.1.13 Suppose two positive sequences (py) and (qn) satisfy 


i ee ey, 
noo po + Pr r++ + Dn noo Gg + G1 +++ + dn 
And denote ft, = ) >) Peda—e (4 = 0,1,....). Then 
lim ue =0. (1.15) 
noo To +T1 +++ +Tn 
Proof. Denote 
n n n 
P= Spe Qn =>, Ge Bae Sore 
k=0 k=0 k=0 
Then 
Th P0Fn + P1Mn—-1 +++» + Pn do 
Rn PoQn + PiQn-1 +++: + PnQo 
qo 71 dn 
a) (g)-ona() 
Pno (2) ni an nn G., 
where 
Pnj Pn-jQ; Zs Pn-j ~ 


~ poQn +P1Qn—1 +++ PnQo ~ pot prt: +Pn—j 


as nm — oo, and pro + Pni ++: Pan = 1. Hence, (1.15) is simply a special case 
of the conclusion of Theorem 1.1.9. 


Example 1.1.14 Suppose that sequences (p,) and (qn) are defined as Corol- 
lary 1.1.18. Let (s,) be any sequence. Then the existence of limits 


S0Pn =F S1Pn-1 stare SnP0O 


lim =——W!_—___+__1_——— = p 
n—7090 Po + pi Tress DPn 
and 
— 804n + $19n-1 t°** + Sngo  _ 
lim —————- = 9 
N00 qo a qd +r°''dn 


implies p = q. Indeed, let (r,) be the sequence defined in Corollary 1.1.13, and 
let 
= S0ln + S1Tn—-1 ++*+ + Sno 


ni 
roti te Tn 
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Denote 


$0Pn + $1Pn-1 +° a a dG, _ $0Qn + $19n—-1 + +++ + Sno 
Po + Pi: al do + U1 ++" dn 


n= 


From Corollary 1.1.13 we have 


PnQodo + Pn—1Q1%1 + +++ + PoQnGn 
PoQn + P1Qn—-1 + +++ PnQo 
dnPoPo + Gn—1 Pipi + +++ + GoPnPn 

doPn + @Pn-1 +++: dnPo ; 


in = 


Thus, the same argument in the proof of Corollary 1.1.13 yields lim T, = 
noo 


lim p, = lim Gq. Consequently, p = q. It is interesting to see that this 
noo noo 
conclusion holds even lim s, does not exist. 


n— 00 
Corollary 1.1.15 Ifa > 0, then the convergence of Dirichlet series 
ay1~° + a92°7 +--+ + ann? +-°: 
implies 
(aj +ag+---+an)n-7 +0 


asn—-> oo. 
Proof. Denote 


th = (a, +ag4+-:-+an)n%, 


Sy, = al? +422°-7 +--+ + ann 
Then 


ty, —n-°(n +1)? (Sn — 8) 


= |S 7K —(k+1)7)(sp-—s) +8 


k=1 
Hence, from Theorem 1.1.9, we obtain the right-hand side of the above equa- 


tion tends to zero as n — oo, which implies t, > 0 (n > ov). 


| 
Corollary 1.1.15 can be proved by using Abel’s summation by part method 
(see 1.2.2). 


Remark 1.1.16 We can reduce the request of the row sums of a transfor- 
mation matrix to be uniformly bounded by a constant K > 0. This matrix 
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is called the transformation matrix with respect to K. In this case, the conse- 


quence of Theorem 1.1.9 is changed to be that lim tn = Ks when lim s, = s. 
n—-co n+ oo 


Furthermore, if a lower triangular matrix [Pnk|n>k>0 has entries satisfying 


n 
Sy te: = Py > 1 
k=0 


asn—- co and pn~ > 0, then this lower triangular matrix can be used to con- 
struct a sequence transformation. Theorem 1.1.9 still holds for those transfor- 
mation matrices. We leave the proof of those claims as Exercise 1.8. 


Definition 1.1.17 A sequence (s,,) is termed a null sequence if for any given 
e > 0, there exists an integer N = N(e) such thatn > N implies |sy| < . 


From Theorem 1.1.9 and Remark 1.1.16, we immediately have 


Theorem 1.1.18 Let (s,) be a null sequence, and let (tn) the transformed 
sequence of (S,,) using a transformation matrix with respect to constant K > 0. 
Then (tn) is also a null sequence if for every fixed m 


lim Pnm = 0. 
n—0o 


Proof. For any given € > 0, there exists N = N(e) such that for every n > N, 
|S, | < €/(2K). Then for that n, 


\tn| < 


N 
5 PnkSk 
k=0 


By lim ppm = 0 we may choose No > N so that for every n > No, 


n—-Co 


ie 
2" 


N 
5 PnkSk 
k=0 


Therefore, we have shown that |t,| < € for these n’s, which completes the 
proof of the theorem. 


2 
2 


H 
Theorem 1.1.9 can be extended to the following theorem. 


Theorem 1.1.19 Let positive infinite matrix P = [pnrlocn.n<co satisfies 
ae Pnk = 1. And the sequence 


th = S- PnkSk 


k>0 


is called the transformation sequence of (S,,) with respect to the transformation 


matriz P. Then lim s, = s implies lim t, = s if and only if lim pn, = 0 
n—- Co noo noo 


for all k =0,1,2,.... 
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The proof of Theorem 1.1.19 is similar to the proof of Theorem 1.1.9. We 
leave it as an exercise for the interested reader (see Exercise 1.10). 


Example 1.1.20 (i) If sequence }°,5, kcx converges, then the sequence (tn) 
defined by 2 
tn = S (K+ lense 


k>0 


converges to 0. Actually, the limit can be proved by using Theorem 1.1.19 and 
the sequence (Sn) defined by 8) = Yoyso(n+k)en+k — 0 (n — co). Hence, 


. A 4 2 1 4 3 2 4 
m= Sn = n ———_{ - —T | Sn seus 
n° n+1lon one n+2 n+l = 


From Theorem 1.1.19 and noting limyn+o0 Sn = 0, we have limn+6 tn = 0. 
(ii) Let power series f(x) = oys9 anu" converge at x = 1, and let 0 < 
a<1. Then the power series 7 


f'(a) 
1 


f(a) + + 


f" (a) Pits, yapcle res a (1.16) 


converges to f(1) ath=1—a. To prove (1.16), we denote 
f(a) 


n! 
bo + b1(1 — a) + bo(1 — a)? +--+ + bn (1 — a)” = tn. 


a9 + 41, +++: +4n = Sn, = On, 
Hence, for |y| <1l—a, 


bo + bry + boy? +--+ bay” +--: 
= agtal(aty)+-:-+tan(aty)*+-- 


Consequently, 


(1—a)nt 


Di(t= ay" *y® by? = Cea acer aty) 


= (l—a)"" > sj(at+y) 
j20 


Comparing the coefficients of y” on the leftmost and rightmost sides of the 
above equation yields 


nt+k 
tm = (1—a)"tt 2s ( k Jason 


k>0 


Noting that the sum of the coefficients of the series is 1, from Theorem 1.1.19, 
we obtain 
lim tp, = Jim, $n = f(1). 


n—- Co 
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More convergence of the transformation series will be described in Sub- 
section 1.3.1. At the end of this section, we discuss the limits of series they 
are equivalent to the existence of integrals. We start from the limits of some 
sequences and their evaluation using suitable integrals. For example, from the 
definition of Riemann integrals, we have 


n nm 


1 i. sil | 
li = li d. =I 2. 
Mi Do ee Taga | 1l+a eae 


k=1 k=1 
Similarly, 
7 n Tv 
] ute 
ones » n2 + k2 4’ 
"1. kr 2 
aa a 
re il k 4 
ara 
“ke 1 
li = — (a>-l 
Me ee ae OD 
Since 


we immediately know limit 


ee : 1 
lim — Vn! = exp (/ logade =-. 
nro nN 0 e 


The following limit belongs to Polya: 


Jim a) (a =o (7) = 2log2—1, (1.17) 


where [2] denotes the largest integer < 2. Obviously, 


os) 8)-fe +b 


fee) ala) = = 


Thus, 
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Denote n = k [n/k] + ng, where 0 < ng < k. Then 
= 2(2) _ JO if ng < k/2, 
k kl )1 if ng > k/2. 


Therefore, for at a ae i we obtain 


2 2[}]- 0 if2- [2] <dGe, pig <e<d), 
x a|  \1 if +—[4]) >$@e, 4 <¢< pa) 
Thus, the integral in (1.18) is equal to 
1 
2 1 
aay 
ot+ x x 
n-1 1/k 9 1 
= jim Sf ([2|-2 |=] ) a 
a 1/(k+1) x x 
n—-1 
1 1 
= li a 
in Gan 1) 
{ 2.42.4 
(5 ae ) a A 


which completes the proof of (1.17). Similarly, we give 


Example 1.1.21 Let n, =n —k[n/k| and 0 <a <1, and denote by y the 
Euler constant. Then 


1 
lim =(S 484 By. 4) a1-4, 
nm 


noon \ 1 2 3 
_ mg tnetngt-::++nn mW 
lim SE SL 


te 3D (E)-EE-a) =f See o<asy 
k=1 
The first limit can be obtained from the process 
n 1 
22-1) =f 2-H) 


1 
1 1 1 1 1 
= lim (=~ |=])ae=1- im (14545 4-42 ~ log) 
n—r00 Jain \E x n—00 2 3 n 


= 1-¥7. 


Similarly, the second limit can be derived by 
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nfl 1 nr? 
2X3 (= a) 12 
The third limit belongs to Dirichlet and the proof is left as Exercise 1.5. 


We now discuss the limit of series. First, we establish the following propo- 
sition. 


Proposition 1.1.22 Let f(x) be a positive decreasing function defined on 
(0, co), and let improper integral (ie f(a)dx exist. Then 


pp) =| f(x)dz. (1.19) 


Proof. Since f(a) is decreasing and approaching 0 as x > oo, we have 


(n+1)h nh 
| f(e)de < hLf(h) + f(Qh) +--+ f(nh)] < | fade. 
h 0 


Thus, as n > oo we obtain 
Flo)de < WY F0kh) < f flw)ae. 
h k>1 0 


Taking h — 0* on all sides of the above inequalities yields (1.19). 


Remark 1.1.23 The condition in Proposition 1.1.22 can be released to that 
f(a) is defined and integrable on [0,0o) and is decreasing when x > a> 0. 


Example 1.1.24 From Proposition 1.1.22, one can establish 
im Viet ef oe fd ee (1.20) 
tr1— 


Indeed, let t = en Then, t > 1~ when h > 0+ and 


T—t=(1—e7)1/2 = (pn? — 4 /24.---)/? = all + O(A?)| 
ash —+ 0+. Thus, substituting t = e~"” into the limit of (1.19) and applying 
Proposition 1.1.22 to the resulting limit yields 


. 2 —(nh)? =; “ —x? = VT 
lim, h[L + O(h doe =| e* dr =~. 
Similarly, one can find 


a ee 1/1 
lim V1—¢(1+t) +0 +¢7 +---+0" t)y=or(2) (a>0) (1.21) 


to 1— a 
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lim (1 — t) : + e Sd us ae eae . + log 2 
1m — — ———r —— Pa ae ——— or = 10 
ion Itt 142 '°148 1+ . 
(1.22) 
t 2t? 3t3 nt” nr? 
lim (1 — t)? { —— 4+ —~— 4 “4+... 4 — ee. JB, 
ve (+ tet [=e ) 6 
(1.23) 


1.2. Abel’s Summation 


At the beginning of the chapter, five methods are enlisted for summation of 
series using the infinitesimal calculus, and the first four methods are intro- 
duced in 1.1.1. Representation of the last method, Abel’s method, on the list 
will be a major part of this section. 


1.2.1 Abel’s theorem and Tauber theorem 


In this subsection, we shall present the classic (i.e., little 0) Tauber theorem 
and Littlewood’s big O Tauber type theorem. First, we establish a generalized 
result of sequence transformation theorems 1.1.9 and 1.1.19. 


Theorem 1.2.1 Let (@n(t)) be a non-negative function sequence with 
en>o On(t) = 1, where t € (0,1). Then lim sp, = s implies 
_ n> Co 


if and only if for every fixed n = 0,1,... 
lim ¢,(t) = 0. 
t>1— 


The proof of Theorem 1.2.1 is similar as those of Theorems 1.1.9 and 1.1.19 
and is left for an exercise (cf. Exercise 1.11). 


Corollary 1.2.2 Let (a,) and (b,) be two sequences with b, > 0 and 
lim a@n/bpn = 8, where Y>,59 bet® converges for every |t| < 1 and diverges 
noo al 


when t =1. Then, (i) 0459 ant® converges as well for every |t| <1, and (it) 


_ Dok>O agt* 
liga 


=s. 1.24 
31> De>0 b;,tk ( ) 
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Proof. Denote 8, = an/bp, and 


byt” 


a(t) = ———_____ > _____, 
on(t) = htt he +. 48 


Then for every fixed j and for any € > 0, there is a large enough n such that 
1 
bo + by + bg +--+ + bn > 25 
because of the divergence of series } 7,59 bx. Hence, from 


bt? 


(t) << ——_____+_______ 
5 ( ) < bo + byt + bot? +--+ b,t” 
there holds lim @;(t) < 6 ie. ¢;(f) ~ 0 ast > 1-. Limit (1.24) is thus 
t1— 


proved as a corollary of Theorem 1.2.1. 


| 
As another corollary of Theorem 1.2.1, one may establish the following 
Abel’s theorem. 


Theorem 1.2.3 (Abel’s theorem) If series )>,..) Gk = 8, then 


lim Saxt* = s. (1.25) 
Proof. Obviously, by using Corollary 1.2.2 and noting one RO ee ")= 
en>o(@o + a1 +++: +a,)t” we obtain ~ ~ 


do + a1 ++++Ay)t” 
tin Soant™ = ty Znzolao tants ty)e 


_ = n 
tol 0 tol ae, t 
. a9 ta +*"'Gn 
= lim > 
noo 1 


|_| 
Next theorem implies Abel’s theorem. 


n—-+oco 


n ee ee 
Theorem 1.2.4 Let s) = >,» ak (n = 0,1,2,...). Then lim —— ye Sk = 
7 es 
s implies 
lim S° agt® = s. (1.26) 
Proof. Noting the absolute convergence of 7,59 Snt” and >°,5 t” over |t| < 1, 


we use Corollary 1.2.2 may obtain 


ag + ay + +++ Gy)t” 
lig Yow — Ti ynsol 0 1 n) 


= = n 
tol a tol ae, t 
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_ dunzo(s0 + $1 +++" Sn)t” . So+S1+:+° Sn 
= lim Ss. Jim 


= Ss, 
to1- Daeg er Le n—+00 n+1 


completing the proof. 


|_| 
It is obvious that Theorem 1.2.4 implies Abel’s theorem 1.2.3 because 
Sn — s implies 


Rae it tan) —> Ss. 
Theorem 1.2.5 Let two sequences (an)n=o0,1,... and (bn > 0)n=o,1,... satisfy 


An/byn + 8 (n — 00), and let S75 bnt” be convergent for all t € R. Prove 
that >) ,59 ant” converges for all t ER. Furthermore, 


Perr 


ln: == = 2. (1.27) 


Theorem 1.2.5 can be proved by using a similar argument of the proof of 
Corollary 1.2.2, which is left as an exercise (cf. Exercise 1.13). 


Corollary 1.2.6 Jf limn +. 8n = 8, then 


t t? t” 
lim (+57 +s9—+- nt og te Jota. (1.28) 
t-r00 1! 2! n! 


Proof. It is obvious a corollary of Theorem 1.2.5 for the case of a, = Sn and 
pa 


— 1.2.7 Let g(t) = dinso an+; and assume Dnd0dn = 8. Then 


ie t)dt = s. Indeed, denote 8, = ap + a, +++: +n and s_; = 0 so 
that 
: a = ee 
[« es e "a" dx 
k>0 
— Ya f (F-Sp)w Dae 
= Sh 7a, at ’ 
| 
ss k! Tz 1)! ast (k+1)! 


which implies the desired result from the view of Corollary 1.2.6. 


We now give the inverse theorem of Abel’s theorem, which is also called 
the little o Tauber theorem. 


Theorem 1.2.8 (Little O Tauber theorem) Denote f(x) =  in504nx", 
where an = o(+ ys Then lim,_,,- f(x) = s implies endo a, = 5, 
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Proof. Denote N := fa (x <1). Then N > 00 as a + 1~. Hence to show 


the theorem is true, we only need to prove 


1.e. 


We denote the first and the second summations in the above equation by )7, 
and )°,, respectively. Thus, we have estimates 


N 
2 <0 lan(l—2)(1+a+27+---+2"-1)| 
mt n=0 
~ N 
S (1-2) Doma, < Hearn _, 9 
ae i 


as x — 1-. Here the last step is from Proposition 1.1.8, where N = 
| ,A, =va,, B, =1, A =0. In addition, for summation }>,, we have 


oo Fe oo an 
=| 2 ae"|=] 35 oo 
2 n=N+1 n=N+41 
g oe) 
é at 2 
va 2, =(W+)D0—2) 


where € > 0 is arbitrarily fixed and |na,,| < € (n > N), which completes the 
proof. 


| 

It is worth be mentioned that the condition a, = o(1/n) in the little 

o Tauber theorem, Theorem 1.2.8, can be reduced to an, = O(1/n), which 

elegant result established by Littlewood will be represented with the aid of 
the following two lemmas. 


Lemma 1.2.9 Suppose a, > 0 (n =0,1,2,...) and 


1 
l-« 


f(a) = .S Ann” ~ 


n>0 


when «+17. Then sy, = ya Ge ~n asn—-> oo. 
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Proof. Let g(a) be a continuous function defined on [0,1], and let « > 0 be 
arbitrarily given. From the Weierstrass polynomial approximation theorem, 
there exist polynomial lower approximation p(x) and upper approximation 
P(a) such that p(a) > g(x) > P(a#) and 


(a(«) — ple))de < e, if (PR = deiide ee 
0 0 


In fact, even g(x) is discontinuous at finite points and the left-hand limits and 
right-hand limits at those points exist (but different), the above conclusion still 
holds. Without loose of generality, we may assume that g(x) is only discon- 
tinuous at point c with g(c~) < g(ct). We now define ¢(a) = g(x) + 4€ when 
a <c—dandz>c fora sufficient small 6, and ¢(x) = Mar{é(x), g(x) + te} 
when c—06 < a <c for the same 6, where ¢(x) is a linear function with values 
at end points as 


Therefore, ¢(a) is continuous and ¢(2) > g(a). We can use Weierstrass theo- 
rem to obtain the function P(x) that approximates function ¢(a) sufficiently, 
which also gives an upper approximation to g(a). Similarly, we can construct 
lower approximation p(a) to g(z). 

To prove the lemma, we first show 


lim (1-2) )) ane" P(e") = | P(t)dt. 


17 
= n>0 


It is sufficient to prove the above equation for P(x) = «x*. Indeed, the left-hand 
side of the above equation can be written as 


aLEn l=2 NA 
(1-2) y ag = {7a (lg) y ica) 
n>0 n>0 


as « — 1~. Hence, considering P(x) as the upper approximation of g(x), we 
can prove 


lim (1 — x) x: Ant" g(a") = } g(t)dt. 


17 
. n>0 
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Actually, since ay, > 0, we have 


Tims i= (1 _ zr) ~ Anz" g(x") < fins 44- (1 _ x) a an2” P(x”) 
n>0 n>0 


[ P(t)dt <|/ g(t)dt +e. 


1 
0 
Therefore, € + 0 yields 
= 1 
Tit s1-(1— 2) Yo anag(e”) < fal that 
n>0 0 
Similarly, for the lower approximation p(x) of g(a), we obtain 
1 
lim (1-2) 7 anag(a) > [g(t 
n>0 0 


which implies the desired result. 
Finally, we define 


Then ; ; 
dt 
[ sma=f F- 
0 l/e t 
Let « =e—/N with a positive integer N. Then 
N 
S- One Oa) = S> An x" g(a") = > Gn = SN. 
n>0 e-1<a"<1 n=0 


It is easy to see that sy ~ 1/(1— a2) = (1—e-V/N)-! ~ N, which completes 
the proof. 


Lemma 1.2.10 Assume f(x) has second derivative on [0,1) and satisfies 
f(x) = o(1) and f" (x) = O(c) when « — 1—. Then we have f(x) = 
O (4) asx—> 1”. 


1-2 


Proof. Denote x’ = x + 6(1—2),0<6 < 4. Then 


f(a!) = F(a) + 6(1— 2) f'(@) + 50 - 2) F"0) 
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where x < € < a’. Thus, 


aap) = MOO haar 


The rightmost term can be as small as we wish provided 6 is small enough. 
Let x’ and x be close enough to 1. Then, we have (1 — «) f’(a) = o(1). 


Theorem 1.2.11 (Big O Tauber theorem) Let an = O(+), f(z) = 


nm 


n 2 
oss Anx" +s as x17. Then series endo Gn converges to s. 


Proof. Without loss the generality we assume s = 0. Hence, 


f(a) = S- Aynx" = o(1) 


n>0 
ey a a 
when z - 1~. Since an = O (4), 


ie). = n(n —1)anz""-* =O aa —1)z"-? 


n>2 n>2 


oli) 


From Lemma 1.2.10 we obtain 


f(a) = Yo nana“! = 0 (; . -) 


n>1 


Since a, = O(1/n) implies |na,| < c for some positive constant c, we have 
Ti Ma) gere tL 
Cc 1-2 Cc 1-2 


when x + 1~. Therefore, we may apply Lemma 1.2.9 to have 


nm 


yo (1- St) wn 


Thus, 


Classical Methods from Infinitesimal Calculus 27 


Furthermore, 
n n+1 
Wn — Wn—1 i x x 
F(a) - a9 = > ( a Je -Yu, (= =) 
n>1 n>1 
(= _ gntl gn ) 
- Dm 
os n+1 n(n +1) 
n Wn 
= G-) e ae 
n>1 a n>1 n(n = 1) 
Wn 
= o(1)+ ", 
y n(n +1) 


where we use wy, = o(n) in the last step. Noting the condition f(x) + 0 as 


x — 17, we have 
i n(n +1) 


Using w,n/n(n + 1) = o(1/n) and litle o Tauber theorem yields 


Xe) 7% 


n>1 


And the left-hand side of the above equation can be written as 


Now al i 4 
li "= "j a 
Pe cores eae (- <=) 


n=1 
ihe w = 
= 1 n n-1 N =: if; re 
n= = 
Therefore, }>,5 @n = —ao, or equivalently, 57,59 @n = 0, which proves the 


theorem. 


1.2.2 Abel’s summation method 


Abel’s summation method starts from the following identity called the sum- 
mation by part formula, which can be considered as the discrete analog of the 
integration by parts. From the summation by parts, we shall describe Abel’s 
lemma that can give an alternative proof of Abel’s theorem (Theorem 1.2.3). 
Since Abel’s theorem shows that function f(x) = )7,,5 anx” is left-hand con- 
tinuous at point 1, it can be used to find the sum of convergent series og 
This method is named Abel’s summation method. 
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Proposition 1.2.12 (Summation by parts formula) Let positive integers m < 
n. Then 


n n—1 
> (Sk = Sk—1) bk = Snbn — Sm—1bm + 2 84 (Dk = be4i)- (1.29) 
k=m k=m 


In particular, if m = 1, sp = = a; (k=1,2,...,n) and so = 0, then 


j=l 
formula (1.29) is reduced as 


n n—-1 
>» arnbe, = Snbn + = SK (DK _ be-1). (1.30) 
k=1 k=1 


Separating the left-hand sum of equation (1.29) and combining all terms 
with s, yields the right-hand expression of (1.29). We leave the details as an 
exercise (cf. Exercise 1.14). 


Corollary 1.2.13 Suppose 8, = S>)_, ax 4 58 asn—> oo. Then 


n n—1 
S axbe = sbi + (Sn — 8)bn — S> (Sn — 8)(be41 — de). (1.31) 
k=1 k=1 


Note that the value s can be eliminated. 


In the summation by parts formula (1.29), taking m = 1 and substituting 
sq and s,% by —s and sz — s, respectively, we may derive (1.31). 


Lemma 1.2.14 (Abel’s lemma) If for all n = 1,2,3,..., b1 > bg >-+: > 
bn > 0 andm <a, +ag+-:-+ay, <M for real numbers m and M, then 


bym < ayby + agbg ++-++ + dnbyn <b) M. 


Proof. Applying formula (1.30) and noting m < s, < M and by — bg41 > 0, 
we have 


n-1 
> andy < Mbp + S> M (bp — be 41) = Mba, 
k=1 k=1 

n-1 


= andy > Mbn + ee (bp — be41) = mbr, 


which completes the proof. 


Oo 

We shall see that Abel’s theorem 1.2.3, represented in the last section, can 

be proved using Abel’s lemma 1.2.14. For the sake of convenience, we re-write 
and re-prove Theorem 1.2.3 as follows. 
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Theorem 1.2.15 (Abel’s theorem) If }0,,39 Gn = 8, then lim ) Gynt” = 8. 
— x£z—1- 
n>0 


Proof. It is easy to see that }>,59@n2” uniformly converges on [0,1] and, 
thus, it defines a function, denoted by f(a). Indeed, for any given € > 0, there 
exists N such that n > N implies pase ax| < ¢. Therefore, from Abel’s 
lemma paige, ax < ae <€ for all x € [0,1]. From the continuity theorem 
of the function series we have lim f(x) = f(1) =s. 
o—1— 
Hi 


The following general Abel’s lemma can be established using a similar 
argument of the proof of Abel’s lemma 1.2.14. 


Lemma 1.2.16 Let a,,a2,°++ ,Gn, 61, 62,-++ , bn be arbitrary real or complex 
numbers, and let 


A= maz (|ay|, a1 + a2|,-++ ,|a@1 + ag +--+ + ay). 


Then 


S- ands 


k=1 


n—-1 
<A (x [ba — be| + Ps) 
k=1 
Theorem 1.2.17 Assume decreasing sequence (¢(n)) approaches to 0 as n + 
oo, and S*, and(n) converges. Then 
lim (a1 + ag +--+ + an)0(n) = 0. (1.32) 
noo 


Proof. For any given € > 0, there exists a natural number N such that n > N 
implies 
€ 
3 < ano(N) + an+i0(N + 1) ep st le AnP(n) < 


oe ay 


In addition, we have 
0<¢(N)* <@(N41)*<---< d(n)™. 
Therefore, Abel’s lemma can be applied and yields 
—5o(n)-" <an +anqit:+++an < s(n). 


Or equivalently, 


\(anw + ans +--+ an)0(n)] < 5. 


Since ¢(n) — 0, there exists a natural number N’ such that n > N’ implies 


(ay + ag +++ Fay-s)6(n)| < §. 
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Hence, when n > max(N, N’), 


(ay + a2 +--+ + an)$(n)| <5t+5=6 


Theorem 1.2.18 Let {d(n)}°2, be a positive increasing sequence that di- 
verges to infinity, and let \>,,.1 Gn be any convergent series. Then 


Yo ax9(h) = o(0(n)) (1.33) 
k=1 


ast —> &. 


Proof. This theorem can be proved using Corollary 1.2.13, which is left as 
an excise (cf. Exercise 1.17). We now give an alternative and much short 
proof using Theorem 1.2.17. Since sequence (¢(n)~")n>1 is decreasing and 
approaching to 0 as n — oo, and >, (an¢(n))d(n)~* = SOs, an converges, 


we have 7 
im (>: ott) o(n)~! =0, 
k=1 


or equivalently, }>;_, an¢(k) = 0(¢(n)). 


a 

Obviously, Theorem 1.2.17 can be derived from Theorem 1.2.18. We leave 

it as an exercise (cf. Exercise 1.17). We also have the following corollary of 
Theorem 1.2.17. 


Corollary 1.2.19 Let o > 0. If the Dirichlet series \>,,., ann ° converges, 
then 

lim (a1 + ag ++-++a,)n-° =0. 

noo 


We now give some applications of Abel’s theorem 1.2.15 or 1.2.3 to the 
convergence of series. 


Theorem 1.2.20 (Series Multiplication Theorem) Let cn = 4 Apbn—k, 
and let > asgGns Sons On» Gnd S55 Gn be convergent series. Then 


a= ee) 1 bel (1.34) 


n>0 n>0 n>0 


Proof. Since multiplication can be applied to two absolutely convergent series, 


.> Cyt” = ¥ in” +” bnx” | =: 81(#)so(x). 


n>0 n>0 n>0 
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Hence, from Abel’s theorem, we have 


ba: a Sie = a $1(X)82(x) 


n>0 . n>0 
= lim si(x) lim s2(#) = s1(1)s2(1) 
x17 x—1- 
= (Ya) (a, 
n>0 n>0 
4 
Example 1.2.21 Use series multiplication theorem 1.2.20, we can prove 
eae is ? 
2 2 3 +4 
ee i | 42 i424 ! ie eee + 
~~ > 3 2 4 ae 5 a oe 
(1.35) 


In fact, substituting an = by = (—1)"*1/n (n =1,2,...) and ap = bo = 0 in 
(1.34) yields 


n—-1 


Cn = >. ak0n—k = (—1)"wn, 
k=1 


where 
1 1 1 
ees 5 a 
“nD m=) TR OO 
Obviously, 
an 1+ i + ed ! + oF : +1 
NW, = | 2'n-2 n—-1 
1 
= 2(1+=+4+---+——]} =2Inn+ 27+ 0(1) 
2 n—1 


as n — oo, where y is the Euler constant. Hence, wy, > 0 as n — oo. Since 
(n+ l)Wn4y1 — NWy = 2/n, and 


2 
n(Wn —_ Wn+1) = Wn4+1 — [(m -- L)wn4i —_ NWr| = Wn+1 — 2 > 0, 
we know wy is decreasing and tends to 0 as n + oo. Hence, 0,59 Cn = 
Vnso(-l)"un converges, and (1.35) is obtained. 7 


We now give two useful tests, Abel’s test and Dirichlet test, for the con- 
vergence of the series }°,,., @nbn using the properties of series }°,,., Gn and 


one bn. 
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Theorem 1.2.22 (Abel’s test) Suppose real or complex series )>,,. dn con- 
verges and Sy eilln — bn41) converges absolutely. Then series yea Onl 
converges. - 


Proof. The theorem can be proved by using general Abel’s lemma 1.2.16. Since 
n> (On — bn41) converges, limit limn—oo )7p_1 (bk — bk-41) = 61 — limn—+oo bn 
exists. Hence, there exists a constant A for which 


m+p p-l1 
s Anbn| < Hm SS lom+j = bm+5+1\ + lbm+pl < HA, (1.36) 
n=m+1 g=1 
where Hm = max(|dm41,°°+ ,|@m41+:::+@m+p|). Since 5°, an converges, 


for any given € > 0 there exists large enough m for which H,,, < ¢. Therefore, 


m+ Pp 


ys Andy 


n=m+1 


< Ae, 


which implies (s, = 57;'_, @xbg) is a Cauchy sequence and the convergence of 
i an br follows. 


B 
As a special case, we give the following corollary. 


Corollary 1.2.23 Let (bn)n>1 be a bounded decreasing real sequence, and let 
Si Gn, be a convergent series. Then series ot nbn converges. 


Theorem 1.2.24 (Dirichlet Test) Suppose \>;_, ax = O(1) as n — oo, and 
series )~54(bn —bn41) converges absolutely with b, + 0 when n > oo, where 
Gn and by can be complex numbers. Then en >i anbn converges. 


Proof. From the first inequality (1.36) shown in the proof of Theorem 1.2.22, 
one can see the conclusion of the theorem holds because H;, = O(1) and the 


observation pee |Om+j — Om+j+i| + [>mael —>0asm-— oo. 
ta 


Corollary 1.2.25 If (b,) is a decreasing sequence approaching 0 as n + ov, 
and Sy, a is bounded, then series \*,,., anbn converges. 


Example 1.2.26 Denote t := cos@ + isin@ = e”. Then series ae 44" 
converges for all 6 #0. In fact, noting 


m+p 


a 


n=m+1 


oer _ t?) 


= (#1), 


= 


=a 


and b, = 1/n implies the convergence of >>,,5, |bn — bn4il, we immediately 
obtain the result. . 
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Abel’s theorem is also called Abel’s power series continuity theorem since 
it represents the left-hand continuity of function f(#) = 0,5, an2” at point 
x = 1. Therefore, the theorem can help us to evaluate the sums of some 
convergent series. We now illustrate it by using the following examples. 


Example 1.2.27 Since 


3 a aa = log(1 te x) and > (-1)" anti = tan! x (0 io < 1) 
ce n ey 2n+1 


we have 


(—1)"*1 . (-1)"*1 ss ; 
; ——— = lim ; ———27" = lim log(1 + x) = log 2 
nm nm x1 


and 


respectively. Thus, 


1 1 1 
1-=4---4 ---+ = log2 1. 
gas og 2, (1.37) 
1 1 1 T 
1-=-+-+-- == 1. 
3.5 #7 4 ue) 
Similarly, from 
n 
(-1)"** ( ) ght 
x (n+ 1)(n+ 2) 
2 
= (1+2) log(1 +a) —2 
x 
for all0 <a <1, we obtain 
: 2 “++ oF = 3log2—2 
28 G4" 455 Gag 
The following example needs a simple calculus computation. 
Example 1.2.28 We will show that 
1 1 1 1 2 1 1 T 
l= ew = = log 2 +—S tan” = = ~ log 2+ ——. (1.39 
4°7° To ge Aa ase 
Denote 
f(z) =x- ove ee (\z| < 1) 
7 10 , 
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and f(0) = 0. Since 


1 
f(g) =1-2 4+2%-..-= tae’ (\z| <1), 
we have 
7 dt 1 1 


(om (252) a4) 

—= n — n hg 

a V3 v3 

where the lower limit of the integer is 0 is due to f(0) = 0. Hence, applying 
Abel’s theorem yields (1.39). 


Proposition 1.2.29 Supposea#b,a>-—1,b>-—1. Then 

1 1 gt — gb 
= dx. 1.40 
Seamer) ar i= ue) 


n>1 


Proof. It is obvious that the left-hand of (1.40) converges. Write 


YS oes eh (-): 


n>1 n>1 
Denote " ag 
1 em a ge” 
= _ : | <1). 
F(2) eS Cer ar (l2| ) 
Thus, 
1 1 i ie x? 
/ = nta—1 _ »,n+b—-1) _ es 
F(z) ere . ) b -(; xe 1 -) 


Because f(0) = 0 


et feet 


7-22 = (1-t’)-(1-#2 
_@-)-G-4) 4 
1-t 1-t 
as t > 1~, we obtain the left-hand continuity of f(x) at point z = 1. Therefore, 
applying Abel’s theorem yields 


Since 


1 


rare 10) 


n>1 


and (1.40) follows. 
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We now give an extension of Abel’s theorem. 


Theorem 1.2.30 Assume positive continuous function sequence (Un(X))n>0 
is decreasing for all « € (0,1) as n is increasing, and lim,z_,,- Un(#) = 1 
(n=0,1,2,...). Then, the convergence of series )>,,.9 Gn implies 


Proof. The proof is similar as the proof of Abel’s theorem. Since v,,(a) > 1 
as © — 1~, we may define v,(1) = 1 (n = 0,1,2,...). Hence, there exists a 
positive constant A and 6 > 0 for which vp(a#) < A for all 1—6 <a <1. For 
an arbitrary € > 0, there exists N = N, > 0 such that m > n> N implies 


m 
doa 
k=n 


<e, (m>n>N). 


Therefore, 


m 
y ApUp (2) » Ak 
k=n 


Hence, 7,59 4nUn() is uniformly convergent on [1 — 6,1], which implies the 
left-hand continuity of endo @nUn(x) at point x = 1. 


< vo(x) max <eéA, (l-éd<a2< 1). 


m>n 


Corollary 1.2.31 Let series >, nan converge. Denote f(x) = So 51 anx” 
(\a| <1). Then 7 7 


Proof. Noting )>,,51 @n = Dn>i(Nan) = and using Corollary 1.2.25, we obtain 
the convergence of }°,.5, @n from the convergence of }>,,5 Nan. Since Up(x) = 
(1 — 2")/(n(1 — )) generates a decreasing sequence with lim,,1- Un(a) = 1 
(n= 1,2,...), from the convergence of }°.,(nan)un(#) and Theorem 1.2.30 
we obtain the desired result. 


1.3. Series Method 


In the first section, we describe the summation of series using the infinites- 
imal calculus. However, for the functions of the independent variable taking 


36 Methods for the Summation of Series 


only the given discrete values x; (¢ = 0,1,...,n), the methods of infinitesimal 
calculus are not applicable. The calculus of finite difference deals especially 
with those functions while it may be applied to the functions with contin- 
uous independent variables as well. In the second part of this section, we 
will present the methods by applying the Euler-Maclaurin formula and the 
Bernoulli polynomials. 


1.3.1 Use of the calculus of finite difference 


The calculus of finite difference was originally introduced by Brook Taylor in 
his Methodus Incrementorum (Londo, 1717). And the solid foundation was 
established by Jacob Stirling in his Methodus Differentialis (London, 1730), 
which applied useful methods to solve very advanced problems including Stir- 
ling numbers and their applications. As what was pointed in Jordan’s book 
[141], “(Jacob Stirling’s work) formed the backbone of the Calculus of Finite 
Differences”. In this subsection, we shall present some symbols used in this 
section and the later contents. The first symbol is A, the difference, which 
is first introduced in Leonhardo Eulero, Institutiones Calculi Differentialis 
(Academiae Imperialis Scientiarum Petropolitanae, 1755). 

A function f(x) is defined at a = %,21,...,2%n, where the values of vari- 
able x are equidistant for the sake of the real advantages of the theory of finite 
differences. Hence we denote 


h= 241 — Vi, (@=0,1,...,n—1), 
ie., h is independent of i. The first difference is defined by 
Anf (x) := f(a +h) — f(a). (1.41) 


In particular, we denote A = A,. The difference of the first difference is called 
the second difference denoting by A? and A? = Aj for h = 1. Hence, 


Anf(e) = An(Anf(x)) = Anf(@ +h) — Anf(2) 
f(a + 2h) —2f(a@+h) + f(x). 
In general, we define the n—th difference of f(a) by 
ARF) = An(At-1f(a)) = ANA f(@+h)— AP F(@). (1.42) 


Obviously, A? f(x) = A?-!(A;,f(x)). By means of mathematical induction, 
one can prove the following expression of A? (cf. Exercise 1.28). 


ite) = > (") (-1)"-F fw + jh). (1.43) 
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We may use the following table to evaluate A"(a) successively. In general, 
we write the values of function f in the first column of the table, the first 
differences in the second column, the second differences in the third column, 
and so on. More precisely, in the table below, we begin the first column with 
f(x), then we shall write the first difference A; f(x) in the second column 
and along the row between f(x) and f(x +h). The second difference A? f (x) 
will be put into the third column and along the row between A;,f (a) and 
An f(x +h) and so on. 


f(z) 
Anf (x) 
f(@+h) Aj, f(x) 
Anf (x + h) Aj f(x) 
f(x + 2h) A} f (a +h) Ak f(z) (1.44) 
Anf (x + 2h) A} f(z +h) 
f(a + 3h) A? f(x + 2h) 
Anf (@ =F 3h) 
f(a + 4h) 


A polynomial in terms of operator A), 
P(An) = po + pi An + p2Aj, +--+ pn Af, 


is also an operator, called operator polynomial, where coefficients p; (¢ = 
0,1,...,m) are real or complex numbers. Applying P(A,;,) to function f(z) 
yields 

P(An)f (2) = pof (2) + pi Anf(z) +--+ + pr ARS (2). 


we also denote by I(or 1) and 0 the unit and zero operators, respectively, 
which are defined by 


T=1=A0, If(x) =1f(2) = Af (e) = f(a), Of(e) = 0. 


We also define Aj + 0 = 0+ Aj. 
It is easy to show that difference of a sum is 


An(f(x) + 9(x)) = Anf(x) + Ang(z). 
and if c is a constant that 
Ancf (x) = cAnf (2). 


Hence, all operator polynomials in the real or complex field with respect to 
polynomial addition and regular scale multiplication form an Abelian ring. If 
Q(A,;) is another operator polynomial, then 


P(An)(Q(An)F(@)) = (P(An)Q(An)) F(@) = Q(An)(P(An) f(x). 
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In infinitesimal calculus the first derivative of a function f(x), generally 
denoted by D f(a) or df(x)/dzx, is given by 


_ yp Se+h)— fle) _ | Anflx) 
= 4 a 
Moreover, it is shown that the n-th derivative of f(x) is 
A”? (x) 
D” = |j h . 
f(x) = im 


In Boole’s Calculus of Finite Differences, an important operator, called dis- 
placement or shift, was introduced. This consists for a given f(a) in increasing 
the variable x by h. Denoting this shift operator by E;,, we have 


Enf(x) = f(a +h). 
In particular, E; = E. The operation E? is defined by 
Ej. f(t) = En(Enf()) = Enf(x +h) = f(x + 2h). 
In the same way, 
Ef f(x) = En(E,' f(X)) = f(@ + nk), 
and E? = I = 1. Obviously, Ef f(x) = E,(E?'f(X)). It is easy to extend 
this operation to negative indices of Ep, so that 
1 4 1 = 
= f(t) = Ef (2) = f(e@-h), safle) = Ef (a) = f(@ — nh). 
En, Ej; 
It is easy to see the symbol FE), is also distributive and commutative: 


En(f(2) + 9(@)) = Ex f(@) + Eng), 
ER ER f(a) = Br Ep f(@) = Ep?" f(z). 


In addition, if cis a constant, then we have E;,cf (x) = cE, f(x). The operation 
E,," behaves exactly like Ej”. For instance, 


—n DM _ HPmMp-n _ FPm-n 
EE, = By E,” = £,”. 
Moreover, 


Ex (f(a)g(a)) = f@ + h)g@e +h) = Enf(x)Eng(@). 


These are not true for the other symbols introduced. 

In this book, we mainly discuss the symbols Ay, D;,, and Ep, particularly, 
A, D, and E. Some other operations such as operation of mean (M),) defined 
by Mnf (x) = (f(x) + f(a +h))/2, central difference operator (6;,) defined by 
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Onf (x) = f(ax+h/2) — f(a — h/2), etc. will be introduced later when they are 
used. 

From the definition of the operations Ay,, Dp, and Ep, it is easy to see 
that their symbols are connected, for instance, by the following relations 


Ey, =1+An=e®?h, A, = Ey—1= eh —1, hD;, =log(1+ An). (1.45) 
To prove the first of (1.45) we write 
(1+ An) f(a) = f(a) + An f(z) = fle +h) = Enf(z) 


and 


Enf(c) = fle+h) = fl) +hDa f(a) + = D2f(2) +--- = Page), 


2! 


Others of (1.45) can be proved similarly. 
Using (1.45), we have 


ER = (1+ An)" => (,) at 


Applying the above operation on f(x) yields expression 


fa-+ nh) = #02) + (T) Anstey + (5 )ansee) ++ (“Janreey 


Similarly, relation 


generating 


pte) = set nn) — (7) flat (v= 2yn) +--+" (") 0) 


For any real number x, we define E* f(0) = f(a). Thus from Newton’s 
formula 


fla) =F0)+(F)aro+(S)arvO+-, 46) 


we obtain the series expression of the operator E”, 


co _ 2 mi 2 eee 
pe a1+(T)as (Slats, 


if the series in (1.46) converges. If certain conditions are satisfied, the infinite 
series expansion of operators are permitted. 
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Lemma 1.3.1 Let f(a) be a real-valued function, and let x be an integer 
satisfying O<a<n. Then 


fla) = 00) + (T)aro+ (Jar) +--+(FZarvo. an 
Proof. The expansion (1.47) can be proved directly using symbolic method. 


f(x) = E*f(0) = (1+ A)*f(0) 


| 
Let f(a) be a function of real variable. We write Newton’s formula (1.46) 
with remainder R,(x) as follows. 


Theorem 1.3.2 Let f(x) be a real-valued function. Then 


fea) = F00)+ (Taroyt-+ (Fars) + Rate, (1.48) 
where 
0 0 f(0) 1 2 n 
PP ae GF oa a 
Ri(x)=| 5 2... : CW = bs (1.49) 
fg? us 2” fie) 


In particular, if f(x) is a polynomial of degree n then A"*! f(x) =0 and 
the corresponding series is finite: 


fla) = #00) + (aro +---+ (Faro). 


Proof. After expanding the numerator determinant on the right-hand side 
of (1.49) in terms of the last row of the determinant, we may see R,(x) = 
f(«) — pn(x), where pp(x) is a polynomial of degree < n. It is obvious that 
R(x) = 0 at e = 0,1,...,n. Thus, p,(x) = f(x) at x = 0,1,...,n. On the 
other hand, gn(z) = Spo (7) A* (0) is also a polynomial of degree < n. 
From Lemma 1.3.1, gn(x) = f(x) at c = 0,1,...,n. Since two polynomials of 
degree < n satisfy p(x) = gn(x) at n+ 1 distinct points x = 0,1,...,n, we 
have pp(x) = dn(x), which implies (1.48). 


We now present an inverse formula of Lemma 1.3.1. 
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Theorem 1.3.3 Let f(x) be a real-valued function. Then 


a"s(o) = su) = (1) ren 1) + (9) stn 2) — 0" (") £0), (1.50) 


which is an inverse relation of (1.47) at x =n; i.e., one can be derived from 
another one. 


Proof. Applying symbol relation A” = (E — 1)" = Oho (Z)(—1L)*E"* to 
f(0), we obtain (1.50) immediately. Since A” = (FE — 1)" and BE” = (A+1)", 
when x = n (1.47) and (1.50) form a pair of inverse relation. 


| 
From the inverse relations (1.47) and (1.50), we can establish a pair of 
more general inverse formulas. 


Theorem 1.3.4 Let (g(k))x>0 be the real-valued sequence of function g(x) 
and sequence (f(n))n>0 is defined by 


f(n)=S> G (—1)¥9(k), n=0,1,2,.... (1.51) 
k=0 
Then " 
g(n) => @ (-1)* f(k), n=0,1,2,..., (1.52) 
k=0 


where f(0) = g(0). Conversely, (1.52) implies (1.51). 


Proof. For given {g(k)}9, we can define a function such that A’ f(0) = 
(-1)*9(k) (k = 0,1,...); Le, f(0) = g(0) and f(k) = (—1)*g(k) — 
ae ()(-1)*-9 FG) (k > 1) successively using (1.43). It can be seen 
that (1.51) and (1.47) are equivalently under the transformation A* f(0) = 
(-1)*g(k) (k = 0,1,...). Since (1.47) implies (1.50), we obtain (1.52) from 
(1.51). Similarly, we can show (1.52) implies (1.51). 

The inverse relationship of (1.51) and (1.52) can also be proved by substi- 
tution. More precisely, to prove (1.51) = (1.52), i.e., given (1.51) g(n) can be 
found from (1.52), we substitute (1.51) into (1.52) and obtain 


3 Glen (>: oO nao) 
= Yi-n'to (s2-»*(7) (‘)) | (1.53) 


Noting 
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where Kronecker delta 6,2 = 0 when @ 4 n and 6,,, = 1, one may know the 
right-hand side of (1.53) yields g(n). 

We will see in Section 4.3, the lower triangular matrix ((—1)*(7)) is a 
Riordan array involution. Thus, the inverse relationship between (1.51) and 
(1.52) is a consequence of the Riordan involutions. 


Theorem 1.3.5 Let n be a non-negative integer. Then we have inverse for- 
mulas 


m+n m 
fry = (ME Vaiky eo ArHO=Do(TPJain te) (1.54) 
k=0 k=0 
for n= 0,1, 2, 


Proof. Obviously, the left equation of (1.54) can be written as 


m+n 
f(n) = (Ss “es g(0)=(1+ B)™*"9(0) (1.55) 


k=0 
for n = 0,1,2,.... And the right equation of (1.54) is equivalently 
A’f(0) = (1+ E)"E"9(0) 
—1)"(1+ E)™( 
Dau ye 1+ E)™**9(0)} (1.56) 


2! 


1— (14+ £))"g(0) 


I 


for n = 0,1,2,.... Applying Theorem 1.3.4 to (1.56), we obtain the inverse 
expression 


nm 


a+ ey™"9(0) = > (Zn *ak 0) = sn) 


k=0 
for n = 0,1,2,.... This shows that (1.56) implies (1.55). Conversely, substi- 
tuting (1.55) into the rightmost of (1.56) and noting (1.50), we obtain 


n 


Soc-ay#(2) £0) = "700 


k=0 
for n = 0,1,2,..., which means that (1.55) can be derived from (1.56). 


|_| 
Another example of symbol expansion is the Newton’s backward formula. 
Since En = An = ih 


oC En eo An 
B= (gx) (1 = 
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For h = 1, we expand the denominator of the rightmost term into infinite 


— A\* c+k—1\ At 
Be =1/(1-5) => ‘i \r (1.57) 


k>0 


which is applied to function f at point 0 and generates 


fee) =F00)+ (Tara + (FZ )arraa (58) 


if f is defined on Z and the series on the right-hand side converges. 
An analog of (1.57) with « = 1 and general h is written as 


and it can be performed on f(x) and yields 


f(@th) = S— Ak f(a — kh). 


k>0 


We may obtain a modified formula of (1.57) with general h with starting form 


A, atl 
Ett) = 1/ (1- = ) 
h 


Thus, expanding the right-hand term yields 


- a+k\ Ak 
Oe os 


In the same manner, 


which give 


fle— nh) = -e("* ake. 


k>0 


Theorem 1.3.6 Let f(x) be a polynomial of degree k. Then 
pon) = ee ("Tareas ("P?)ar7ea) 


fe 133 a (7 )akr-e—, (1.59) 
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Proof. The proof is similar as the way in deriving (1.58). Since f(x) is a 
polynomial of degree k, A" f(x) =0 (n=k+1,k+2,...). Hence, from (1.57) 


(1 _ A Ay S. (" ] \eta ai (" : *) (B-*Ay +4 


("fe taye) = Bay ele) 


Theorem 1.3.7 (Bernoulli Summation Formula) Let f(a) be any function 
defined at x = 0,1,2,.... Then for anyn EN 


dF) we Jae TFL), (1.60) 


Proof. (1.60) can be proved using Lemma 1.3.1. Here, we give a direct proof 
using symbol relation 


k=1 
Hence, 
nm E 
EK Se = w _ 
Bo [((E-—1+1) 1 

k=1 

E “(n ~. (n 

= E-1)*= AF-1R. 
Bay (zed Cs) 
k=1 k=1 


Applying the leftmost side and the rightmost sides of the above operator 
equation to f(0) yields (1.60). 


Example 1.3.8 In Bernoulli summation formula, substituting f(x) = t® and 
noting 


k 
P| = > (‘) (-1)* 49 | = e(t-1)F, 
j=0 


we obtain Identity 


ttt +- + ant+ (S)ee-1) + (S)ee— 0? +e ue ay 
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Example 1.3.9 Using Bernoulli summation formula, we can establish 


ye = (") +15 (5) +50 & +60 @ +24 @) (1.61) 


In fact, by setting f(k) = k* and using (1.44) to find Af(1) = 15, A? f(1) = 
50, A® f(1) = 60, and A*f(1) = 24, (1.61) follows from (1.60). 


In next chapter, we shall give more construction of summation formulas 
as well as series transformation formulas using symbolic method. A series 
transformation formula represents a relation between different series in or- 
der to evaluate sums of (infinite) series or accelerate the convergence rate of 
convergent (infinite) series. Here is the first formula derived by Montmort. 


Theorem 1.3.10 (Montmort Series Transformation Formula) Suppose |x| < 
1, |a/(1—2)| <1. Then 


Ye f(n)e" => (; - -) Ar-9(1), (1.62) 


n>1 n>1 


where the left-hand series is assumed to be convergent for all |x| < 1. 


Proof. Denote y = x/(1 — 2). From the given conditions 


x y 
= | ——_ 1 —_| = <1. 
wi=[S <a [PE] =i 
Since 
= n+k—-1 
ata = Dey" te ly 
k>0 
n nm+1\ 5 N+2\ z 
= |-— _ 
Glee (a (yee 
we have 


n>1 n>1 
k-1 : 
= (drm 
n>1k>0 


Because |y| < 1 and |y/(1 + y)| < 1, the above double series is convergent 
absolutely, and it can be rearranged as 


3 = EL (? =) ro? 


j>1n=1 
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s (Spe (772, fet ») yp 


j>1 \n=0 
= SOA SA) = f(y + ASA)y? + A7F(Dy? + APF(Dy* +. 
jel 


Here, we have used the expansion of A” shown in (1.43) into the step before 
the last one. After substituting y = «/(1 — x) into the rightmost series, we 
obtain (1.62). 


a 
We now give a special case of Montmort formula—Euler series transforma- 
tion formula. First, we establish the following lemma. 


Lemma 1.3.11 If sequence (Gn)n>0 converges to zero, then sequence 


n 


1 n 
bn = 5n > @ ak 
k=0 


(n =0,1,2,...) is also convergent to zero. 


Proof. For any m > n, denote €m = sup{Qm,@m41,---}. Then 


m—1 n 
€0 nm Em nm 
lonl < 5 » (;) a » 8 


Qn 


which implies limy—.5o|bn| < €m. Since a, > 0 as n + co, we have €,, > 0 as 
m — oo. Therefore, limp +o.|bn| = 0, i-e., limp+oo bn = 0. 


Corollary 1.3.12 (Euler series transformation formula) Let sequence 
(f(n))n>1 be decreasing and convergent to 0 as n > co. Then 


SiMe +) =O gee (PAA) (1.63) 


n>0 k>0 
n 1 = n+1 — 

= er ptateayt SO aya yrg ty) 
k>0 20 


(1.64) 


Proof. From Theorem 1.3.10, by replacing x to —x, we have 


Hever =Temrarya) (pz) 


n>1 n>1 
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Hence, applying Abel’s continuity theorem 1.2.3 or 1.2.15 to both sides of the 
above equation yields 


Heyy) = Tera) (5) 


To prove (1.64), we only need to show that the second series tends to zero 
when n — oo. Indeed, after substituting the expansion of A” shown in (1.43) 
into the series, we obtain 


Cur Sepia £41) 
Qn+1 J 
j20 
i <a asa Peer 

= seb ("E )De resi +n) 

k=0 g>0 

n+1 
= seb ("f ) Devas. 

k=0 j>k 


where DY jon(-1) fU + 1) is the remainder of convergent series }°¥.9 
(—1)’ f(j +1), which approaches to zero as k > oo. Thus, from Lemma 1.3.11, 
the rightmost term of the above equation tends to zero when n — oo. 


Example 1.3.13 We now apply the Euler series transformation formula to 
accelerate the convergent rate of the following given series. 


1 1 1 7 1 1 1 
fitote caw, tned ata 
i a ia ci ae ae 
For the first series, let f(n) =1/(2n—1), thus, 
A‘ (1) =(-1)'*§ (bh =1,2,...) 
(2k + 1)? ™ 
Thus, from (1.63), 
4,2, h2 1:23, 
a 3. 3-5 3-5-7 
Similarly, 
1 1 


L 
log2=-+>—4+>—5 + -— 
Be= ato gt 3.9 1 Taf 
Exercise 1.35 shows that the Euler series transformation formula does not 
always change alternating series to the series with higher convergent rates. 
To guarantee the Euler series transformation formula works, Exercise 1.37 
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presents a sufficient condition (See also [135]). More series transformation 
formulas will be given in Chapter 2. 
The connection among other symbols, for example, 


On, — An 2n __ Ay" 
— 2h = nm? 
En, 


will also be described in Chapter 2. 


1.3.2 Application of Euler-Maclaurin formula and the 
Bernoulli polynomials 


In 1736, by comparing summation of f(k) and integer of f(x) for a positive and 
strictly decreasing function, Euler obtained what came to known as Euler’s 
summation (cf. [60] and [61]). The formula is a powerful tool for estimating 
sums by integers and also for evaluating integers in terms of sums. Colin 
Maclaurin discovered the formula independently and used it in his Treatise 
of Fluxions, published in 1742. The formula was referred to as the Euler- 
Maclaurin summation formula and was widely used in numerical analysis, 
analytic number theory, and asymptotic expansions. The formula contains 
Bernoulli numbers, periodic Bernoulli functions, and, in particular, Bernoulli 
polynomials, a kind of Sheffer type polynomials. Hence, we start from the 
following concept. 


Definition 1.3.14 Let f(t) and g(t) be two formal power series defined in 
the real number field R or the complex number field C with f(0) = 1, g(0) =0 
and g'(0) # 0. Then the polynomials p,(x) (n = 0,1,2,---) defined by the 
generating function (GF) 


F(t)er9 = > Pol) (1.65) 


n>0 


are called Sheffer-type polynomials, where po(x) = 1. In particular, if g(t) = t, 
the corresponding Sheffer-type polynomials are called Appell type polynomials. 
Accordingly, py(D) with D = d/dt is called Sheffer-type differential operator 
of degree n associated with f(t) and g(t). In particular, po(D) = I is the 
identity operator. 

Furthermore, numbers P,, defined by 


i@=)>- ane (1.66) 
n>0 ~ 


are called the Sheffer-type numbers. Clearly, Pn = pn(0), i.e., Py is the value 
of Sheffer-type polynomial at point x = 0. 


Classical Methods from Infinitesimal Calculus A9 


For g(t) = t, if f(t) = t/(e’ —1) and f(t) = 2/(e’ +1), then corresponding 
Appell (Sheffer) type polynomials are denoted by B,,(a) and E,,(x) and called 
the Bernoulli polynomials and Euler polynomials, respectively; namely, 


t i B, (a) 

eh — 1.67 

et — 1 » n! ( ) 
2 t En(z) 

a Fe" 1.68 

eb +1 © dX n! ( ) 


Bernoulli polynomials and Euler polynomials play fundamental roles in 
various branches of mathematics including combinatorics, number theory, spe- 
cial functions and analysis, see for example [34, 57, 142, 163, 167, 207, 205, 
206, 219]. Since the function f(t) has value 1 at x = 0, its power series ex- 
pansion shown in (1.66) has a positive convergence radius. Hence, P,, is well 
defined by (1.66). When f(t) = t/(e’ — 1), the corresponding Sheffer-type 
numbers are called Bernoulli numbers and denoted by B,,. Hence, 


Be t 
So" = ——. (1.69) 


n! eb —1 
n>0 


Theorem 1.3.15 Bernoulli polynomials B,,(x) defined by (1.65) with f(t) = 
t/(e' — 1) and g(t) =t can be written in terms of the Bernoulli numbers as 


B,(x) = 3 (;) Bux", (1.70) 


where the Bernoulli numbers By, satisfy 


n-1 
n! 
Bo =1, Bh =- B 
ae > Am kF Ty ° 
k=0 
n—-1 
nm By 
=— 1,2 1.71 
© (fea 82. (1.71) 
k=0 
iL. 
By = —> Boni = 0, (n = 1,2,...) (1.72) 
Proof. From (1.69), we have 
t we Br k (xt)” 
ei 2a" dX nl 


By nynt+k 
= yeae 


n>0k>0 
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By n—kyn 
= Dace” * 


n>0k=0 ( 


= £(E(p)aer*)S 


n>0 \k=0 


Comparing the above expansion of te*’/(e’ — 1) with (1.67), we obtain (1.70). 


To prove (1.71) and (1.72), we rewrite (1.69) as 


eee ae = aay Br yp 
! | | 
t oil “(n+ Do kl 


= Yao ee 


n>0k>0 n>0 k=0 


Comparing the coefficients, we obtain (1.71). In addition, 


St. ote t 
e-t—-1 l-e eé—1 
implies 
By By 
S> 2 (-4)" =t + Soe" 
! ! 
n>0 n>0 


Thus, we obtain (1.72). 


From Theorem 1.3.15, we can define Bernoulli numbers, b,,, as follows (see 


also in Bourbaki): 


ae ~5t+ 1 yrs bn Ont 


é 
n>1 


where b,, is positive and equals to (—1)"t1 Bon. 


Theorem 1.3.16 Define Euler numbers E,, by 


Then 


In addition, for E, we have E, = 2"E,,(1/2) and 


2 


n—-1 7 
1 —1 n—-k 
Bei, B =-> (Aon. = ee 
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or equivalently, 


(2k 
Ey =1, Exr = ay (3) Be Eox-1 = 0, (k = 1,2,...). 
j=0 

The proof is similar as the proof of Theorem 1.3.15. We leave it as an 
exercise (cf. Exercise 1.38). 

In 1718, Jacob Bernoulli published under the title Summae Potestatum 
the following expression of the sum of the k powers of the n first integers 
as a (k + 1)th-degree polynomial function of n, with coefficients involving 
Bernoulli numbers B,,, now called Bernoulli numbers. The formula is known 
as Bernoulli’s formula or Faulhaber’s formula (cf. [45, 107]). 


Proposition 1.3.17 Letn,k © N. Then 


k 
a 1 (k+1 7 
k 1 ok ko 3 pk-jtl 
1° +2 tree tn ~ ae te -1y( j ) Bin J 
j=0 
nit a ; Bj k—j+1 
= —+— 1)’ k(k -—1)--- (K-37 +2)n"~7 
pel gy aan 
a ey Bo; 
= ——+—4+ kh Tah 97 4 On, 7S 
RET ty he Dh 354 an (1.73) 


Proof. From Bernoulli summation formula (1.60) and the fact that jth differ- 
ence of a kth (k < j) degree polynomial is zero, we immediately know that 
P(n) := 1% +2* +.--+n* isa k+1st degree polynomial in terms of n. Hence, 
we can write 


P(n) = Con**1 + Cyn® +--+ Cyn + Ce4t- 


Comparing the coefficients of the identity P(n+1)—P(n) = (n+1)*, we obtain 
the first equation of (1.73). Using the Bernoulli numbers Bo = 1 and By = 
—1/2, we obtain the second equation of (1.73) from its first equation. Noting 
Bon+1 = 0, we get the third equation of (1.73) from its second equation. 


| 
From Proposition 1.3.17, we obtain 
1 1 1 1 
By =-, By=-—, Bo= —, Bs =-=—.,. 
pp ee Be A Be 


We now present some properties of Bernoulli polynomials and Euler poly- 
nomials. 


Theorem 1.3.18 Bernoulli polynomials satisfy 
1 
Bo(z) =1, B(x) = nBy_i(2), i B,(a)dx =0, (n=1,2,...). (1.74) 
0 


Conversely, the above conditions determine Bernoulli polynomials uniquely. 


52 Methods for the Summation of Series 


Proof. From (1.70), we immediately have Bo(x) = 1 and 


B,(t) = 3 (;) B,(n — k)a”—*-} 


= k 
Similarly, 
1 n/n _— 
| B,(a)du = d (1) By fe x” "da 
. d (; ime n— Ee +1 on 
where the last step is due to B, = — 772, (7) —5— shown in (1.71). 


Conversely, starting from Bo(v) = 1 and taking integral successively to 
evaluate B,(x) (n = 1,2,...), where the integral constants are determined by 
i. B,(x)dxz = 0, we obtain the sequence of Bernoulli polynomials. 


Oo 
Corollary 1.3.19 Bernoulli polynomials have properties 
BEV) -BE-YM(0) =n! (n=1,2,...), (1.75) 
B® (1) = B® (0) = Gp Bn-k, (n= 2,3,...;8 =0,1,...,n—1,n), 
(1.76) 
B,(@+1)— Bala) =na™+ (n=1,2,...). (1.77) 


Proof. Formulas (1.75) and (1.76) can be proved from Theorem 1.3.18, which 
is left as Exercise 1.39. To prove (1.77), we write the Taylor’s expansion of 
B,(a +1) and use (1.75) and (1.76) to obtain 


n (k) 
By’ (1 
Bp(z +1) =>~ - 
k=0 : 
"BY O) , , os BHC) = BS) 4 
~ aoe th ial 
k=0 k=0 


Use (1.77) we immediately have 
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Corollary 1.3.20 Let n,k Ee N. Then 
= Tay (Beti(m +1) — Besi(1)). (1.78) 


It can be seen the equivalence between formulas (1.78) and (1.73). Since 
the former uses the Bernoulli polynomial values, its expression of pie ge 
looks more compact. 

Similar to Theorem 1.3.18, we have 


Theorem 1.3.21 Euler polynomials satisfy Eo(x) = 1 and 


E! (x) =nEy_1(2), 


n 


E,(@+1)+ E,(x) = 2a”. (1.80) 


We now give symmetry formulas of Bernoulli polynomials and Euler poly- 
nomials. 


Theorem 1.3.22 Bernoulli polynomials and Euler polynomials have proper- 
ties 


The Darboux formula, first given in 1876, is an expression formula for an 
analytic function. The Taylor formula is one of its many special cases. 

Let f(z) be normal analytic on the line connecting points a and z, and ¢(t) 
a polynomial of degree n. The derivative of ¢(t) with respect to t (0 <t < 1) 
can be written as 


# Dail 1) (e—a)ro  @) Ff (a + te — 4) 
= —(z—a)g™(t) f'(a + t(z — a) 
+(-1)"(z — a)" #1p(t) FOF (a + t(z — a) 


By taking the integral in terms of t from 0 to 1 and noting that 6 (t) = 
(0), we obtain 


o ODF (2) — F(a)] 


n 


= LEY Ee = a [6 POH - Go" FOE 


+(—1)"(z-—a)"™"! | b(t) f"t* (a+ t(z — a))dt. (1.81) 


Equation (1.81) is called the Darboux formula. Now we will consider several 
of its special cases. 
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Let ¢(t) = (t — 1)” in equation (1.81). Then ¢(”) (0) = n!, ¢("-”) (1) = 0, 
and ¢("-")(0) = (—1)"n!/v!, for 1 < v < n. This is of course the Taylor 
formula with a Cauchy integral form remainder. 

In equation (1.81), changing n to 2n, setting @(t) = t”(t— 1)”, and taking 
n — oo yields 


f(2) — f(@) = 9 FS FO) + ay FO (@)] 


Here the series is assumed to be convergent. 

Without a loss of generality, let the highest power term of ¢(t) be t”, 
and let F(t) be an antiderivative f(t), where F(t) is assumed to be n order 
continuously differentiable. Then the following integral quadrature formula 
will be obtained by setting a = 0 and z = 1 in equation (1.81) 


| F(t)dt 


t=1. 


(— zee lon 1G Wie 63) 


l| 


f= 
1 0 


ah Wf oor F(t (1.82) 


In fact, equation (1.82) can easily be verified by applying n times integral 
by parts to its integral form remainder. One may rewrite the above formula 
into a more general form (a suitable transformation of variable is needed). 


+ 
it 
Il 


t=b 


[ro t)dt = yee J - [ar YE)FC-D(t)] + Ry (1.83) 
where remainder R,, is 
Rn = iy [sore (t)dt. (1.84) 


Equations (1.83) and (1.84) can be understood as the integral form of 
the Darboux formula. However, the applications of the Darboux formula to 
numerical integration were only given attention to after 1940 (see [172]). 

The formula shown in equation (1.83) has two features: (1) Except for the 
remainder, the right-hand side of the equation consists of the values of the in- 
tegrand and its derivatives at endpoints of the integral interval. Hence, the 
formula is a boundary-type quadrature formula (BTQF). (2) By choosing a 
suitable weight function ¢(t) in the remainder (1.84), we can make R, = 
R,(F) has the smallest possible estimate in various norms. 

In addition, setting ¢(t) as the nth order Bernoulli polynomial in equa- 
tion (1.83), we obtain the Euler-Maclaurin formula. More precisely, defferent- 
ing the identity (1.76) n — k times gives 


BOW (et ae 1) a RieH*) (t) = n(n = 1) ae kt®-}. 
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Plugging in t = 0 yields BY" (1) = BY-"(0) for k = 2,3,.... From 


the Maclaurin series (i.e., the Taylor series at 0) of B,(t) with k > 0, we 
have BY'-?*-Y (9) = 0, BY?) (0) = n!Bor/(2k)!, BY-Y (0) = n!/2, and 
Bi”) (0) = nl. Substituting these values of B&”~” (1) and BS”) (0) into Dar- 
boux’s formula (1.83) gives 


(2 a)f"(a) = f(z) - §@) - =F @)- F'@)) 
n-1 ime 2k 
i: os ) [#4 (2) — f(a) 
k=1 . 
z—-a 2n+1 1 
aa Ban (t)fO"* (a — (2 — a)t)dt, (1.85) 


which is called the Euler-Maclaurin integration formula. It holds when the 
function f(z) is analytic in the integration region. In certain cases, the last 
term of (1.85) tends to 0 as n tends to infinity, and an infinite series can then 
be obtained for f(z) — f(a). Thus, the sums may be converted to integrals 
by inverting the formula to obtain the following Euler-Maclaurin summation 
formula (cf. [79, p.471]) 


Sr) 
k=1 
n i a — 
= 7 Fat — 5Uf(n) + FO + oar ki k(n) — f2k-1) (9) 
= i F(t)at + 2, ae [f° (n) — FFM]. (1.86) 


Also, if n = 2m and ¢(t) = (t—a)™(t—b)™, then equation (1.83) will give 
the folowing Petr formula when the Leibniz higher order differentiation rule 
is applied. 


v=1 


[ Fou = Sete [Fe (a) 
+ amie) eas (1.87) 


where remainder R,, is given by equation (1.84). Using the mean value theo- 
rem of integration, we can write it as 


R= (-1)™ | m! ] Fem e@o-aam a<f&<b 
m™ gmt1 | (2m)! , ee 
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Similarly, setting n = m+k and ¢(t) = (a—t)*(b—t)™ in equation (1.83), 
we obtain the so-called Obreschkoff formula 


[row = SEU) Se 


k 
_ eer Lt ( = ) ono) 706) 
mik! _ 
= Fear cages (1.88) 
where ; 
Rsk =~ f= H)(a— HE FM at (1.89) 


All of the above formulas are useful in approximating definite integrals. 
At the end of this section, we will give one more example of the Darboux 
formula. In equation (1.83), we set a = —1, b=1, and ¢(t) = T,(t) +1/2""1, 
where T;,(t) = 24~" cos(ncos~! t) is the Chebyshev polynomial of degree n. 
Then, 
1 1+(-1)” 
sW=sey oat" 


Since T,,(t) satisfies differential equation (1 — t?)T” (t) — tT’ (t) + n?T,(t) = 0, 
by taking derivatives consecutively, we obtain 


g(t) = Ur—MG) 
SDE A) a ph Rae tie a 
where v = 1,2,--- ,n—1. Therefore, when n is an even integer, we can derive 


the following BTQF from equation (1.83). 


/ F(t)dt = F(1) + F(-1) 


he 5 cy (") [Fea oo ee 8 ee hee ans 8 


ar 2. ul n—1 
v 


= [Fe-Yq) = FeO-D(-1)| 


Qn-2. mI 


(5 = *) FO (€) 


——= 1.90 
n2—1) 2r-2.n!’ (1.90) 
where -1<€ <1. 

It is obvious that the BTQF derived from equation (1.83) by deleting the 
remainder R,, possesses algebraic precision degree n — 1. Here, the degree of 
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algebraic precision of a quadrature formula is the largest positive integer r 
such that the formula is exact for 2’, when i = 0,1,--- ,r. Hence, choosing a 
suitable ¢(t), we can construct various BTQFs for different purposes and make 
the corresponding remainders the smallest possible under different norms. 
More details can be seen in [83]. 
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Exercises 
1.1 Use the method shown in Examples 1.1.1-1.1.3 to prove formula 


= 1 _ mt 39 
n(n+1)2(n+2)2 4 16 


n>1 


1.2 Make use of the technique of Example 1.1.5 to show 


ce 1—acosz 
(a) y a” cosnz = =~, 
1—2acosx+a 
n>=0 


: asin x 
(b) y a” sinnx = = 
1—2acosx+a 
n>0 


for all |a| < 1. 
1.3 Use (1.2) or similar techniques shown in Example 1.1.5 to prove each 
of the summation formulas. 


n>2 a 1 2 2 
= cos(2n + 1l)a T 45 1 
b on me! | 
_ 2 ! Qn—1)Qn+l)Qn+3) 8°” 3°” (\a| < 7) 
cos 2nx 1 4 
SSS SS SS SS SS j O< . 
© 22g 


(d) SS = are(n 2), (O<a<n). 


Hints: (a) Use (1.2) and the following factoring: 


cos nx 1 cos nx cos nx 
—1)" = —1)" _ —])” 
Dg 
n>2 n>2 n>2 
(d) Denote the left-hand series by F(x) and study F’’(a) and make use of 
(1.4). 
1.4 Prove two summation formulas given in Example 1.1.6. 
1.5 Use the technique shown in Example (1.17) to prove 


n 14 na 
tin 135 (EJ [B-a)) = [Bae 


wherea€ RandO0O<a<l. 
1.6 Prove limits (1.21)—(1.23). 
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1.7 Suppose (P;, P2,--- , Py,-+-) is a positive sequence, and denote Q;,+ = 
P,'+P;'+---+ P71. Prove that the positive series >" _, an converges if 


lim Qn (log(Pran)) < 0. 


Hint: Let the upper limit in the inequality < —2k for some positive k. 
Denote un = a Sn = Uy +--+ + Up». Hence, from the assumption, there 
exists No such that when n > no, we have 


Qn log(Pran) < —k, 


i.e. 
_—kro-7!i =e 
On < Une "en = une "8" < Un. 


Hence, (i) }) 54 tn < 0c implies }_.; Ga < 0c, and (ii) when }7.5 15 = 
+oo, from f° f(x)dz < co we have 7,3; f(Sn)tn < oo. Taking f(x) = e~** 
yields 75, une **" < 00, which implies >. an < 00. 

1.8 Prove the claim given in Remark 1.1.16. 

Hint: Note that th = Prs + po Pnk(Sk — 8). 

1.9 Let jim, dn =a > 0. Prove 


in 4/1203 + 4/4203a4 ie 4/4nAn+14n+2 


n—00 102 + 4204 + +++ AnAn+2 


1 


Ya 
Hint: Using Corollary 1.1.11, the left-hand limit of the above equation is 


V AnAn+14n+2 _ 1 


lin ———————_ = —=. 
noo AnAn+2 Ja 


1.10 Prove Theorem 1.1.19. 

Hint: The argument is similar to the proof of Theorem 1.1.9. 
1.11 Verify Theorem 1.2.1. 

Hint: See the proof of Theorem 1.1.9. 


1.12 Suppose b,, > 0, ee) by, = oo, and dim D7 an/ D7 ox = s. Show 
k=0 k=0 
that 


n 
: Sone Ant 
lim =—=—— =s. 


to1- eee byt” 
Hint: Multiplying }°,,.)¢” to both numerator and denominator of the left- 
hand side of the last expression yields 
indo ant” _ dando(@o + a1 + +++ + an)t” 7 


lim —— lim SS SSS ES 
to1- bee byt” to1- yn>olbo +byteee+ b,)t” 
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1.13 Prove Theorem 1.2.5. 
1.14 Prove Proposition 1.4.1. 
1.15 Use Abel’s lemma 1.2.14 to prove the following statement: Suppose 
for all positive integers n, fn > fn+i > 0 and denote 
A=maz (|a1|, |a1| + |@al,--> ,|a1| + laa] +--+ + |am|). 


Show 


23 anfn 


n=1 


< Afi. 


1.16 Prove general Abel’s lemma, Lemma 1.2.16. 

1.17 (a) Use Theorem 1.2.18 to prove Theorem 1.2.17. 

(b) Use Corollary 1.2.13 to prove Theorem 1.2.18 

(c) Show that Theorem 1.2.17 and Theorem 1.2.18 implies each other. 

Hint: (a) Using the transformations an¢(n) > an, and ¢(n) + (n)~! in 
Theorem 1.2.18, we immediately obtain 


n 


So ax = J -(ax6(k))b(k)“ = 0 (8(n) 4) 
k=1 


k=1 


as n — oo, which implies (1.32). 
(b) Let s = endo Gp, and let 1 <m <n. Then 


So 
+ WO HG.dee)— Tle ~ 5)((& +1) - 4(8)) 
= O(1) +o(d(n)) - vee — 8)(6(8-+1) — o(R)) 
7 vt — 8)(6(k +1) - (8). 
Honce tera ideteadie er, a 
3 ang(k)| < o(6(n)) + &m > ($(& +1) — 4), 


where €m = MaxXz>m [Sz — $|. Noting @(n) is increasing and diverges to oo, 
and €, — 0 as m — ov, for any arbitrarily given positive number ¢€, we can 
find a large enough m such that 


Yo a4G(k)] < 0(6(n)) + €md(n) < 0(9(n)) + €d(n). 
k=1 
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Since the left-hand side of the above expression is independent of €, we obtain 
(1.33) by taking « + 0 in the rightmost side of the above inequality. 

1.18 Assume that (Zn )n>1 is a complex sequence with eel | eat —~z|= 
oo, and series }°,,.. @n2n converges. Prove 


N N =" 
a (do) (>: lent — =a) =— 


Hint: Apply Exercise 1.16 and a similar argument of the proof of Theorem 
1.2.17. 
1.19 Suppose that 7,39 @n2”, Lindo bn”, and >7,,59 Cn2” are absolutely 


convergent, and d, = ae a aibj;Cp. Prove 


) Anx” ) bx” ) Cn” => dnx”. 
n>0 n>0 n>0 n>0 


1.20 Assume that at least one of series }7,,..9 @n and )°,,9 bn is absolutely 
convergent, and ¢, = oar apbn—~. Show Y7,,.9 Cn converges and 


a So bn = a 


n>0 n>0 n>0 


Hint: Assume that }7,,.9 bn converges absolutely. Hence, from the given 
conditions, 7 


n n n 
=> a, 8, 8, = y bp > 8’, y |be| < 00. 


Denote >>, := |bo| + [bi] +--+: + |bn|, and on := co +¢1 +--+ +n. Then, 
On = (ap tay +--+ +an)(bo + 61 +--+ + bn) 
—biGy ~_ ba (an = Gn—1) -- b3 (an = An-1 + An—2) ey 
=n (Qn + Qn—1 +--+ +41) 


= SnSy by (Sn Sn—1) i) (Sn Sn—2) are bn(Sn So). 


Therefore, 


lon — 88'| <  |Snsi, — ss’| +|bi||Sn — Sn—1| 
+|b2||5n = Sn—2| ae eal |bn| [Sn = S0| 


m 


= |snsi, — ss/|+ », [bi ||Sn — Sn—al 
k=1 


n 
+ $2 [billsn—sn—jl  (m <n). 
g=mt1 
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Since 
[Sn — Sn—~| 2 0 (n-—k > oo), S- |b;| +0 (n >m-— oo), 
g=mt1 


for any given € > 0 there exist n,m with large enough n — m such that 


m 
lon — 88'| < |Sns,, — 8s"| + ey) |b; | + €A, 
k=1 


where A = max{|Sp — Sp—j;|: M+1<j <n}. 

1.21 Discuss the convergence or divergence of the square of series 
Dn>i(-1)" se, (0<a<l). 

1.22 Prove Corollary 1.2.23. 

1.23 Prove Corollary 1.2.25. 

1.24 Extend the result shown in Example 1.2.26 to the convergence of 
series > 5, Gnt™, where t = e (0 < 6 < 2m), and (an) is a decreasing 
sequence with lim, 560 Gn = 0. Furthermore, 


m+p 


a ant” 


n=mMm 


2am 
< . 
~1-¢t 


1.25 Use Corollary 1.2.25 to prove if (b,,) is a decreasing sequence ap- 
proaching to 0 as n + ov, then 


ey by sin n6 cos n76, S- b, sin né sin n76 


n>1 n>1 


converge. 
Hint: Discuss the convergence of series asi bpUn and eh bnUn, Where 


n 1 2 n 1 2 
dove =sin(n +5) 0, dom sens (n +5) 0 


1.26 Use the technique shown in Examples 1.2.27 and 1.2.28 to establish 


sa 1 
ge) a oS ped 
2 ) pe 
1.27 Prove 
: 2 ‘ 1 : _,2"(—2) 
1 ee —1)"71 
LO ay ee 


Hint: Write 
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denote a, = (—1)"~1/n and uv, (x) = 22"/(1+2”) and apply Theorem 1.2.30. 

1.28 Prove the expansion (1.43) of Aj, f(a) is true. 

1.29 Let f(x) be a polynomial of degree k. Prove A* f(z) = 0 for all 
s>k+l. 

1.30 Let ¢(@) = a9 + a1 2% + aga(x — 1) + aga(x — 1)(a — 2) +--+, where x 
are non-negative integers. Prove 


= (-1)"a,n!. 


Hint: Use difference and shift operators. 
1.31 Use Lemma 1.3.1 to prove 


sey" @ k” =n. 


k=1 


Hint: It can also be proved using Exercise 1.30 with d(x) = x” and hence, 
a 


1.32 Define A-* f(z) = 77-5 f(k), A” = A-1A-@-®. Prove 


aC) ae) acer 


for all integers n < m. 
1.33 Use a similar argument of Example 1.3.9 to find summation formula 


ot yg A 
1.34 Prove the following formula holds if its both sides series converge. 


feet = Ya)-a"sn40) (2) 


k=1 


1-2 


+1AF) — ar asin 1) (* i 


+1a2s) -2"a?s(n +1) ( - y+ : 


1l-« 


1.35 Suppose |a| < 1 and |a| < |1 — z|. Prove 


> (-1)” cos(nd)x"t! = — 2” cos” (5) cos (S) (= a) , 


n>0 n>0 

0 a) n+1 
> 2” cos” (5) cos (5) ghth — S>(-1)” cos(n@) (= :) . 
n>0 n>0 


Hint: Use Euler series transformation formula. 
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1.36 Apply Euler series transformation formula to series endo cy , and 
explain the resulting series has slower convergent rate. 

Hint: The resulting series is $ 7,59 (2)". 

1.37 (cf [135]) If convergent series >>,.,(-1)"~'f(n)_ satisfies (i) 
(-1)F¥A* f(n) > 0 (k = 0,1,...; n = 1,2,...) and (ii) there exists a > 1/2 
such that for alln € N, f(n+1)/f(n) > a, prove that the series changed from 
the given series by using Euler series transformation formula has a higher 
convergent rate. 


Hint: Denote 


aN 
R= iS (—1)*—" fk), m= > = DP), 


k>n+1 k>n+1 


We need to show limps. T'n/Rn = 0. In fact, from (i) 


(—1)"A* fin) = (-1)P 7? AP? fm) = (1) “AP * f@s 1) 
2 {=1) A" fm) Se < Fm). 


Therefore, 


_4)\k 
m= > Seats D gerw-8. 


k>n+1 k>n+1 


On the other hand, 


Rr = So (-1)*"¥(k) 


k>n+1 


—1)” 
2 f(nt lt > -(-1 1 Af(n+1+h) 
k>0 


Since —Af(n) > 0, the series on the rightmost side is an alternating series. 
Because A? f(n) > 0, the absolute value of the general term of the series tends 
to zero monotonically. Hence, from condition (ii) 


1 fQ) 
n| >= 1) > —a". 
[Rn] > 5f(n +1) 2 me 
Therefore, 
Tn 1 
Ry (2a)”’ 


which implies limp. |r'n/Rn| = 0. 
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1.38 Prove the power series expansions 


2 "B. 
weotz=1+ 5° (-1 mre 
n>1 
Pala fale _ -_ 
tanz = (<1 ee, 
d (2n)! 
Hint: Use 
cos x — et +e 7 . 21a 
xcot x = x“— = 1% ———_ _ = 14 + ——— 
sin x et — et etiz — 1 


and tana = cot x — 2 cot(2x). 

1.39 Prove Theorem 1.3.16. 

Hint: Using transformation ¢t +> 2t and substituting « = 1/2 into (1.68), 
the definition of E, (a), we obtain 


2et 2H, (1/2 
=> (1/2) in 


pot 17 
e7? +] n! 
n>0 


5] 


which is compared with the definition of Euler numbers F,,, and E, = 


2" E,,(1/2) is followed. Ey, (x) = Theo (2) (a - a can be proved sim- 
ilarly as the proof of (1.70). In addition, comparing the coefficients of the 
leftmost term and the rightmost term of the following equation 


et +1 Ex k 


2et k! 
_ 1 t —t Ek sk 
k>0 
as greek 
_ pee 2. nlkl Ext 
n>0k>0 
1-1" 
aS a kyikl  ? 
n>0 k=0 
=1)"= ie 2 


yields Eo = = land oe 0 foe Ex = 0, which implies 


ot 
Bylo oe 


1.40 Prove Corollaries 1.3.19 and 1.3.20. 
1.41 Prove Theorem 1.3.21. 


Taylor & Francis 
Taylor & Francis Group 


http://taylorandfrancis.com 


2 
Symbolic Methods 


CONTENTS 
21 Symbolic Approach to Summation Formulas of Power Series .... 68 
2.1.1 | Wellknown symbolic expressions ..............-..0+0008: 69 
2.1.2 Summation formulas related to the operator (l—xvE)~! 74 
2.1.3 Consequences and examples ................2:eeeeeeeeees ee 
2.1.4 Remainders of summation formulas ..................4.. 82 
2.1.5  Q-anslog of symbolic Operators si..ses ccc ierversgavess 86 
aun Bering: Leia .2:¢5ossds os doeentuurieenbesecesqucaesntes 96 
2.2.1. An extension of Eulerian fractions ..................2005 98 
2.2.2 Series-transformation formulas ..................-0e0e eee 99 
22,5 llwstrahiye eeemiples 2.55 ccnandancedneae daha sdhwerahades 105 
23 Summation of Operatord ciccisetsceessesnestaceiecsrvasieaaseaees 112 
2.3.1 Summation formulas involving operators ............... 112 
2.3.2 Some special convolved polynomial sums ............... 120 
2.3.3 Convolution of polynomials and two types of 
SUMIMIEIIONG fade eivese shaved teventahaveleiwventoues 123 
284 Moultitold Convolution: ...cccccicevssasseoacesqecaeda tes 125 
2.3.5 Some operator summation formulas from multifold 
CONVGMITIONS: spa iectcetathuureciiasetureniees eaacewanaas 130 


As is well known, the closed form representation of series has been studied ex- 
tensively. See, for examples, Comtet [44], Jordan [141], Egorechev [58], Roman- 
Rota [187], Sofo [200], Wilf [216], Graham-Knuth-Partashnik [79], Petkovsek- 
Wilf-Zeilberger [177], He, Hsu, and Shiue [104], and He, Hsu, Shiue, and Tor- 
ney [99], He, Hsu, and Shiue [104, 106], He, Hsu, and Ma [97], and He, Hsu, 
and Yin [107]. The object of this chapter is to make use of the classical op- 
erators A (difference), F (shift), and D (derivative) to develop a method for 
the summation of power series that appears to have a certain wide scope of 
applications. 

It is known that the symbolic operations A (difference), FE (displacement) 
and D (derivative) play an important role in the Calculus of Finite Differences 
as well as in many topics of computational methods. For various classical 
results, we may see Jordan [141], Milne-Thomson [164], etc. Certainly, the 
theoretical basis of the symbolic methods could be found within the theory 
of formal power series, inasmuch as all the symbolic expressions treated are 
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expressible as power series in A, EF, or D, and all the operations employed 
are just the same as those applied to formal power series. For some easily 
accessible references on formal series, we may recommend Ch. 4.5 of Bourbaki 
[23], Comtet [44], Gould [73], Graham-Knuth-Partashnik [79], Petkov sek- 
Wilf-Zeilberger [177], and Wilf [216]. 

Throughout this chapter the theory of formal power series and of differen- 
tial operators will be utilized. R, C, N, No = NU {0}, and Z denote, respec- 
tively, the sets of real numbers, complex numbers, natural numbers, natural 
numbers including 0, and integers. Generally, we will use A(t), g(t), f(t), p(t), 
etc. to denote either the formal power series (fps) in K|[é]], the ring of formal 
power series in the real field when K = R or the complex field when K = C, 
or the infinitely differentiable functions (members of C°) defined in R or C. 

We will make use of the ordinary operators A (difference), D (differentia- 
tion) and EF (shift operator) which are defined by the relations, respectively, 


d 


Eft)=fE+l), AfG)=fe+)-fO, DFO) = afl). 


Powers of these operators are defined in the usual way. In particular for any 
real numbers x, one may define E* f(t) = f(t+ a). Also, the number 1 is 
defined as an identity operator, viz. 1f(t) = f(t). Let f € C[n]. By Taylor 
theorem, 


k 
F(n +2) => D* F(n) =. 
k>0 , 
Putting x = 1 yields 
D* 
fmt = | STF | FO) =e? FO), 
k>0 


which implies Af(n) = (e? — 1) f(n). Thus, we have Symbolically 
B=1+A=e?, A=E-1=e?-1, and D=log(1+A)=logE. 


In this chapter, we focus on summations and identities arising from the in- 
terrelations of a number of operators in common use in combinatorics, number 
theory, and discrete mathematics. 


2.1 Symbolic Approach to Summation Formulas of 
Power Series 


Note that E* f(0) = [E* f()] 1-9 = /(k) so that any power series of the form 
peo f(k)x* can be written symbolically as 


So f(k)2* = $0 a E* F(0) = 5 (eE)* f(0) = (1— cE)‘ F (0). 


k>0 k>0 k>0 
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This shows that the symbolic operator (1 — xE)~! with parameter x can be 
applied to f(t) (at t = 0) to yield a power series or a generating function for 
{f(k)}: 

We shall show in §2.1.2 that (1 — vE)~' can be expanded into series in 
various ways to derive numerous symbolic operational formulas as well as sum- 
mation formulas for }>,.) f(k)a*. Note that the closed form representation 
of series has been studied extensively. For example, Sofo [200] who presents 
a unified treatment of summation of series using function theoretic method. 
Some consequences of the summation formulas as well as the examples will be 
shown, which are useful for computational purpose and for accelerating the 
series convergence. In §2.1.3, we shall give the remainders of the summation 
formulas. 


2.1.1 Wellknown symbolic expressions 


We shall need several definitions as follows. 


Definition 2.1.1 The expression f(t) € Ci?,) (m 2 1) means that f(t) is a 
real function continuous together with its mth derivative on [a,b). 


Definition 2.1.2 (x, 20,21,-°++ ,%n) represents a least interval containing x 
and the numbers «,%,%2,°°* , Xn. 


Definition 2.1.3 a,(x) is called an Eulerian fraction and may be expressed 


in the form (cf. Comtet [44]) 


a= , eet; 


(1 — @)e+1? 
where Ax(a) is the kth degree Eulerian polynomial having the expression 


k 
Ay(z) = )— A(k, je, Ao(x) = 1, 


j=l 
and A(k,j) are referred to as Eulerian numbers, which are expressible as 
yO yi fFth). an 
i=0 


Definition 2.1.4 6 is Sheppard central difference operator defined by the re- 
lation Of (t) = f (+4) —f (f-4) so that (cf. Jordan [141]) 


j= AEP ahi, oh aA Ee ®, 


Moreover, in this section, we shall make use of several simple and well- 
known propositions which may be stated as lemmas as follows. 
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Lemma 2.1.5 There is a simple binomial identity 


3 (“")” = ay (\2| <1). 


m=k 
The proof of Lemma 2.1.5 is left as Exercise 2.1. 


Lemma 2.1.6 Newton’s symbolic expression for E* is given by 
(2 
E® =(1+A)*= AY. 
aay = 3 @ 


For f € Croce) we have Newton’s interpolation formula 


(Rato+( 5 )ere. 


where x € (0,00) and € € (x,0,1,--+ ,n). 


(aah iO= >, 


k=0 


n 


Proof. The first equation is straightforward from the definitions of operators 
FE and A. We apply E* to function f at 0 to obtain 


(2x 
f(a) = B*7(0) = (1+ a => (T)a® 
k=0 
If the function f(a) is a polynomial of degree n, then 
Att f(c) =0 


for all k > 0. Therefore the expression of E* f(0) will be finite: 


f(a) = #00) + (Faro +--+ (Fano) 


The right-hand side of the above equation is clearly the interpolation of f(z) 
at x = 0,1,...,n. To use it for an approximation to an n + 1 differentiable 
function f(x), we may add the remainder of interpolation: 


(a — 0)(a — 1)--- (a —n) 


EST Dee, 


Rnai = 


where € is included in the smallest interval containing 0,1,2,...,n, and 2. 
Hence, 


f(a) = #00) + (Faroy+---+ (Zlarsoy+ (4 )r) : 
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Lemma 2.1.7 Euler’s summation formula for the arithmetic-geometric se- 
ries is given by 


ee i =e. (eh, 
j=0 


where k is a positive integer, and a,(x) is the Eulerian fraction. 


Proof. For |x| < 1, it easily follows that 


9=0 j=0 i=0 
= - oS (1! (G1 Sy Gi ee ae 
1=0 jt i=0 j=0 
= y(-1) (‘ i ') x - =(1-2)**" ie 
i=0 : j=0 j=0 


Lemma 2.1.8 Gauss’s first symbolic expression for E” is given by 
— g+k—1\ A* g+k\ A2+1 
B=S) aaa a), 
ae 2k Ek 2k+1) Ek 
Gauss’s second symbolic expression for E* is given by 


Sf (x +tk\ AX c+tky\ Atk+1 
E* = = =f 
tl 2k \= +n) =) 


k=0 
For f € Cem coeay We have the first Gauss interpolation formula 
m—1 
z+k—-1 ct+k ’ 
= A2k —k A2ktt —k 
ey = (Py amen (Sane 


(TR 1, 


and the second Gauss interpolation formula 


rey = (7p) atecw + (Sth) a yen) 
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Proof. Let us multiply the right-hand side of the summation in Newton’s 
symbolic expression for E® from the term A? up by (A+1)/E = 1. Then E* 
expression will be changed to 


e x a\ A? A*t1 [fg x 
area) +De (G+ (sy) 
x a\ A? PETA? on fee) AP 
~ 1+()a+(S)S+( 3 [ae EO 
Repeating the operation on the last series, from the term A* up, we obtain 
” a a\ A? fa+1\A® (2+1\A* fe+2\ A 
er=1+(T)a+(S+( )E+(7y mie +1) BE 


Then the above operation is repeated from A® up, and so on. Finally, we have 
Gauss’s first symbolic expression for E*. By applying E* to f € OO aes 
at 0, we may obtain the first Gauss interpolation formula. The second Gauss 
symbolic expression and the second Gauss interpolation formula can be proved 
similarly. The only difference is multiplying the terms of Newton’s symbolic 
expression for E* from A up by (A+1)/E =1. 


Lemma 2.1.9 For n > 1 we have Everett’s symbolic expression (cf. Jordan 


[141], §129). 
oo Qk -_ Qk 
Bey (Cai) = 7~ ("oe '\S). 
A \ek+ 1) BE 2k+1/) E 


For f € CP 00) we have Everett’s interpolation formula 


fle) = ¥ (sn 4 Jerry (785 JeXso) 


(Or '\ 706), 


2m 


where x € (—o0, 00) and € € (x, 0, +1,--- ,4m,m-+1). 


Proof. From the first and the second Gauss symbolic expressions, we have 


a — c+tk—1\ A! (B41 A** | fa+k r+m-1 
Ev=14)0 eas Ek 2 + ORR 2k % 2k , 


k=1 
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After simplification and denoting (EF + 1)/2 = M, this gives the symbolic 
expression of Stirling’s formula 


et+k—1\ [MA?*-1 x A 
pare (Re ) [+ eae] 


Stirling’s formula is, in reality, a formula of central difference 


Be = 14+) [ns + Sart a 


by using 
A2k " MA2*-1 orn] 
i eS ee 
where pid = E — 1 — 67/2. Thus 


1 Zo.) (a©t+k—-1 
= Q2k-2 — 2k-2 +t wok 2k 
naps ES 6 59 + 5,0 | ( De 4 ) 


If we write in the first two terms in the square brackets of the preceding sum 
k + 1 instead of k, then k varies in these terms from 0 to oo. Consequently, 
they can be written as 


co 


zr+k 2k sk 
> (ory) Be 


The third and the fourth terms in the square brackets give 


~ (atk—-1 at+k—1\ .o 
3 aes eo i are ae 


k=0 k=1 


Therefore the above formula about EL” becomes 


2 we (ttk) poor B+k-1\  (a+k)] wx 
ee eG 


which implies Everett’s symbolic expression. 
a 


Theorem 2.1.10 (Mean Value Theorem) Let por Anx” with an > 0 be a 
convergent series for x € (0,1). Suppose that o(t) is a bounded continuous 
function of t on (—00, 00), and (tn) is a sequence of real numbers. Then there 
is a number € € (—00, 00) such that 


s AnO(ty)x” — o(€) > Anxw”. 
n=0 n=O 
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2.1.2 Summation formulas related to the operator (1—2xE)~! 
We now state and prove the following proposition of various expansions of 
(1—2E)-}. 


Proposition 2.1.11 The operator (1—xE)~! has four symbolic expansions, 
as follows. 


= ak 2 
(1-sEz)) = 3 ont) DF, (2.2) 
k=0 
i oo x k+l 7 A2k A2k 


e+ 2k 2k 
(> - =) (2.4) 
ER Fktl)? 


where the condition « #1 is assumed, and moreover, « #0 for (2.4). 


ll 
= 
+ 
Mea 
aS 
> 
lle 
8 
ccc: 
ie) 
So” 
a 


(1—a2E)~ 


Proof. Here we present a proof in the sense of symbolic calculus, viz., every 
series expansion is considered as a formal series. 
Clearly, (2.1) may be derived as follows. 


(l-—wvE)' = (1-—2(1+A))"'=(1-2-2A)? 
- - oo ak AF 
= (1—2z)1(1-2A/(1-2)) aes 


D 


For proving (2.2) it suffices to make use of E = e” and Lemma 2.1.7. 


Indeed we have 


= yay Se _ (doe) ==) aj(0)—. 


Expansions (2.3) and (2.4) can be justified in an entirely similar manner 
by using Lemma 2.1.5, Lemma 2.1.9, and Lemma 2.1.8, respectively. Indeed, 
(2.4) may be derived as follows. 


co 


(1-2E)*-1=) (2k) 


j= 
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_ OS OS g+ k j A2k oS a+ k j A2k+1 
= ( 2k )s Ee Tt »» ok+1)° | Be 


ak A2k gktt A2kt+1 
{a _ g)2k+1 Ek + (1 = g)ak+2 Ekt+l \ 


7 3 : Vo Lea, Aer 

7 (1-2)? a Ek Bk+1 
oo . k+1 A2k A2k 

— oe cq gta Sea z 
Gd —ap EF ERY 


Once (2.3) is derived by the aid of Lemma 2.1.5 and Lemma 2.1.9, it can also 
be verified by symbolic computations. In fact we have 


RHS of (2.8) =1+ 7 wor (ae ) (Sy @-» 


=. x E-«2 es a(E-— 2 
(1-2) ee (1-2)? -24> 
Ex(E — 2) Ex 
Y@cgteoae=1? town 


= (1-—2E)-'=LHS of (2.3). 
Certainly (2.4) could also be verified in the like manner as above. 
| 


Remark 2.1.12 Note that all the operators displayed on the right-hand sides 
of (2.1)-(2.4) involve A or D so that they will yield finite expressions when 
they are applied to any polynomial f(t) at t = 0. In particular, we see that for 
the pth degree polynomial f(t), (2.1) gives a generating function (GF) in the 


form 
o° Pp 
d_ f(ke* =) ef 0). (2.5) 
k=0 sao 
Actually, this is a well-known formula and was mentioned in Jordan [141], 
$11. Moreover, an exact formula parallel to (2.5) may be obtained from (2.2), 
namely 


> f(R)a® = S> SE) pe FQ), (2.6) 
k=0 . 


Certainly, both (2.5)) and (2.6) may be used either as summation formulas 
for the power series yy f(k)a® with |x| <1, or as a tool for getting GF's 
for the sequence (f(k)). 
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Remark 2.1.13 Observe that Euler’s formula as given by Lemma 2.1.7 is a 
particular case of (2.6) with f(t) = t? (p > 1). Obviously, Euler’s formula 
may also be deduced from (2.5) by recalling the fact that (cf. Hsu and Shiue 


[138]) : 
fk xd 
er 2s tif (1 —a)s+1" 


where {' } is a Stirling number of the second kind, which counts the number of 
ways to partition a set of k objects into 7 non-empty subsets. Some literatures 


denote Stirling numbers of the second kind {*} as S(k,j). 


Proposition 2.1.14 Let (f(k)) be a given sequence of numbers (real or com- 
plex), and let h(t) be infinitely differentiable at t= 0. Then we have formally 


CO CoO k 
do f(k)a* = aca, (2.7) 
k=0 k=0 
Yawk = > dkny, 28) 
k=0 k=0 
lee) [oe] k+1 

= 2 2k — p62k : 
S70) Dia a) (*F(1) —e0*F), (2.9) 
fee) foe) k+1 
Dore = (pe) (eter) *F(-1)), C10) 
k=1. k=0 (1 «) 


where we always assume thatx £0 anda A 1. 


Proof. Clearly, (2.7)—(2.10) are merely consequences of (2.1)—(2.4) by applying 
the operators to f(t) or h(t) at t = 0. 


| 
As in the case of (2.5) and (2.6), we have a corollary from (2.9) and (2.10). 


Corollary 2.1.15 If f(t) is a polynomial in t of degree p, then 


—_ [p/2] ie k+1 . _ eh 
f(k)x > aaoP (6°* f(1) — 26?* F(0)) , (2.11) 


— [p/2] ie k+1 ae sien 
f(k)x s aaoP (a~1d?* f(0) — 6°* f(—1)) . (2.12) 


Certainly, (2.11) and (2.12) may also be used as rules for obtaining GF"’s 


of {f(k)}- 
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2.1.3. Consequences and examples 


As observed in §2.1.2, any of the formulas (2.5), (2.6), (2.11) and (2.12) solves 
generally the summation problem of power series )>;~_9 f(k)x* in the case f(t) 
is a polynomial. Thus for instance, a few summation formulas of the forms 


fore) Pp k 
. k!S(p, k, AlO)x 
So(k+AO)p2* = >- ee and (2.13) 
k=0 k=0 
foe) Pp 
x°k!S(p, k, a|0)a* 
YPr(ka)e* = Y= —T-aer (2.14) 


k=0 k=0 


as given in Hsu and Shiue [133] are just particular cases of (2.5) in which 
f(t) = (t+ AlO), and f(t) = D,(t,a) are known as the generalized falling 
factorial and the Dickson polynomial, respectively, or more precisely 


(t+A|6)p = UFIo(t+r- 0), (p> 1), (t+Al@)o=1, and 
ee ae 
D,(t,a) = —. ; —a)it?-7I, Do(t,a) = 2. 
p(t.) ae Jia) o(t,a) 


Moreover, S(p, k, A\@) denotes Howard’s degenerate weighted Stirling numbers. 
(For more details, cf. [133] loc. cit.) 
Another important consequence of Proposition 2.1.14 is that (2.7), (2.9) 


and (2.10) with « = —1 yield three series transforms, respectively 
Dini) = > = AF F(0), (2.15) 
Diese = > — (5?* f(1) + 5?* F(0)) , (2.16) 
Diver = 3 Ss (5°* f(0) + 67" f(—-1)). (2.17) 


Note that (2.15) is the well-known Euler series transformation formula shown 
in Corollary 1.3.12. As what we have seen, this formula can be used to convert a 
slowly convergent alternating series )>7° y(—1)* f(k) with f(k) | 0 (as k — ov) 
into a rapidly convergent series. A few examples are given in Example 1.3.13. 
For instance, the series 


1 1 Ei: 
In2=1-—-— 
n at 


1 
a . (2.18) 
mi (k= 


can be converted using (2.15) with f(k) = 0,1,2,...) into a quickly 


convergent series of the form 


1 1 1 1 
n2==-+——+ 


ae ae ety) 
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Actually, the above expression can be derived by substituting 
k 


k 
AP fO}= -)(—1)8-4(g +.1)-+ (2.20) 
% Gjore 
into (2.20). Thus, 
fore) Co 7 _4)\k k 
m2 = eyray= Ss (Yep usay 
k=0 k=0 j=0 
= 1 ui i(k+1 
7 » (k + 1)2"#1 LCV (| + i) 
= 1 a | 
a > eT ~ oa (2.21) 


Remark 2.1.16 Obviously, the convergence of the series shown in (2.19) with 
a rate of O(1/2") is much faster than the convergence of the series in (2.18), 
which has the rate of O(1/n). For instance, to arrive the accuracy of the five 
digits of In2 = 0.69315, we only need to sum the first 15 terms of the series in 
(2.19), while the partial sum of the first 40,000 terms of the series in (2.18) 
is 0.69313. (2.16) and (2.17) appear to be novel, and they could also be used 
to convert slowly convergent alternating series )\~-,(—1)* f(k) into quickly 
convergent ones if a definition for f(k) =0 (k =0,—-1,-—2,...) is introduced. 
A general discussion on the comparison of the convergence rate of the given 
alternating series and its Euler transformation can be found in Exercise 1.37 
and its hint. And a later work will give the comparison on the rate of the con- 
vergence of series (2.15)-(2.17) for the positive decreasing functions. Exercise 
1.36 shows that for some alternating series, their Euler transformations may 
have slower convergent rates. 


We now give some examples of the summations shown in Proposition 
2.1.14. Our first example is for function f(x) = 1/(x + 1)?. Similar to ex- 
pression (2.20) we obtain 


k 
k is = 
arro) => (Fen a+ 7. 
j=0 J 
Substituting the above expression into (2.2) and noting the well-known iden- 
tity 
k k 
. k\ 1 1 

wo (2=0F. 

j=l JZ I 4 
(see [139]), we then use the process similar to that in (2.21) to obtain 


ee) co 1 k k if j 
Doue=S aad aap 


k=0 k=0 (J 
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mal j=0 k=1 j=l J J 
lee) k [oo noe) oe) 
~ 1 <1 ~ ~ 1 
= a — = —— + (on 
k 04 + P)QI+e Ps 290 ’ 
ea “Ld gros ee 
where summation 360(c) in Jolley [139] gives the first sum as x —$In*2, and 
i 3 3 7G; aE 
jai tai 
is easily to be seen to equal 
| Ie. l 
5 LL Far 5m 9 
j=l @=1 
Hence, 
oe —1 k 2 
> aay a, (2.22) 
= (k+1)? 12 


Remark 2.1.17 Although formula (2.22) can be easily derived by using 
Fourier cosine expansion of x?, we give a different approach here by using for- 
mula (2.15) because it converts the series in (2.22) into the following quickly 
convergent series: 


The sum of the first 13 terms of the last series gives, 1.6449, the first 5 dig- 
its of 7*/6, while the sum of the first 5,000 terms of the series in (2.22) is 
only 1.6447. This example shows that formula (2.15) is indeed to convert an 
alternating series into a faster convergent series . 


We now consider another example generated by function f(x) = (g(t))*, 
where g: Rt R and f is defined on No. Obviously, we have 


k 


A‘ (0) => (*) (9(t))9(—1)*-4 = (g(t) — 1) (2.23) 


j=0 
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and for 7 = 0,1 


5* f(i) = A**E-* f(i) = A*(g(t))"* 


=o (*) (a(t))'-+5 (1°89 = (g(t) —1)*(@(E))“*. (2.24) 


Dole" = D> ar lott) — 
k=0 k=0 


———_ ———_—_—_—_ = — —. 2:2 
Te] — 200-0 ~ Tag) eee) 


Similarly, substituting (2.24) into (2.9), we obtain the following summation 
formula 


cae 1—2z 
_ glt)(g(t) — 2) SB (agit) —?\" 
= “Gp 2 Gan 7 x) 
_ glt)(glt)—2) —__a((t)-1)? 
G()—-L? 90-2) a - 1? 
7 rg(t(g(t)—2) _—_aglt) 
= Fd +22) -a(@OP +) Tag a) 


As examples, we take g(t) = e”, with i = /—1, and g(t) = t. Thus, from 
(2.25) we have, respectively 


itk .k x it k 1 
=2 fag ae 2.2 
28 x Ga (e ) T_ zeit (2.27) 
and 
y« ee = 0eO-ve— (2.28) 
ao eta ~ Tat’ 


By applying (2.26) for g(t) = e”* and t we obtain 


x aa . . re 
d. (a = =) eo oo - newt} ~ T= aet 229) 
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and 
— “ a 2k f41—k k tx 
——_: t—1)"4t* —at "b= 2.30 
PE ren (C—1pe{e*— or} =, (2.30) 
respectively. 


We now illustrate (2.8) with h(x) = (g(t))” with g: Rt R and g(t) > 0. 
Hence, D*h(0) = (Ing(t))* and from (2.8) and Definition 2.1.3, 


me 1— xg(t) = 
= a lingo) (2.31) 
k=0 ~ 


Replacing In g(t) by t and t(1 — x), respectively, then Equation (2.31) yields 
GF"s (cf. Section 6.5 in [44] and [210]) 


oe ae (2.32) 
oe ee , 
k=0 
and . 
oe t 1-2 
y Aula) ~ [— get)’ 2:28) 


respectively. Some other GF’s such as (5i) — (5k) shown in Section 6.5 in [44] 
can be derived from Equation (2.21). In addition, from Equation (2.22), we 
can establish the recurrence relation for a,(x) by multiplying both sides of 
the equation by (1 — ze’). The details can be found in [210]. 

Finally, we consider a special case of (2.31) by letting g(t) = e” witht € R, 
and x = —1 in (2.31), we obtain 


hae 1 1 ee ll = Ayl=1) pe 
tkt Ko _ = k 
k=0 k=0 
Therefore, direct verification of the rightmost equality would be effected by 
the identity 
= A;(—1)2* 


il = —tanhz, (2.34) 


k=1 
implying A,(—1) equals, modulo a sign, the respective tangent coefficient 
[141]. Note that 


k 


A(t) = ate =-Soat{ bay, 


j=1 
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with ot denoting the Stirling number of the second kind (cf. Formula [5]] 
in 6.5 of [44] and [23, 133]). Therefore, implementing exponential GFs, in z, 
on both sides of (2.35), (2.34) follows from j! 77°, {*} z2*/k! = (e* — 1)? (ef. 
(21.1.4B) [1]). 


2.1.4 Remainders of summation formulas 


In this subsection, we will establish four summation formulas with remainders 
whose forms are suggested by Lemmas 2.1.6, 2.1.8, and 2.1.9. 


Theorem 2.1.18 Let f(t) € Ci...) (m 2 1), with bounded derivative FG) 
in [0, 00), and let e.g f(k)x* be convergent for |x| <1. Then for x € (0,1) 
we have 


m—1 
ak 


N-1 
s- f(kc* = s (a! A* f(M) = aN A¥ f(N)) aoa + Pm, (2.36) 


k=M k=0 
where the remainder pm has a form with € € [0,0o) as follows 


gm 


ae (2.37) 


Pm = (2! fo" (M +€)- aN pO (N ss 6) 


Proof. Let o(t) = O(t,z) = a™ f(t + M) — 2% f(t + N) so that (t) € Ci0.00)" 


Then by Lemma 2.1.6 and using the Mean-Value Theorem (cf. Theorem 
2.1.10) with a, = ("), we obtain 


n 
m 


N-1 


f(k)a* = $0 o(n)a” 


k=M n=0 
ee) m-1 ee) 

= Dy atoo(7) 2+ (En) Ja" 
n=0 \k=0 n=0 
m—-1 ee) love) 

= ST A400) (>. (;) ") +9™E)S ("Jar 
k=0 n=0 n=0 
m—1 ; ak ety gm 

~ 2 oO gape + OG ayn 


= RHS of (2.36) 


with p,, being given by (2.37), where €, € (n,0,1,2,---,m-—1). 
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Note that the RHS of (2.36) without p,, may be regarded as a rational 
approximation to the series on the LHS. In particular, if «’ A* f(N) > 0 
(N + c0,0<k < m-—1), then (2.36) reduces to 


foe) m-1 k 7 
aM Ak t M ¢(m) Ag 
A” f ————_——_—_. M ——_——.. 
278 = ae =aer ee eee ee le 


(2.38) 


Theorem 2.1.19 Under the same condition of Theorem 2.1.18, we have 


N-1 m—-1 
S> flee (0 M pM ) — aN fy) ante) ‘cies, (2.39) 
k=M k=0 : 


where the remainder is given by 


pm = (2 FM (Me +E) — 2 FMW +E)) 2B (40) 


Proof. Denote ¢(t) = «™ f(t+M)—2% f(t+.N) so that (t) € Ci0.c0): Clearly, 
by using Taylor’s expansion with Lagrange’s remainder, we have 


N-1 fore) 
fie = dX o(n)ax 


k=M 
co m—-1 1 
= ¥(¥4 — 9") (0 mt) ee + gE, )n 2”, (0< én <n) 
n=0 \k=0 n= o ! 
m—1 1 fore) 
k=0 n=0 


Here we can apply Theorem 2.1.10 to the series Sz and obtain 


So = = (™)(¢) (> vo") (0 <& <oo) 
n=0 


= oo (™) (am (x) — vie 


ml! 


Hence, in accordance with Lemma 2.1.7, we get (2.39) and (2.40). 
a 


Remark 2.1.20 Theorem 2.1.19 with expressions (2.39) and (2.40) is of sim- 
ilar nature as that of Theorems 1 and 2 in Wang and Hsu [210]. However, 
Theorem 2.1.19 appears to be a little more restrictive since we have assumed 
here the condition 0 < x < 1 and the convergence of 7-9 f(k)x* for |x| <1. 
In what follows we shall give formulas using the central difference operators 
62k — A2k/B* which appear to be more available for numerical computations. 
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Theorem 2.1.21 Let f(t) € Ce co) With bounded derivative fEM(t) in 


—Co 


(—00,00) and let 77.9 f(k)a* : convergent for |a| <1. Then for x € (0,1), 
we have 


N-1 1 a k+1 
¥ f(k)a* = », (5?* 9(1) _ 16°* (0)) (5) + Pm, (2.41) 


k=M k=0 


where 67*¢(t) = 2/5?" f(t + M) — aNd?" f(t + N) and pm is given by the 
following expression with € © [—m, oc) 
git 


lm = ae (M +€) _ gh FOMN +£)) 


Proof. Denote ¢(t) = «™ f(t + M)—2N f(t+ N) so that d(t) € cm Let 


—o0,00)* 


us now make use of Everett’s formula in Lemma 2.1.9 for @(t) at ai = Ny 


a(n) = a) Prot) — ("oo 


7s ie ) g?™ (En), 


2m 


where €, € (n,0,+1,+2,--- 


,tm,m +1). Clearly, we have 


3 f(k)a* = SE d(n)x”, (0<2<1) 
k=M n=0 

- EE [Catron (Cas) 
(PTE 9 gaye" 


k=0 0 
m—-1 k+1 m—-1 k+2 
2k w 2k t 
a 6°" 6(1) (1 — x)2h2 » 6 1G yeRr2 + Pm 
k=0 k=0 
m-1 
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Here an application of Theorem 2.1.10 to the series representation of p,,, yields 


eS . Pia m+1 


n=0 


where € € [—m, oo). Hence the theorem is proved. 


Theorem 2.1.22 Under the same condition of Theorem 2.1.21, we have 


N-1 m-1 


k-+1 
fie =534 (x~162*4(0) — 62*4(-1)) a + pm, (2.43) 


k=M k=0 
where x #0 and 6°*d(t) = «™ 57* f(t + M) — aN 6** f(t +N), and 


gm 


pm = (a f2™)(M + €) = 2 f2™(N +8) Gopal) 
Proof. As before, denote ¢(t) = 2” f(t + M)—«% f(t+ N) and let x € (0,1). 
Using Gauss interpolation formula with remainder in Lemma 2.1.8 for d(t) at 
t =n, we get as in the case of proving Theorem 2.1.21 the following expressions 


>, fe =>" dn)e” 
k=M n=0 
m—-1 co 
- aol) ( ("3.")") 
k=0 n=0 
= Qk+1 — (ntk\ 9 
pa o(—k —1) Dae)? 
m—1 k m—-1 +1 
= > A*G(— aa aa d A+) b(—k 1) aes + pm 
=0 = 
m—-1 
= SS (2 a% 6-8) + [A%6(-#) - A%6(-K 19) 
k=0 
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Finally, an application of Theorem 2.1.10 to the series expression of pm gives 


m 


om = 62™(6) >. ) a” = gm) Oa 


n=0 


where € € (—oo, co). Hence Theorem 2.1.22 is proved. 


Remark 2.1.23 The uniform boundedness conditions for f(t) in (0,00) 
as well as for f?™(t) in (—00,00) imply that «NX f(™(N + €) > 0 and 
aN f2™)(N + €) 3 0 as N > o0 and 0 < « < 1. Thus, if in addition, 
a f®(N) = o(N) (N > co, 0<k<m-—1), then (2.39) and (2.40) yield 


foe) m—-1 
S> f(Ra* = So aM FH (0) Ho) +a™ pM +) onl) (2.45) 
k+M k=0 , i 


Similar consequences from Theorems 2.1.21 and 2.1.22 may also be deduced by 
providing additional conditions such as x 67* f(N) + 0(N > 00,0<a <1). 


2.1.5 Q-analog of symbolic operators 


In this subsection, we shall present g-extensions of several linear operators 
including a novel q-analog of the derivative operator D shown in Dancs and 
the author [48]. Here, a g-analog of an operator is referred to as a g-operator. As 
sample applications, we shall show how the q-substitution rules can be used 
to construct g-analog of the symbolic summation and series transformation 
formulas shown in the previous subsections, which include, particularly, the 
g-analog of the ordinary Euler transformation for accelerating the convergence 
of alternating series. 

We first give definitions and basic identities. Unless otherwise stated, we 
consider all operators to act on formal power series in the single variable t, 
with coefficients possibly depending on g. We assume 0 < |q| < 1. We will use 
1 to denote the identity operator and define the following operators: 


1. E, f(t) = f(tq), (forward multiplicative shift), 
2. A, f(t) = f(t) — f(t), (forward q-difference), 
3. L, f(t) = tog q) f’(t), (forward logarithmic shift). 


The first two of these can be regarded as g-analog of the ordinary (additive) 
shift and forward difference operators, respectively. L, will play a role similar 
to that of the derivative D. 

The operator inverse of E, (which we denote as E7') clearly exists and is 
equal to E,-1. We define the central q-difference operator dg by 


bq = f(tq'/?) — f(tq"/) (2.46) 


and ziote that 6,= AjBy /?=A,/B;", 8° =AM*E*. 
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The qg-operators above are linear and satisfy some familiar identities, for 
example, Ey = 1+ Ag. The binomial identity 


An = s(n @ EE (2.47) 


k=0 


can be established by induction, or by considering the operator expansion of 
(BE, —1)”. 

Treating these operators formally, we need only consider their effect on 
non-negative integer powers of t. Ey, Ag, and Ly are “diagonal” in the sense 
that each maps t* ++ M(q,k)t*, with the function M depending on the par- 
ticular operator. For example, A,[t*] = (¢* — 1)t* for k > 0, and A,[1] = 0. 
Similarly, L,[t*] = t* log(q*). 

With this observation, it is easy to verify many additional identities. For 

co 
example, considering the alternating geometric series }? (—1)"A% applied to 
n= 


t*, we have 


S\(-1n ant] =th > (-1)%(a" ~1)" 
n=0 ee 


1 _ yko—k 
1-1-4) pei 


= th 
In other words, this formal power series gives the operator E,-1. Stated dif- 
ferently, 


(42,)"=@) =f => (1s, (2.48) 
n=0 
which is exactly the result we should expect. We may establish the following 
identities in similar fashion: 


[o<) 


i-A)=y A, (2.49) 
n=0 
oo al n+1 
log(1+ Ay) = S— cyan =Ly, (2.50) 
n=1 
“1 
ga So aby = Ee. (2.51) 
n=0 ~ 


In addition to these last two identities, Ly obeys the product rule 


La lf] = LalfOla® + fOLalg@)I, (2.52) 


so that Lg is a q-analog of the ordinary derivative operator D. 
We begin with some q-analog of the symbolic substitution rules in the 
previous subsections (specifically, equations (2.3) and (2.4)). 
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Proposition 2.1.24 Let F(t) have the formal power series expansion F(t) = 


> fet®, with coefficients possibly dependent on q. We may obtain operational 
k>0 
formulas according to the following rules: 


1. The substitution t+ Eq leads to the symbolic formula 
=) fH (2.53) 
k=0 
2. If F(t) = Gt, e'), the substitution t + Lg leads to 
hay eae (2.54) 
3. If F(t) = Git, log(1 +t)), the substitution t 4 A, leads to 
ee (2.55) 
k=0 


Note that each of the identities in equations (2.49)—(2.51) can be obtained 
from elementary Maclaurin series by applying one of these substitution rules. 
We now present a less trivial example. 

For k a positive integer, let a;,(2) denote the Eulerian fraction (cf. [44] P 
245). We recall Lemma 2.1.7 and have 


Site = Gr oH) (lal <1, ile 


where A;(x) is the kth Eulerian polynomial. Additionally, (2.32) gives the 
formula (cf. also [210], P. 24) 


(1 — xe’) => Op (a (2.57) 


Substituting t+ Lg leads to the formal identity 


(1—xE,)"* = Le (2.58) 


which is a g-analog of (2.2). 
We can obtain additional identities in this fashion from other expansions 
of (1 — xe')~! as the following theorem. 
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Theorem 2.1.25 Let E,, Ag, and Ly be the operators defined before, and let 
ar(x) denote the Eulerian fraction. Then we have the q-analog of (2.2) shown 
in (2.58). Ifa £0 anda £1, we have the following q-analog of (2.1), (2.3), 
and (2.4): 


oo k 
= x k 
fore) k+1 A2k A2k 
4 6 
(l—2E,) = (5) (st = =) , (2.60) 
dcop Ee BF 
love) k+1 A2k A2k 
x 
1l-—gH,)" = 1 ——~ —t-—-7—1 |}. (2.61 
ed +h (cy) (a ee) _ 


The proofs of (2.58)—(2.61) will be given after establishing the following 
lemma. 


Lemma 2.1.26 Let 8 =1+a withO<a<1, and let x be any real number. 
We have symbolic identities involving the first Gauss series: 


_—- +k\ a +k\ a2ktt 
Pay (ie )\o+ Co) a (2.62) 


k=0 


Co 


and a modified q-form of Gauss’s first symbolic expression (cf §127 of [141]): 
a 24 1\ om J BE ok +1) EA 


SL (D+R cop (B+k 
= ( a aa (Se) B82 Be]. (2.63) 


k=0 


Proof. Starting from Newton’s formula: 


Ee 


k=0 


We multiply a = 1 to the summation from the term a up and obtain 


fe = 1+ (7)S+()S+y (eer 


| 
—_ 
+ 
~~ 
ea 
NS 
WIA 
+ 
aa 
8 
N+ 
a= 
NS 


| 
—_ 
+ 
, 
ra 
Ne” 
WIS 
aN 
8 
wm + 
= 
ko a 
| 8, 
t 
Ma 
ie 
8 
++ 
ao’ 
Q 
Cs 
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= (Se ENS Say (Tee 
~ 1/8 2 ) 8B 3 /B' &\h4+1) B 


Repeating the operation on the series from the term a° up yields 

‘bk x om x+1 an xr+1 an z+1 a 
1) B 2 / B 3. / B 3 / 6? 

= Hat oes c+1 an x+1 WT 4. x+2 a 

7 1/8 2 / 6 oe 4] 


> x +2\ akt 
k+2) 62° 


k=3 


fob 


The above operation is repeated from a° up, and so on. We obtain 
= | (e+ B\ o** g+k\ att 
a = —— |. 2.64 
= Masia arr rs 
Substituting 8 = E, and a = A, into the above identity, we obtain the desired 


result. 


Here we present the proofs of (2.58)—(2.61) in the sense of symbolic calcu- 
lus, viz., every series expansion is considered as a formal series. 


Proof. For proving (2.58), it suffices to make use of Ey = e”« and (2.56). 
Indeed we have 


g-operator expression (2.59) may be derived as follows: 


(1—aEy)~* = (1—2(1+ A,))™* 


g-operator expressions (2.60) and (2.61) can be proved using Lemma 2.1.26, 
the first Gauss symbolic expression (2.63), and the following g-form of the 
Everett’s symbolic expression (cf [141], §129), respectively. 

a+k\ Az a +k —1\ A? 
2k+1) ER-1 2k+1 / EF 


co 


E= > 


k=0 
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a+k e+k-1 
= [4 Bast = ( Sei yaa]. (2.65) 


y ae = a (\2| <1). 


m=k 


one may derive (2.60) as follows: 


foe) ok AC kth hoes 
a ql = v)2ht1 Ee (1 = p)ak+2 pe 


k=0 
°° s RAL (4 p A2k — A2k+1 
q qd 
— ———aes ees Oe a =. 
Vat) (Get 
co = k+1 A2k A2k 
—1 qd qd 
= Fa AD De Seas 
Vlas) (--a 


g-operator expression (2.61) can be proved similarly using (2.65). However, it 
can also be verified by a direct symbolic computations. In fact, we have 


Ee ae See 
RHS of Q61) =1+7* >> (75) (z) (E, — 2) 


k=0 
x Ey-2# x(E, — x) 
= ae Geep (ee 
De I—a)? Eq (L=2) _ xz 
=. Px Eyu(Eq — 2) ae Eqx 
7 (1—2)?E, —2(E,-1)? — 1-2, 
q q q 


= (1—2E,)' = LHS of (2.61). 
This complete the proofs of (2.58)—(2.61). 


Proposition 2.1.27 For a given analytic function f(t), define Fy(x) = 
¥ fee". fee) and af 1, 
k>0 


F(x) = onl) 5 FA), (2.66) 
k=0 
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aca) a 
k=0 
as k+1 
oo ol g2k — peewiat . 
, (z — =) ( 0g f() 05 f(q )), (2 68) 
oe s k+1 
a> (ae) (52 F(q) — 262" F(1)). (2.69) 


k=0 


Proof. Clearly, these follow by applying the q-operators expressions shown in 
(2.58)—(2.61) to the function f(t) and then evaluating at ¢ = 1. 


As an application, taking f(t) = 


which gives again 


bayer and x = —1 in (2.67) leads to 
1 (1. afk 1 
(oa k+l ¥ (Hee 
k+1 eu 2 = gall 
= k+1 
a “ail cre 
> k+1 T9k? 
< (k+1)2 4 k2 
ee ee ee eee eee 
me 9° 9-92 ' 3.98 ' 4.28 


The rate of convergence of this series is O(1/2"), much faster than 


whose convergence rate is O(1/n). 
As for a second application, we may substitute « = —1 in Proposition 
2.1.27, obtaining the following series transformation formulas: 


= az (—1) 
Dy (2.70) 
OO fF ak 
= Matra, (2.71) 
k=0 
= cy 2k 2k ¢¢,—1 
= SO 0) + FO), (2.72) 
k=0 
oo k+1 
= +> (=) (62* f(q) + 62" f(1)). (2.73) 
k=0 


Symbolic Methods 93 


These four identities appear to be novel and could be used to accelerate slowly 
convergent alternating series )77° ,(—1)* f(¢*). We consider them as g-analog 
of the ordinary Euler transformations. 

All operational formulas represented in Proposition 2.1.27 can be extended, 
and the corresponding symbolic q-substitution formulas can be established 
accordingly. For example, we may consider a generating function of the form 


frt® = F(t, e*, e™). 
k>0 
Letting t+ Lg gives 
S- boos = F(Lq, Eq, He) 
k>0 


Applying this to the well-known identity 


4k i et ai et 
>, Topi Bent = teotht =t7———, 
k>0 


with B, being the nth Bernoulli number, we obtain 


k Egt,” 


4 

S > Bx L* = Lg 4. 
! q q -1 
5% (2h)! E,— Eq 


Hence, we obtain a symbolic formula 

4k 2k-1 1 1 
y Tap Behe ~\(Ey — E7') = Eq + Ej. (2.74) 
k>0 , 


Applying this to an infinitely differentiable function f(t) at t = 1 yields 


k 
> yi Base Ey ~ Beye) = (E,+ E,*)f(1). (2.75) 
k>0 


Similarly, using the symbolic relation 


Ey +E" = = 
vp pet te +4, —(E,+1)~*), 


we obtain another operational formula 


4k 2k-1 -1 -1 
= mele + (Eg +I = AL, 
k>0 


from which one may construct a series transformation formula. 
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Another extension is a g-analog of the symbolic formulas represented in 
[63], which is actually a Newton series type extension of the symbolic expan- 
sions given in §2.1.1. Consider 


a+)" F0) =D (Zebra) =D sa) SE, 
k>0 k>0 ‘ 
where (x), = 7(a —1)---(a—k+1). We have the following results. 


Theorem 2.1.28 Let E,, Ag, and 6, be the operators defined before. Then 
we have 


x x = (@)k 
(1+E,)* = 2 oar (2.76) 
k=0 ; 
k=0 
oak A 2k 
rare oF) (k+l — 9, 2h + 2: h+ 2;-1) BAg|6,"; 
(2.77) 
(1+ £,)” = 1+5¢ (051) [2 +1 - 22 +2k-+ 25-1) B, 
k=0 
z—k-1 


a oF (42-2, 2k + BRT: —1) | 63. (2.78) 


In addition, we may present an extension of (2.58) by using Bell polyno- 
mials ( see, for ecample, pg. 184 in [44]) as follows. 


= 11 is 
126 %=2°) FO (Sos, ja2 2.79 
( Ir 4) » k (55 ) kl? ( ) 


where the values of potential Bell polynomials at (1/2,1/2,...) are defined by 
x (a) 11 = . k (x)e 
ae pl aa) >? Me (2.80) 


Proof. 
The proof of (2.76) is straightforward: 


A x 
(1+ Eq)” = (2+A,)" =2° (1+ 52) 
= = 2a 


k>0 
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To prove (2.77), we use (2.63) to find 


x x j 

(1 + Eg) = 1+ (9) 
k+gj\ Ae (k+5\ ARH 
ok ) EE * \ok4+1) BA 


- EEOC BO 
et || BE Za Ng) \ Oh BBY fo \G/\2k+1 


k>0 jz 

x A2k 

=e (;) 2Fi(k —2,2k+1;k+1; ee 
k>0 q 


af Verieei ee ee a cal 
pad) ee ee a 


which implies (2.77). g-operator expression (2.78) can be proved similarly by 
using Everett’s symbolic expression (2.65). 
For (2.79), we first have 


(+B)* = (1+e%)*= 3 (em 
j20 
L* 


Yo (jo Sr -y (yp Se) S 


| 
j>0 J k>0 k>0 \j>0 J 


Using (2.80), we may write the part in the parenthesis of the rightmost term 
as az P\) (1/2, 1/2,...) to finish the proof. 


For a given analytic function f(t), define F,(x) = >> f(¢*)(x),/k!, from 
k>0 


(2.76)—(2.79) we obtain series transformation formulas by simply applying 
(2.76)-(2.79) to f. 


F(z) = 2 a z Ai); ae 
k=0 
y 0 
a oF (k+1— 2, 2k + 2;k + 2;-1) E7'Ag| 63* f(1), 


(2.82) 
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iif) = 1430 (5) A+ x, 2k + 2;k+2;—-1) Eg 
ao 
z—k—-1 2k 
ee ool ik 
Fla) = 2S PO (5.50) Ger. (2.84) 
k=0 , 


As an example, substituting f(¢) = ¢” into (2.84) and noting 


Left) => apy = ory = tos +(a"=1)) = nlowe 


j=l J j=l 


from (2.50) and (2.84), we obtain the series transformation formula 


ae 4 (Z)k a ea (a) 11 (nlog q) 
=o P! po Pare es acne 2 


j=0 


2.2 Series Transformation 


Now suppose that ®(t) is an analytic function of t or a formal power series in 
t, say 


&(t) = 2 cpt®, oc, = [t*] ®(8), (2.85) 
k=0 


where cz can be either real or complex numbers. Then, formally we have a 
sum of general form 


®(aE)f(0) = > cef(k)a*. (2.86) 
k=0 
The operator 6(2E) = ®(a+2A) = ®(xze”) can be expressed as some power 
series involving operators A* or D*’s. Then it may be possible to compute 
the right-hand side of (2.86) by means of operator-series in A’ or D*’s. This 
idea could be readily applied to various elementary functions ®(¢). Indeed, if 
we take ®(t) to be any of the following functions 


(i) (L+H, (ii) (Q-)-°', (iti) e oan 
(iv) —log(1 —t), (v) sint, (vi) cosht, , 
etc., thus, using suitable expressions of ®(xE) = ®(x + rA) = ®(re?) in 
terms of A* or D*, we can obtain various transformation formulas as well as 
summation formulas for the series of the form (2.86). 
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The results represented in this section are a significant improvement of 
the previous work shown in the Section 2.1, in which Proposition 2.1.14 is a 
special case of Theorem 2.2.2 in this section. 


Remark 2.2.1 Obviously, ®(t) is not limited to the functions shown in 
(2.87). For instance, we may choose (cf. for ecample Hsu and Shiue [134] 
and [111]) 


®(t) = (1—mat+yt™)* = J > Py(m,z,y, dyt*, (2.88) 
k=0 


the generating functions (GF) of the so-called Gegenbauer-Humbert-type poly- 
nomials. As special cases of (2.88), we consider P,(m,z,y,A) as follows 


P,.(2,2,1,1) = Ug (z), Chebyshev 2nd kind polynomial, 
P,.(2,2z,1,1/2) = vz(z), Legendre polynomial, 
P,(2,z,-1,1) = Prsi(z), Pell polynomial, 

P,.(2, 2/2, -1,1) = Frii(z), Fibonacci polynomial, 

Py (2, z/2,2,1) = ®p41(z), Fermat 1st kind polynomial, 


where Fxei1 = Fe41(1) ts the Fibonacci number. 

The expansion (2.88) is a special case of the generalized Humbert polyno- 
mials studied by Gould in [72], in which a generalized Humbert polynomial 
P,(m,2x,y,p,C) is defined by means of 


co 
(C—mat+yt")? = > t”P,(m, x,y, p,C), 

n=0 
where m is an integer > 1 and the other parameters are unrestricted. In that 
paper, Gould first obtained some recurrences satisfied by the P,, and then gives 
a formula for Dz” Pn that generalizes a formula of Catalan for the kth 
derivative of the Legendre polynomial. He also showed that if the function 
f (x,t) satisfies (tDz) f (x,t) = (x — yt™ 1) Dz f(a, t), then 


(tDz)" f (a, t) =) OF maga? fem) (r> 1), 


j=l 
where 
mp 
p\(—mt)?Q,"(m, x, y,t) = bs n't" P,(m,x,y,p,mat—yt™) (l<p<r). 
n=0 


Some notations and an extension of Eulerian fractions will be given in 
next subsection. Two lists of transformation and summation formulas will be 
displayed in Subsections §2.2.3. Many illustrative examples will be given in 
Subseection §2.2.4. Finally, we will discuss the convergence of the transforma- 
tion series in Subsection §2.2.5. 
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2.2.1 An extension of Eulerian fractions 


It is well-known that the Eulerian fraction defined in Lemma 2.1.7 is a powerful 
tool to study the Eulerian polynomial, Euler function and its generalization, 
Jordan function, etc. (cf. Comtet [44]). 

The ordinary Eulerian fraction, @,,(a), can be expressed in the form 


- al®) 
Om (x) = G—aymtt (x #-1), (2.89) 


where A,,(x) is the mth degree Eulerian polynomial of the form 
Am(#) = Soi! { ; hai (l-a)", (2.90) 
, J 
j=0 


and ee are Stirling numbers of the second kind, i.e., j! {mt (Are) ape 


{mt is also denoted by S(m, 7). Evidently a,,(x) can be written in the form 
(see [99]) 


In order to express some new formulas for certain general types of power 
series, we need to introduce an extension of Euler fraction associated with an 
infinitely differentiable function g(a) defined as 


Anlergte)) = S24" b oe) (2.91) 
j=0 
where g") (x) is the j-th derivative of g(x). Obviously, @m(x) defined by (2.89) 
can be represented as 
Am(x£) = Am(z, (1 — 2)~?). 


From (2.91), two kinds of generalized Eulerian fractions in terms of g(x) = 
(1+) and g(x) = (1—)~°"1, with real number a as a parameter, can be 
introduced respectively, namely 


Aa = Ap (,(-42)") = a 
ae (0) A (x # —1), (2.92) 
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An (Le 
al = g)jotm+l 


“5 (eth) SS (@#1). (2.93) 


Am(2,0) = Am (#,(1—2)-*") = 


These may be called, respectively, the Ist kind and 2nd kind of generalized Eu- 
lerian fractions. Correspondingly A;(«,a@) and Am(x%,a) are called the mth 
degree generalized Eulerian polynomials, having explicit expressions as fol- 
lows: 


Am(#,0:) = 3 (*): {" wi(1+a)™9, (2.94) 


<a 
Aiea = > (°F )a{F}ea-ae, (2.95) 


As easily seen, Am(x,0) = @m(z) = Am(—2, —1). 


2.2.2 Series-transformation formulas 


All formulas represented in this subsection are formal identities in which we 
always assume that « # 1 or x # —1 according as (1 — x)~! or (1+ 2)7! 
appears in the formulas. 


Theorem 2.2.2 Let (f(k)) be a given sequence of numbers (real or complex), 
and let g(t) and h(t) be infinitely differentiable on [0,00). Then we have for- 
mally 


YH 9 OF = SAK) @) =, (2.96) 
k=0 , , 


Co 


Ye Ah) g™( 0, = a Sh (O)An(,a(x)), (2.97) 
k=0 


where Am(,g(x)) is an extension of Euler fraction in terms of g(x) defined 
as in (2.91). 


Proof. To prove (2.96), we apply the operator g(aE) to f(t) at t = 0, where 
E is the shift operator. Therefore, 


9(2E)F lean = D790) (@EYFO| 4 => 1009 
k=0 7 
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On the other hand, we have 


G@E)FOliao = 9@ + A) f(H)|,— 0 
ok 


1 
= a7) (wA)* f(2)|,_6 =Yoars0 at) 


G(@E)h(t)| 29 = g(we” )h(t)|,_9 = >> 59 (0) (xe?)’ R(E)|,0 
j=0 7 

=D F970 SHO =I [Le oOMT) FHM, 

j=0 J k=0 \j=0 jt] kt 


By applying (2.96) to the inner sum of the rightmost side of the above equation 
for f(t) =t* and noting {*} = (A‘t*) _, /j!, we obtain 


co k 
g(@E)A(t)| 9 = D> | >) (AM) I) ht) (0) 
k=0 \ j=0 
co k 
- ‘ (pad ) =p 
Sol (yx) ) a) 
= Gh (0) Ae, 9(2)) 
k=0 ~ 


This completes the proof of the theorem. 
| 


Remark 2.2.3 The series transformation formulas (2.96) and (2.97) could 
have numerous applications by setting different infinitely differentiable func- 
tions for g(x). For examples, we have 


SMW" = AMO) (ule) ==), 2.98) 
k=0 k=0 

Yate => 2) pan) (g(e) = 0-2)", (2.99) 
k=0 k=0 . 


g(x) = (1+2)*), (2.100) 
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ss (° : *) f(k)a* = 2 e : . 0 


k=0 k=0 

g(x) = (1—a)~°*) 
= f(k)a* x ak k az 
VF =P EGA O) Ge) =e), (2.101) 
k=0 k=0 
oo Pe oo a k 
y AOS = —f0oymaa—2) + F(T) atv 
k=1 k=1 

(9(z) = —In(1-)), (2.102) 
Do (facet = So HE) Deno (g(x) =(1+2)%), (2.103) 
k=0 k=0 : 
(atk A(x, a) 

A(k)a* = D*h(0) 

g(x) =(1—2)-°), (2.104) 
oe k a k+m g ktm 
XG) On) reapers 

(g(#) =(1-2)-™"*), (2.105) 
Sk => ste Ax (x m)x 
py, (7) acer = » DE h(m) 

(gz) =(Q-a2)™™), (2.106) 
oo ( 1)* f(2k+1)x 2k+1 ions )F a2 Ah F(Q) 
ee co ene a2 a 

yr 2k+1 A 2k+1 
soa UAH (9(x) = sin 2), (2.107) 
o ( 1)* f (2k) x:2* a (—1)Fx?' A2* F(Q) 
ea = cot) oar 
=0 k=0 
ad _1)\k 142k 1A 2k+1 
tine Oa (g(x) = cos 2), (2.108) 

sf (2k)a?® — e® Sah ARF(O) | e7® SD (-a) fA‘ F(0) 
ay ae mT m8) 
pane g2ktl 7 e& 09 ai, e-t Bo — 
- (2k+1P 2 2 os 
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where (2.109) and (2.110) are obtained by replacing g(x) by e* and e~* and 
adding and subtracting the resulting formulas, respectively. 

Note that (2.98) and (2.99) are well-known and have been utilized to con- 
struct summation formulas with estimable remainders. See, e.g., He, Hsu, 
Shiue, and Torney [99]. The particular cases of (2.100) with a =m (m €N) 
and of (2.101) with f(x) denoting a rth degree polynomial of x have been 
expounded in Problems (1109) and (1110) of Jolley’s book [139]. The rest of 
the above list appears to be not easily found in literatures, and the formulas 
(2.103)-(2.106) are believed to be first introduced in [106]. 

Apparently, (2.98) is implied by (2.100) (with a = -1, 4 H —a) and 
(2.101) (with a = 0). Also, (2.99) is a particular case of (2.103) (with a = —1, 
xt» —x) and a particular case of (2.104) (with a =0). Moreover, it is easily 
observed that (2.105) and (2.106) can be derived from (2.101) and (2.104), 
respectively, by substituting a = m, applying operator E™, and multiplying 
z™ on the both sides of the former two formulas, respectively. 

The transformation formulas given in the list is useful for accelerating 
convergence of power series because A‘ f(0) and D* f(0) decreases to zero 
rapidly as k + oo. 


Remark 2.2.4 From (2.88) we can derive Gegenbauer type series transfor- 
mation formulas. For examples, we consider 


O(t) = (1-22t +7) = Sc (ayt*, 
k=0 


the GF of ce (z) = Py(2,2,1,A), where P,(2,2,1,) was shown in (2.88), 
and OM (2) = U,(z) and cll?) (2) = Ux(z) are respectively the 2nd kind 
Chebyshev and Legengre polynomials. Using the same argument to derive 
(2.101) we obtain the following Gegenbauer type series transformation for- 
mula 


®(xE) f(0) = $> CLY (2) f(k) 
k=0 


i=0 j=0 
ae fA+i-1 tj—1 
= (1-2 te OY ( : )C : ) 
i=0 j=0 . J 


“GosgeneK-@—se f (0). (2.111) 


Formula (2.111) can also be verified directly as follows. By denoting 6 = 
Vz? —1 we can expand ®(xE) formal power series in terms of operator A as 


@(xE) = (1 — (2+ 6)2E)-*(1 — (2 — 6)2E)~* 
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= (1—(z+6)x — (z+ 5)xA)-*(1 — (z — b)a — (z — 6)zA)~* 


= [l-@482)> F = ebay [t—(— dja}? 
oc 
= mE CHC 


. (z+ 0)'(z— dati Atty 
(l—z+6)x)'(1— (z-6)x)3° 
Thus, (2.111) is obtained. 


In series transformation formula (2.111), we assume f(t) to be arth degree 
polynomial, denoted by ¢(t), and obtain the generating function 


GF {oC} = > (co) a" 
=(1-22242)° OD Gene ) 


i=0 j=0 J 
(2 + )i(2 — dai AMI 4(0) 
*G—24 da —(@—o)ay eee 


In particular, for \ =1 and 1/2 we have generating functions 


nt (Ati-l\frAt+5-1 
GF {6(k)U,(z)} = (1 — 22x + 2”) . : 
a aia 
. (z + 6)*(z — 6) x**4 A**3 6(0) 
(l-#+d)e)(1—(@=—6)2}” 


(z)}= (1 — 22a poIRy ere kes eel 
GF {$(k)pe(z)} = (1 — 22a + 2”) wi — ) 
G2 dal =(—a)a) 


Remark 2.2.5 Evidently, when f(t) is a polynomial, all the formulas in this 
subsection become closed summation formulas with a finite number of terms. 
Moreover, the Right-hand side of each formula may also be viewed as a GF 
for the sequence of coefficeients contained in the power series on the left-hand 
side. Thus, for the rth degree polynomial ¢(t), from (2.96) and (2.97) we 
obtain two type GF'’s of {o(k)g™ (0)}: 

ak 


xP " 
o(k)o™ (0) = DI A*eO)9™ (a) TZ (2.113) 
k=0 


Me 


> 
ll 


0 
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>> d(k)g™ ( => =o 0) Ag (x, g(«)). (2.114) 
k=0 


Replacing f and h in (2.98)-(2.110) by polynomial ¢, we obtain the special 
cases of (2.113) and (2.114). For instance, 


co - ak 
Yoh =) Ao) (lz) = 2)), (2115) 
k=0 k=0 
doth) =o HD Dkg(0) (g(a) = (1 -2)"?), (2.116) 
k=0 k=0 ; 
(a — “(a ae k 
» ({,) 000 => (eo 
(g(x) =(1+2)*), (2.117) 
“(atk ; ".fatk ak 
= i ) ote! = d ( " ) ae '000 
(g(z) =(L-2#)-°), (2.118) 
= ag “ak 
SS an =e? S17 A*9(0) (9a) = €*), (2.119) 
k=0 k=0 
oo ak r x \* 
yO = - 70) -2) + OF (ZL) ato 
k=1 k=1 
(g(x) = —In(1—2z)), (2.120) 
> (ji) ocket = 59 AE) p60) (ale) =(+2)"), 2 
k=0 k=0 . 
» (° : *) otha! =» Alt nk 60) 
(g(z) = (1—2)"9~*), (2.122) 
oo k —_ r k+m gkrm i = 
> (7) oe ea ( m C= ayer O(n) 
g(x) = (1— zr), (2.123) 
F (P)aet = $e Aaa” 
k=m 


k 
(g(x) =(1-a2)"™™~). (2.124) 
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2.2.3 Illustrative examples 


Certainly a great variety of special examples could be given via applications of 
the formulas displayed in the previous subsection. In what follows we merely 
present some selective examples for references. 


Example 2.2.6 Taking a = —1 and a++> —x in (2.100), we get (2.98), which 
is a well-known formula utilized in the construction of a summation formula 
with a remainder in the previous section (cf. also [99, 102]). Putting x = —1 
in (2.98) and (2.102) we get 


k=0 k=0 
= Lf (k (Sao 
ye Oe pat) 


These are known as Euler’s series transformation formula and its analog, 
which may sometimes be used to convert slowly convergent series into rapidly 
convergent ones. 


Example 2.2.7 From (2.100) and noting (2.89) and (2.90), we obtain the 
sum of the Euler’s arithmetic-geometric series 


where a,(x) is known as Eulerian fraction (see Wang and Hsu [210]). 


Example 2.2.8 In (2.100) takinga =n, f(t) = Gis a jth degree polynomial 


so that f(k) = Gs we get 


where we use re Vicks = a. y= ae = = Opp, the Kronecker symbol. This 
is (3.118) of the Gould’ 's book (73). 


Example 2.2.9 The series transformation formulas can be applied to con- 
struct a set of identities by substituting certain functions. 


106 Methods for the Summation of Series 


Similar to Example 2.2.8, taking f(t) = (°) so that f(k) = (*) in (2.101) 
yields (for |x| < 1) 


SCO* - EC eae" (), 


k=r k=0 


7 a+r Boe 
7 r (1—a)etrtl’ 


y at+k)\(k ee atr got 

k r) Qk r : 

Similarly, for f(t) = (2), (r E No), from (2.101) and (2.102) and (2.109) 
and (2.110) we obtain, respectively, 


(ef 
»()e- sina net (2) (r > 1), 
eo 


(2k +1\ 222 e® a" eH ® (=a)! 
(2k+1)! 2 rl an. 


Consequently, 


> 
ll 
3 


r 
k=0 


Example 2.2.10 In (2.101) taking f(t) =t" so that f(k) =k", we get 


ease 3 gia ees 


ms 


Formula (1.126) in [73] can be written as 


S (Mit = are (Ae rey 


k=0 j=0 k=0 


2: (5) rea lo 


I 


l| 
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This is obviously a particular case of formula (2.100) with a =n and f(t) = 
Gs 


Example 2.2.11 Series transformation (2.105) can be used to extend Gould 
and Wetweerapong’s comparable finite sum formula (see Gould and Wetweer- 
apong [78]) to the infinite sum setting, namely, 


k=0 J k=0 J 


Example 2.2.12 It is known that there is a GF for Bell numbers 


ety ae | 
So ARW(1)a* =e? N° HW (k + 1)2* 


l> ! 
= k} = k! 
= —2 d . k+1 |) _ o-2 er — 1 
e & (Saye oe )-« (c -1) 
= e@& t= *W(k)a* 
k! 
k=0 


Comparing the coefficients of x* in the leftmost and the rightmost expressions, 
we get W(k) = A*W(1), which is called the Aitken identity (cf. Theorem B 
in 85.4 of Comtet [44]). 


Example 2.2.13 Our series transformation can be used to reconstruct the 


Dobinski’s formula (see [4a] in §5.4 of [44]). If g(t) = e' and f(t) =t" (r EN). 
Then (2.98) or (2.103) implies 


This leads to 


This is the well-known formula of Dobinski for the Bell number W(r), the 
number of all possible partition of a set with r distinct elements. 
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Example 2.2.14 In (2.101)-(2.104) and (2.109)-(2.110), we substitute 


f(t) =t" and 


k=0 


h(t) =t" and obtain, respectively, 


r pk r 

“ aoe ee oe 

ie “ : 

HE = sto) (GS) 
k=1 

(*) k'a* = A,(x,a),(r € No), 

ey k — A.(x,a),(r € No), 

ne a goat 
a ro ke 2 Dial 
rp2k+ ge Pe . ee 2 oe 
Ge as 


k=0 k=0 


Example 2.2.15 In (2.100) taking f(t) =r', (r > 0, r #1) so that f(k) = 


r® and A¥ f(0) = 3x" 


(*)(-1)*-Jr =(r—1)*, we get 


on S(O 


k=0 


j=0 


¥(() 


k=0 


Similarly, from (2.101)-(2.104) and (2.107)-(2.110) we have, respectively, 


Example 2.2 
the expression 


“fatk ; “(atk ((r — 1)x)* 

0 (ra) _, oo ((r — 1)zx)* 

» kl “a im 

oe) rx)* 6S a é 
se 2 == s(0)tog(t — 2) +5 (S2 ) . 
ss k=1 

» @ (rx)* = » a tr Dan ryt, 


16 Recall that Bernoulli polynomials B,,(t)’s are generated by 


a 
n! 


co 
ta v =) 
e —_—_—_——- = 
et —1 


n=0 
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and enjoy the properties 


ose) =nB,_1(t), (n=1,2,---) 
dt 

with Bo(t) = 1 and B,(0) = By, the Bernoulli numbers. From Theo- 
rem 1.3.18, D*®By(t) = (n)xBn—x(t) so that D*B,(0) = (n)pBn—z(0) = 
(n)pBn—k, where (n), are kth falling factorial of n with step length 1. Now 
let g(x) = B,(a) and f(k) =k" (n andr are integers with 0 <r <n) Then, 
g)(0) = BS (0) = (n),Bn—~ and f(a) = (n),Bn—z(x) so that Theorem 
2.2.2 implies 


“(n _ ae “(n ifr} é 
y (;) ae (;) Bn—w(a)kly po" (2.125) 
k=0 k=0 
Since S(0,0) =1 and S(0,k) =0 for all k > 1, the particular case r = 0 gives 
the well-known expression 


Of course the right-hand side of (2.125) can be regarded as a generating func- 
tion of 4) Beg ek” ag: 
In addition, taking f(t) = By(t) in (2.103) and (2.104), respectively, we 


easily obtain 


ys (;) Br(k)a* = Ss (;) Ax(2,0)Bn—x, (2.126) 
k=0 k=0 
3 (° : *) By(k)a* = 3 @ Ax(@,0)Bn—k. (2.127) 


Recalling that Ay(a,0) = ag(«) (the ordinary Eulerian fraction), we can find 
that the last identity implies (with a = 0) 


S~ Br(k)a* = > (;) ay, (2) By—k- (2.128) 
k=0 k=0 


Surely similar identities of some interest may be found for other classical 
special polynomials. 


Example 2.2.17 Let \ and @ be any real numbers. The generalized falling 
factorial (t + A\@), is usually defined by 


t+ \0)p =IPj(t+A—j0) for p>1 and (t+A\O)o =1. 
Pp 7=0 
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It is known that Howard’s degenerate weighted Stirling numbers (cf. Howard 
[119]) may be defined by the finite differences of (t+ A|@)p att = 0: 


1 ; 
S(p, k, A\9) = kl bey (t TI A) p| t=0 


Then, using (2.117) and (2.118) with $(t) = (t+ AlA)p, we get 


mh pk > (0) BS(o. ks AB) 

d (;) (k + 2/6) p2* = » ({) os (2.129) 
7 ad P (e7 ! ok 

» ( :) (k + A1B)pa* = > ( “ ree (2.130) 
k=0 k=0 


The particular case of (2.130) with a = 0 was considered in [184]. It is 
also obvious that the ordinary Euler’s summation formula for the arithmetic- 
geometric series (cf, for example, Lemma 2.1.7 or Lemma 2.7 in [78]) is 
implied by (2.129) withX = 6 =0, a = -1, 24 —2, or by (2.130) with 
A=60=0 anda=0. 


Example 2.2.18 For any given positive integer m denote ¢(t) = Co It is 
easy to find that A*¢(m) = eae ee = Ck Thus an application of (2.123) 
to (") gives 


co k 2 m akan i gti 
a e ; a k OO [= (2.131) 


2 
This shows that the generating function of the number sequence ((%) ) is 


k\?  (k+m\ (m gerne 
F = —____.. 2.132 
HG) EC G)ae em 
Naturally one may ask to find Gr{ ()"}. Actually, this can be worked out 


as follows. 
Takes the left-hand side of (2.131) as ®(x). Then using (2.131) we find 


(2x)(0) = Y- (*) emo) = 9 (*) a! 


given by 


I 
Reade 
la 
x 
> } 
oo 


1-2 


k= 
(2E) k+m 
dons 1 Toa ktm+1 $(0) 


—k—m—-1 
tA a 
(1 —a)hmt (1- =) ER (0) 


Symbolic Methods 111 


= ECE) aa E05") a) seem 
>> es ew ty Cr) 


k=0 j=0 


Thus we obtain 
3 
Gr (*) 7 
m 


EEC) 05) () C7) em 


k=0 j=0 


A similar process can be applied to find cr{ ()"} for n = 4,5---. How- 


k 


>) “ok for general @. 


ever, we have not yet known the closed form of )7?° 9 ( 


Example 2.2.19 Suppose that $(t) is an integral polynomial, namely, all its 
coefficients (including the constant term) are integers. It is easily seen that 
A*¢(0)/k! (k = 0,1,2,---) are integers as well. In fact, each term ant” 
(m > 0) of G(t) has a difference at zero: [A*amt™] t<9 = Omk! {7} with 
{}} =1 and {77} = 0 (k > m). So A*d(0)/k! is a linear combination of 
Stirling numbers of the second kind with integer coefficients. Thus formula 
(2.119) implies that \°--.9 o(k)a*/k! is equal to e? multiplying by an integral 
polynomial. In particular, for x = 1, this implies that 
?0) | e@) , 92) (Kk) 


cf oe ae 


is an integral multiple of e. 


Example 2.2.20 Every formula in Subsection §2.2.2 may be used to yield 
a pair of related formulas involving the trigonometric functions cosk@ and 
sink@. For instance, setting x = pe’” = p(cos6+sin0) with p = |r| > 0 and 


i? =—1, we can obtain a pair of formulas from (2.118) as follows 


A*¢(0)Re oe (2.134) 


(1 = per? otk+l 


Cr") 
(°C) ace) sin ko 
Cr") 


ei k 
A*¢(0)Im Caen : (2135) 
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where Re(z) and Im(z) denote, respectively, the real part and imaginary part 
of the complex number z. Obviously (2.184) and (2.135) could be specialized 
in various ways. 


Remark 2.2.21 In this subsection we have mostly considered the operator 
method for the cases when $(t) takes various elementary functions. From Re- 
marks 2.2.1, 2.2.4, and 2.2.5, we can see that the method also apply to the 
cases where ¢(t) may take various suitable special functions. However, it still 
remains much to be investigated for the interested readers. 


2.3. Summation of Operators 


It is known that the problem for the computation of sums of convolved powers 
of this type 

S(m;i,j)= So ki(m—ky (2.136) 

0<k<m 

was first investigated by Glaisher [67] and [68] in 1911-1912, and he found 
a summation formula by using Bernoulli numbers. Some further investiga- 
tions and extensions were given, during the years 1977-1978, by Neumann- 
Schonbach [169], Carlitz [30] and Gould [74], respectively, in which Eulerian 
numbers as well as Stirling numbers of the second kind had been utilized. 
Various numerical examples were also represented by Gould|[74]. 


Actually, the most general formulation of the computational problem for 
convolved polynomial sums was given in Hsu [120], where a kind of general 
summation formula was found via several lemmas. However, [120] contains 
some notational errors, and all related formulas were given in quite compli- 
cated forms. This may be the reason why the general result of [120] could not 
be used much in practice. 

Having done some practical computations, Hsu [121] eventually got real- 
ized that a kind of symbolic operator approach adopted should be the most 
effective way for dealing with general convolved polynomial sums. The object 
of this section is to show the operator method conceived previously. We will 
present certain general operator summation formulas that could be specialized 
and applied in various ways (cf. Subsections §2.3.4 and §2.3.5). 


2.3.1 Summation formulas involving operators 


Throughout the section f(x) and f;(a)(i = 1,...,n) are assumed to be arbi- 
trary polynomials over the real or complex number field, with degrees denoted 
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by Of and Of;, respectively. We are concerned with the problem for the com- 
putation of convolved polynomial sums of the type 


S(m,[fil---[fal):= So filei)-+> fr(an) (2.137) 


(m;n;0) 


where m is any given positive integer, and the sum on the RHS of (2.137) is 
taken over all the n-compositions of m with non-negative integer components, 
namely, over the set (m;n;0) of all integer solutions of 7; +---+2, =m with 
each x; > 0(¢=1,--- ,n), ie., 


(m;n;0) = {(41,02,.--,2n): Soi =m,x; > O}. 


i=1 
If fi = fo =-+-- = fn, we denote the corresponding S$(m, [fi] +--+ [fn]) by $2, (f) 
and call it the n-fold convolution, namely, 
Sm(f) = x filzi)+-+ fn(@n). (2.138) 
(m3n;0) 


Obviously, S(m;i,7) of (2.136) just corresponds to the special case of 
(2.137) with n = 2, fi(a) = 2' and fo(a) = 2°. 

Powers of difference operator A and the shift operator FE are defined in 
the usual way with A° = E° = 1 denoting the identity operator so that 


A® f(x) = E® f(x) =1f(x) = f(z). 


Definition 2.3.1 For any given polynomial f(x) with degree Of > 0, there 
are two operator polynomials constructed from f(a) as follows: 


af 
AA fia SAP OA", (2.139) 
k=0 
af 
=S oA’ f(-k-1)E*. (2.140) 


These are called A-operators associated with f. In particular, A(A, f) = 
A*(E, f) = f(0)-1 for the case of Of = 0. 


Note that computations of backward differences A* f (—v—1) are as easy as 
that of A* (0). Thus A* and A are equally useful for practical computations. 
In fact, we have the following result. 


Proposition 2.3.2 Let A and A* be the operators defined by (2.139) and 
(2.140), respectively. Then they are the same operator, namely we have the 
operator identity A(A, f) = A*(E, f). 
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Proof. The equivalence of operators A and A* can be verified by starting with 
E=1+A. From 


k _4)k k ki _ Rs 
AF = (B—1)* = (-1) we E)’, 
we have 
of Of ik k 
Satyr =4 9° 9° (4) ayo) f (By 
k=0 k=0 j=0 
of of 
= 2,  (()cars0) (-E), 
j=0 \k=y 


where the inner terms of the rightmost summation can be simplified as follows 
because f is a polynomial of k-th degree: 


5 (5) arto =a" S (7) ayo 


k=j J k=0 J 


—A)i 
= SRO = Cave 70) 
Hence by substitution we get 
of of 
S> At f(O)A* = S\(-A)'E-F-1 f(0)(—BY, 
k=0 j=0 


which implies the equivalence between (2.139) and (2.140). 


o 
A main proposition to be studied and given applications in this section is 
the following one. 


Theorem 2.3.3 Let fi(x),...,fn(v) be any given polynomials. Then there 
hold a pair of summation formulas as follows 


S(m, (fil: wad = (TL (A, fi ) (* _— (2.141) 
S(m, [fi] - wa = (TT (EF ) ae (2.142) 


Proof. It suffices to verify (2.141) since (2.142) <= (2.141). Let us recall that 
there is a well-known identity in Combinatorics, namely 


26) area) oe 


(m;n;0) 
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where vy; > O(1 < i < n), and m > (uv; +--+ + v,). Also there are simple 
relations 


nee | ‘. ) for O<uvu<m and AY \=0 for v>m. 


m—v 


Thus the RHS of (2.143) may be expressed in the form 


m+tn—1 x 
= Ams Ab 2.144 
are oa) ‘| ee ( ) 


Consequently, employing Newton’s formula for f(a) and making use of (2.143)- 
(2.144), one may compute the LHS of (2.141) as follows 


smth Ute) = Hee (%)) 


(m;n;0) i=1 \vi=0 
Ofi Ofn 
» BE Bersnnarnn eH) 
vi=0 Un=0 2 n;0) i=1 


Ofi Ofn 


= S>-u} (At A)A™)-<- (A™ fF, @A™) 9) 


Ui =0 Un =0 


n Ofi ” 
2 T(>, 40 an one 


i=l \vi=0 


= (T1409) 2) 


Hence (2.141) is proved. 


xz=m+n—-1 


Oo 
Corollary 2.3.4 For the case fi(~) =--- = fn(x) = f(x) there are summa- 
tion formulas for S(m,[f]”) : 
+ fer) flan) = (AA, A)" (7) a (2.145) 
(m;n;0) 
S> F(a1)++ f(tn) = (A*(E, f))” (ce demmtn a” (2.146) 


Corollary 2.3.5 For the monomials f;(x) = x?! with pj, > Oi = 1,...,n), 
there is a summation formula of the form 


atest = (T(S(8}4")) aman OM 


(m;n;0) i=1 \v=0 
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where ene are Stirling numbers of the second kind with iat = 1. In partic- 
ular, for the case p; > 1(i =1,...,n), (2.147) can be replaced by the form 


So aks aes = (11 (3: a{}ar)) Cr emmtn a? (2.148) 


(m3n;1) t=1 \v= 


where (m;n;1) denotes the set of n-compositions of m with each component 


Observe that (2.147) with n = 2 is an old result given by Gould [74], in 
which several numerical instances have been displaced. Also, note that (2.145) 
and (2.146) are even much older results that had been derived and employed 
in [121] and [122], respectively. 

Obviously, the set (m;n;0) under the summation of (2.137) may be re- 
placed by (m;n;1) in case fi (0) =--- = f,(0) = 0. In what follows we will 
present a few examples, requiring a bit of algebraic computations. 


Example 2.3.6 Suppose we want to find a formula for the summation of the 
form 
S(m, [z"\[2][z4]) = S5 xf-a}- a§. (2.149) 
(m;n;1) 
It requires that the summation formula should be consisting of a least number 
of terms. 
In accordance with (2.141) we have to do computations 


A(A, a7) = A+ 2A?, 
A(A, 2°) = A+ 6A? + 6A3, 
z*) = A + 14A? + 36A% + 24A‘. 


Clearly, we may rewrite A(A, x?) = A(1 + 6AE). Moreover, using a simple 
factorization technique, we find 


A(A, 2*) = A(1 +2A)(1+ 12AB). (2.150) 
Consequently, we obtain 


A(A, a?) A(A, 23)A(A, 24) = A3(1 + 2A)?(1 + GAE)(1 + 12AE) 
= A3(1 + 4AEF)(1 + 6AE)(1 + 12AE) 
= A?(1+ 22AE + 144(AE)? + 288(AE)). 


Hence an application of (2.141) (with n = 3) to the sum (2.149) gives a 
formula as follows 


m+2 m+3 m+A4 m+5 
2 af af a} = ( i ) +22 ( i ) +14 ( A ) +288 ( a ). 


Symbolic Methods 


Similarly, noting that A(A,x) = A and 


obtain 

3 
S> ahadatet=(™7")422(™7 
(m3n;1) , (i : 
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using (2.141) with n = 4, we may 
m+6 


4 m+5 
144 2 : 
)arae(™ 7? )e288("5°) 


(2.152) 


Surely, (2.151) and (2.152) are the shortest formulas for the sums in question. 
Obviously (2.151) and (2.152) involve the following asymptotic estimates. 


2.3. 4 
y LiL Ls 


(m3n;1) 


(ty ee 
y Ye CM 


(m3n;1) 


of = 288 ( 


“rf = 288 ( 


From the above example we have 


(A(A, 2*))” = An(1 + 
(A(A, 2°)” = An(1 
(A(A, «*))" = An(1 


m+ 


11 


m+ 


+ O(—5)),m 4 0, 
m 


ye 


| O(5)),m ov. 


POA PAR, 


Accordingly, as particular consequences of (2.145) of Corollary 2.3, we may 


state the following. 


Example 2.3.7 There are 3 formulas as follows 


brapene Se (2 
(m;n;1) v=0 - 
basapsengh Se (2 
(m3n;1) v=0 7 
epee 
(m;n;1) v=0 pw=0 


mtn-l 

2.153 
Caney! ( ) 
mtn+u—-1 

2.154 
Cares) oa) 
12 (") (") oe 

v Lb m—-n-v—p 
(2.155) 


Certainly, these formulas are especially useful when m is much bigger than 
n. Note that (2.153) and (2.154) have appeared previously [168, 150] and 
that (2.155) could be replaced by a formula of similar nature via the operator 
A(A, 2+) = A"(A + E)"(14+12AE)". However it appears to be impossible to 
get a simpler formula consisting of (n+ 1) terms for the sum of (2.155). 
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Remark 2.3.8 Having correctly defined S(m,[fi]--+[fn]) as that of (2.137), 
one may verify that the following formulas given by Lemmas 3 and 4 of [150] 
(viz. (4)’ and (6) of [150]) 


simran (ee ) er 
pearls Ll-pyt---+k-pp+n—1/ po!pi!--- pp! 
(2.156) 


Som (fill =— S| 1S (on, Ufoy Feet el”) 


. (v1---UR)E(1+-n) 


(2.157) 


are logically equivalent to (2.145) and (2.141), respectively, wherein f(x) has 
the degree Of = k, 8; may be rewritten as A’ f(0)(i = 0,1,...,k), and the 
summation on the RHS of (3.1) is taken over all the (k + 1)-compositions 
of n, viz. po +--+: + pe = n with each p; > 0; and the RHS summation of 
(3.2) is over all the different combinations (sub-sets) v1,---+ , Uz out of the set 
clears (a a (cael cere 


Indeed the RHS of (2.156) may be rewritten as 


> ae m+n—1 ) 


(mains) po!pi!--- pr! pi + 2po +--+: + kpr) 
(F(0))P*(AF(0))P* ++ (AE F(0))” 


n! : x 
= SY ES Maryr (Ak ryary* (* ) 
Gnsns0) Po:'*' Dk: MZ z=m+n-1 
k n - 
= (>: a0") ( ) = RHS of (2.145). 
=O MZ x=m+n-1 
Also, for every given set {v1,..., Un} C {1,..., n}, it is obvious that the sum- 


mand within the summation of (2.157) may be expressed in the following forms 
(1S, [fos Poe fa)”) 

— (_1)\n-k oer n 

= (1 *(MA, fr tet fo (FP) 


= (=D) MA, fr) #2 FMA, foul” 


x 


m ) z=mt+n—-1 


Sa n! r 
= (1 ELA fr) AA DIE) 
qit--+q=n q+ dt: z=m+n—-1 
where the last summation is taken over all the subsets of {pi,...,pi} of 


{vu1,...,ue} (( = 1,...,k,) and all the compositions (n;1;q). Certainly the 
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general term (summand) of the last summation is contained in all such terms 


of the RHS summation of ( 2.157 ) that {p1,...,pe} C {v1,.-., UR} C 
{1,...,n}. The number of occurrences is obviously i) . Thus the total 
number of occurrences in the RHS summation of ( 2.157 ) is given by 


” n—t O.t<n 
| n—-k —_ — \r-t — ’ 
as a CE 
k=t 

This means that the general term vanishes except that t = n so that k = 


n,{pi,---, pet} = {u1,..., 0K} = {1,...,n},, and qm = +--+ = q, = 1. Conse- 
quently, we get 


RUS of 2157) = MA, cA Ff) ("). oe 


Hence, as a conclusion we may say that Lemmas 3 and 4 of [120] are implicitly 
involving (2.141), and the deduction of (2.141) from (2.157) plus (2.156) may 
be regarded as a different proof for(2.141). 


Remark 2.3.9 Observe that for n > 3 the summation on the LHS of (2.147) 
may be rewritten as 


S(m le?" .[2?r}) => gh. -ghn T(m a En—1)?* 


where the RHS summation extends over all the non-negative integers 
T1,---,@,—-1 such that x, +--+ + a%,-1 < m. Apparently, such a sum may 
be viewed as a discrete analog of the Dirichlet multiple integral 


I fie ee fo" “ (l-t1-— + ty—1)°"dty +++ dtp—1 


T(ay+ a -T(a, +1) 
T(ay Fett + An + n) , 
where the domain of integration is defined by the (n — 1)-dimensional set 
S:ty >0,...,tr-1 20,4 ++:-+tn_1 <1, 


and a(t = 1,...,n—1) are real numbers such that a; +1 > 0. Certainly, 
the formula (2.147) is much more complicated than the integration formula 
displayed above. However, it should be possible to verify that (2.147) implies 
the following limit 


hea'egnel 
lim S(m, [x] +++ [a?=])/mbrteteetn-1 Pa Pn 
lim. S(m, fe?"] ---[2))/ ts 


which is consistent with the integral formula when taking ai = pi. 
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2.3.2. Some special convolved polynomial sums 


Here we will present several examples showing how to make use of the sum- 
mation formulas (2.141) and (2.145) to evaluate some convolution sums that 
consist of certain classical polynomials. Evidently, in order to get explicit 
results for S(m,[f]”) and S(m,[fi]---[fn]) by using (2.145) and (2.141), 
respectively, it requires firstly to find explicit expressions for A’ f(0) and 
A’ f,(0) (v = 1,2,...;¢ =1,...,n). In particular, related computations could 
be greatly shortened, in cases f(a) and f;(a) are known to have explicit ex- 
pressions in Newton interpolation series. 


Example 2.3.10 We wish to evaluate the convolution 


S(m,[Bu]") = > Bg(ai):-+Be(an), &>1, 
(m;n;0) 


where By(x) is the k—th degree Bernoulli polynomial defined by the expansion 


text sass tk 
a > Bele) 5: |t| < 2n, (2.158) 


and B,,(0) = By, (k =0,1,2,...) are known as Bernoulli numbers. 
It is known that B,(a) can be expanded in terms of Newton’s polynomi- 
als with Stirling numbers of the second kind as coefficient (cf. §78 of [141]), 


namely 
=m +h (v—1)! fe ae (2.159) 


This implies that A’ B,(0) = k(uv — 1)! eas } . Consequently, using (2.141), 
we get 


S(m, [Ba]”) = @ x Dx ~1)! { - i ») ; ot are . (2.160) 


Certainly, this is a useful formula when m is much bigger than k and n. Also, 
an application of (2.145) with n = 2 yields the formula 


SS” By(#1)Ba(2 )= (2, +p le ) {2-t}a"] 


(m;n;0) 


(2, +93 —1)! fae ipa) ae (2.161) 


where p and q are given positive integers. 
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Example 2.3.11 It is known that the Bernoulli polynomial of the second kind 
of degree may be written as (see §89 of [141]). 


1 
sc +t 
W;,(z) -| (* ae ) dt. (2.162) 
0) k 
Accordingly, by = V,(0) may be called Bernoulli numbers of the second kind, 
Utz. 
tit 
n= | (;,) k= 0,1,.252%: (2.163) 
0 


where bo = 1, by 4, be -+. etc. A table of by’s for k < 10 can be found 
in 889 of [141]. Note that A’ f,(0) = Vx_.(0) = Be_v,0 < v < k so that 
A(A, Uy) = x be-vA” = . byA*-”. Consequently, (2.141) and (2.145) 
imply the following special formulas 


k n 
S(m, [U;]”) = (>: sar) (") : (2.164) 
v—0 =m+n—-1 


and 

S> Wp (01) V4 (2) = bs par) e Har) (*) , (2.165) 
(m3n;0) v=0 u=0 Bree 
respectively. 


Example 2.3.12 As is known, Boole’s polynomial of degree k can be ex- 
pressed in form Section 113 of [141]. 
k-—v 
1 x 
=—— ; 2.166 
( 5) ()) ( ) 


This implies that A’€,(0) = (3)*”. Consequently, (2.141) and (2.145) with 
n= 2 yield the following special formulas 


S(m, [&]") = (>: (-3) a] a (2.167) 


k 
o>, 


v=0 


v=0 
and 
= 7. : p-v : _lyuagn) (2 
Pag, oleritales _ oui ) . (or i ee 


respectively. 


122 Methods for the Summation of Series 


Example 2.3.13 Let us consider the Mittag-Leffler polynomials defined by 
the power-type generating function [21] 


(4) = (143 r > an) = yi ML),(2)-t (2.169) 


where (ML)o(x) = 1 and (ML);(«) ts of degree of k.. 


Instead of (m;n;0), we shall use the set (m;n;v;0) (v = (v1, v2,---,Un)) 
consisting of all the non-negative integer solutions of the equation v1 ++--- + 
Un =m. It is easily seen that for any given set of real numbers {21,...,2n}, 


there holds the rather simple convolution sum 


S> (ML), (#1) +++ (ML)v, (@n) = (ML) m(a1 +++ +a). (2.170) 


(m;n;v;0) 


Actually this follows from the expansion of ((1+t)/(1—t))"!* t+" in terms 
of t™, and may be called the convolution “in degrees”. 
On the other hand, the summation (with fixed k > 1) 


S(m,[(ML)g]”) = > (ML)x (a1) +++ (ML)x (an) (2.171) 


(m;n;0) 


should be properly called the convolution “in arguments”. Let us now evaluate 
(2.171) and the following sum 


S(m, ((ML)p][(ML)q]) = > (ML)p(#1) - ML)q(a2) (2.172) 


(m;n;0) 


by means of (2.141) and (2.145) with n = 2. First, using the extracting- 
coefficient operator [t*], we find 


-r7(‘) ery (49-1) 9 2 ee (*). 


Consequently, we have A*(ML);(0) = Ga and we get 


RHS of (2.171) - (So2" (Fo ~ ‘) 0) (2) se (2.173) 


and 


RHS of (2.172) = (>: - (? :) 2’) e a3 ts :) a") “nee 
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2.3.3 Convolution of polynomials and two types of 
summations 


Generally, a sequence (f,(z))x>0 of polynomials with fo(z) = 1 and Of;,(x) = 
k (k = 0,1,2,...), is called a convolution polynomial sequence, if there holds 
the convolution identity 


Sse \fn—k(y) = fn(w@ ty), n=0,1,2,.... 
Of course, this cae implies the multifold convolution in degrees 


So fur (@1) +++ fon (tn) = f(t +--+ +2n), (2.175) 


(m;n;v;0) 


Apparently, the sequence ((M/L);,(a)) gives a special example. 

It is known that there are various noticeable properties enjoyed by convo- 
lution polynomials. For details the reader is referred to Knuth’s fundamental 
paper [144]. In what follows we will show that, for any given convolution poly- 
nomial sequence, there exist summation formulas for multifold convolutions 
in arguments. 

Note that convolution polynomials can always be generated by power-type 
generating functions. Let o(t) = 1+ ait + agt? +--- be a formal power series 
over the real or complex number field. Then the formal series expansion 


= or SS 
k=0 k=0 


yields the convolution polynomials f;,(x) = ale (k = 0,1,2,...). Here we 


Lilet” (2.176) 


adopt the notation [e| n just for expressiveness. Thus, for instances we have 
the special convolution polynomials: 


"| =(*) H _ (#ek=1 H _ 
klise \k/? Lela k "  Lklet Rl? 
"| =(ML)(2), [7] = Te(2) 
kl (a4ty/a—t) Pree ie exp(et—1) Bens 
where T;,(a) are known as Touchard’s polynomials. 
Certainly (2.175) may be rewritten in the form 
| oP = pert e| ; (2.177) 
UL $ Un db m db 


(m;n;v;0) 
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For given non-negative integers k,,...,k,, we want to evaluate the multifold 
convolution in arguments: 
kin | ¢ , 


s([e].~Lel,) =, fel, 


Denote ¢i(t) = o(t) —1= 0,5, ait’ with a; 4 0. Then we have 


Here the numbers s(k, 7,1) defined by 


form a simple special Riordan matrix (cf. Definition 3.2.3 and Section 
4.3) whose elements may be called modified Stirling-type numbers, since 
(k!/j!)s(k, 7, 61) just give the two kinds of ordinary Stirling numbers by taking 
o1(t) = log(1 +t) and ¢1(t) = e’ — 1, viz. 


k! : k! . . k 
“(ks jolog(l +2) = Si(h3), Eo(h, joe! — 1) = S(k,3) = { : \ 


We may now state the following theorem. 


Theorem 2.3.14 There holds a summation formula for the convolution in 
arguments of the form 


n ky 
xz x x 
s(n fala zI)- II * pon Cees 


i=1. \jJ= 
(2.180) 
where s(k,j,¢1) are given by (2.179). 


Proof. From (2.178) we see that 


(fi],)_,-aton 


Thus (2.180) follows from (2.141) as a consequence. 


Example 2.3.15 As is known, Touchard’s polynomials are given by generat- 
ing function [21] 


ge) = > Tala). (2.181) 
k=0 
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Moreover, Ty(x) has an explicit expression 


T(x) = ps it (2.182) 


Accordingly, we get the values of differences at zero 


AT; (0) = (A°Te(2))a=0 = v : {*} oe (2.183) 


jv 


. Let us denote 5(k,v) := A°T;,(0). Then using (2.180) we obtain 


n ky 
S(m, [Tin] --- Lien] = (11 (>. 6.030") ) dewey a” (2.184) 


i=1 \v=0 


In particular we have 


k n 
S(m), (Ti]") = (>: i(k, 0") Cr ecmen a” (2.185) 


Certainly, (2.184) and ( 2.185) could be used to get the exact numerical 
results whenever ky,...,kn,k, and m are given concretely. 


Remark 2.3.16 Convolutions of polynomials “in degrees” and “in argu- 
ments” may be called two types of convolutions. Note that the convolution 
in degrees can only be obtained from convolution polynomials (by definition). 
Thus one may infer from Theorem 2.3.14 that only the class of convolution 
polynomials could lead to the two types of convolutions which are both com- 
putable with really available summation formulas. Also, one may guess that 
both (2.141) and (2.180) could be extended to the cases of q—polynomials. 


2.3.4 Multifold Convolutions 


What is worth commenting on is that summation formulas using operators 
(such as (2.141), (2.145), (2.148) etc.) should be the most available formulas 
for the practical computation of polynomial convolutions. 

Usually, a good summation formula is such a formula that consists of a 
least number of easily computed terms. From this view-point, one may find 
that (2.151) and 2.152) could be regarded as good formulas, each consisting of 
only 4 terms. As a matter of fact, if the summation formula (2.148) is replaced 
by the equivalent formula 


(my7;31) 1<vj Spi 
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without using A—operators, and if it is applied to the sums of (2.151) and 
2.152), one will get particular formulas, each consisting of 2 x 3 x 4 = 24 terms 
(since p, = 1, po = 2,p3 = 3,p4 = 4). Thus, (2.151) and (2.152) just provide 
examples showing that the operator summation formulas such as (2.141) etc., 
may sometimes lead to much briefer formulas. Here the real reason is that 
the products of A(A, f:)---A(A, f,) or the like may sometimes be reduced to 
rather simple forms via the algebraic manipulations. 

It is known that there is a general formula for expressing a multifold con- 
volution of arbitrary real-valued functions defined on the set on non-negative 
integers. The relationship between multifold convolutions and partition sums 
can be derived and used for generating a type combinatorial series and iden- 
tities. 

Denote by a(n) the set of partition of n € N, usually written as 
1*19k2...n¥» referring to ky + 2k, +---+nkn =n, ki € N. A subset of a(n), 
denoted by o(n,k), consists the partitions of n with k parts, i.e., partitions 
Lh gke ... kn subject to ky + ko +--- +k, =k. Thus 


a(n,k) := fertas on) = Soi =n, > aj = kt; =o} 


i=l i=l 


We now define fold convolutions from (2.137) for the same functions f(a). 


Definition 2.3.17 Let f(a) be a real-valued or complex-valued function de- 
fined on No with f(0) =1. Then the k-fold convolution and the n/k-partition 
sum associated with f(x) are respectively defined by the following summations: 


SCF) = Do Fler) F (#2) f(en), (2.186) 
(n;k;0) 
ky ko ec ie kin n 
rt = asap 
o(n,k) “h2s n* 


where the sums on the right-hand sides of (2.186) and (2.187) range over the 
sets (n;k;0) and o(n,k), respectively. 


Note that (n;k;0) and o(n,k) have no meaning for k = 0. For conve- 
nience, we define $°(f) = T°(f) = 0, and thereby have sequences (S*(f))n,4>0 
and (T*(f))n,4h>0- Also it is obvious that S(f) = f(n), S¥(f) = kf (1) and 
T1(f) = f(n) for n > 1 and T¥(f) = 0 for k > 1. Moreover, it is easy to see 
that the RHS of (2.187) with replacement f(n) > t,(n € N) is in agreement 
with the incomplete Bell polynomial in ¢; (1 < i <n), up to a constant factor 
n! (cf. Comtet [44]). 

In what follows we assume that G = )0,.)9(k)t*® € C[[t]], the ring of 
formal power series in the complex field. As usual, G“*)(t) = D*G(t) denotes 
the kth formal derivative of G(t). 
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Theorem 2.3.18 For m,n €N, we have the following identities: 


se (F) = im TEA), (2.188) 
k=1 

THA = 3 ASD Io (2.189) 

Soo R)SK AE = GM Te Ne, (2.190) 

k=1 k=1 


where the left-hand side of (2.190) is a formal power series. 


Proof. To justify (2.188), according to Definition 2.3.17, we only need to com- 
pute the LHS of 2.188 in this way: for 1 < k < m, consider first the finite 


sum 
SY) fer) flea) + Flam), (2.191) 
(n3m;0) & 
where (n,m,0), denotes the subset of (n,m,0), being composed of all com- 
positions (a1, 22,...,@m) of n with just k components x; > 1. In other words, 
there are m — k components x; = 0 in (a1, %2,-+: ,%m). Recall that f(0) = 
and such factors will take m —k ordered places in (a) = Ch different 
ways. Meanwhile, the number of all possible permutations of the factors in 
the product f*1(1)f*2(2)--- f*=(n) over the set o(n,k) is enumerated by 
kl /(ky!ko!--+-k,!). Thus the sum (2.191) boils down to 


& ) z —— Talat it FMR) FP (n) = (mm) Tn (P).- 
o(n,k) 


Summing on k, 1 < k < m, we therefore obtain (2.188). 
With (2.188) we are able to reformulate S!(f) in the form 


=Da(rin, sn =0 


jel 


Then it follows that 


MS | = 24 A* (‘) 7 see 
= Dal,?, nw =enw. 


jel 


Thus (2.189) is proved. 
Once again, by using (2.188) we may compute the LHS of (2.190) formally 
as follows: 


S> g(m) = SF g(m 3 (m).DR(f) 


m=1 m=1 k=1 
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k=1 \m= 2 


sD a g(m oe) r=) GM Orie. 
k=1 


k=1 


I 


The last equality follows from the fact that T*(f) = 0 for k > n. This com- 
pletes the proof of (2.190). 


Put G(t) = 1/(1—t) for |t} < 1 and e’ for ¢ € R in (2.190) in succession. 
Then we may get the following result. 


Corollary 2.3.19 For n € N, the sequence (S*(f))x>0 has the ordinary and 
exponential generating functions, respectively, as follows: 


foe) n k 

Sstint=S (a) mw, es 
k=0 k=1) 

co k n 

So Sk =e THANE. (2.193) 
k=0 . k=1 


Remark 2.3.20 In the series-transformation formula (2.96), 
dF) -> AMOI WE 
k=0 


by substituting f(t) = S'(f) and g(t) = G(t) and simplifying the resulting 
identity, we may also obtain (2.190). 


We now consider the convergence of (2.190). 


Theorem 2.3.21 If G(t) = ops 9(k)t* is absolutely convergent for |t| <r, 
then so is the infinite series on the LHS of (2.190), thereby (2.190) is an exact 
formula for |t| <r. 


Proof. Comparing the LHS of (2.190) with G(¢t) and using Cauchy’s root test 
for the convergence of infinite series, we only need to show that for n € N, 


Tin 401 S8(f)[* <1. 
To this end, assume pmax | f(x)| = p. By the definition of S*(f), it is easily 
found that every product f(21)f(x2)-+- f(xg) restricted by 
2.194) 


Mtteates +e Hn 


( 
contains at most n factors f(x;) with 2; > 1. Owing to the facts that f(0) = 
and |f(x)| < p for « £ 0, it follows directly that |f(a1)f(x2)--- f(an)| <p”. 
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Meanwhile, the total number of such terms is (ee), a fact coming from 


the number of solutions in non-negative integers for the Diophantine equation 
(2.194). Thus we have 
n+k—-1\ , 
Isn(f)| < ( , ) p", 


leading to 


Hence the theorem is proved. 


Corollary 2.3.22 Identity (2.192) is analytic for |t| < 1 and so is (2.193) 
for |t| < +00. 


Example 2.3.23 Evidently, the following power series 


60 = Fag D(a) 


converges absolutely for |t| < 1/4. As a consequence of (2.190) (see Exercise 
2.8), we get the following exact formula 


» (i) Smif = Do Fe E() (2.195) 
= ra 


for |t| < 1/4. 


Example 2.3.24 It is well known that the Fibonacci number sequence 
(Fn)n>0 ts generated by the generating function 


t F;,t* 

Gl = 1-—t-— eases, £2: => ae, 

which is convergent absolutely for \t| < (W5—1)/2. To ease notation, we let 
a= (1+ V5)/2 and b = (1— V5)/2 and therefore have (see Exercise 2.9) 


1 


G(t) = ar ce) — F d qkt1 _ petty 


and g(k) = Fy = (ak+! — bF+1)/\/5. Then from (2.190) we have 


Do Festi - ‘ a (a) - (2a) | Tk(p)t*, (2.196) 


k=1 


which is an exact formula for |t| < (5 — 1)/2. 
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Example 2.3.25 Setting G(t) = (1+ t)® fora € R and |t| < 1 and substi- 
tuting it into (2.190) yields (see Exercise 2.10) 


co a n k 
> (7) skeet = Pee TM), (2.197) 
k=0 k=1 


The further substitution a + —a—1 leads us to 


[oe] hy - ie 
(CP) skNKO = Neti TN. 2.198) 


k=1 


Obviously, both (2.197) and (2.198) are valid for |t| < 1. It is also clear that 
(2.192) can be deduced from (2.197) via the substitutions a + —1 andt > -t. 


2.3.5 Some operator summation formulas from multifold 
convolutions 

It is known that both D and A are delta operators so that by use of Mullin- 

Rota’s substitution rule (cf. Section 3.1), we may deduce some special operator 


summation formulas from (2.193), (2.195), (2.197), and (2.198), respectively. 
For any function ¢(t) over R, it is easy to check that 


(1+ A)*o(t) = E° g(t) = b(t + a). 


Thus, under the substitution t > A, we see that (2.197) and (2.198) together 
yields a pair of A-type operator summation formulas. The results are as fol- 


nm 


3 (f) skNa%oo) = Dante a o(a—h), 2.199) 


k=1 


(CP) stare) = Yat Merk U)(-ayol—a— k= 2). 
k=1 
(2.200) 


Alternatively, the substitution t + —4A reduces (2.195) to a A-type summa- 

tion formula of the form 

Oo. (-1) (2k) 2, ; “\ (—1)*(2k)! ; 

De pe (, ) 82 A*6(0) = D> aoe Tn (PAP O(— — 1/2)(2.201) 
k=1 


k=0 


As above, substituting t by D in (2.193) and simplifying the result by 
the relations that e? = E = 14 A, we come up with a D-type summation 
formula for ¢(t) € C° (the set of infinitely differentiable real functions over 
R) evaluated at t = 0: 


> aS mn => T*(f)D*$(1) (2.202) 
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In accordance with Example 2.3.25 in Subsection 2.3.4, it is clear that 
(2.199) and (2.200) are exact formulas under the condition 


1/k 
lim Ato 60 (2.203) 


k—o0o 


Actually condition (2.203) also ensures the validity of formula (2.201) inas- 
much as it is just equivalent to the condition (see Example 2.3.23) 
1/k : 1 
ri 


Moreover, Corollary 2.3.22 states that (2.202) is an exact formula under the 
condition 


1/k 
lim D*6(0) < +00. (2.204) 


k- oo 


It may happen that limp... |A*e(0)]"/" = 1. As such, the convergence con- 
ditions for (2.199), (2.200), and (2.201) should be investigated separately. 

As one might expect, all formulas from (2.199) to (2.202) can be employed 
to produce various special formulas and identities, because that f(a) and $(t) 
are free to choose. In what follows we will detail how to find concrete identities 
by considering some interesting examples. 


Example 2.3.26 Substitute o(t) by di(t) = (1°) and da(t) = 1/(t + 8) in 
turn, mE N, and B>0. Then we have 


ato(y=(FT8), atea(t)= 


(-1)* (t+ B+k\~* 
—( k ‘Zz 


aol 
From now on, we write briefly oo) for yee), Under these two 
choices, it is easy to deduce the following six formulas, respectively from 


(2.199), (2.200), and (2.201): 


sl) Ga ,)s=Deon(* re ae) (2.205) 

S(T) (ne ew =Devretae(P NE BO) 
(2.206) 

SCM! Jain SEMEN 
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7 (2.208) 

SECT sun DD rr 
(2.209) 

dea) PE) stn=s Yap oo. ee 
(2.210) 


We remark that all infinite series involved in (2.208), (2.209), and (2.210) 
are assumed to be convergent under suitable conditions for a, 8 and S*(f). 


Example 2.3.27 The most simple case of S*(f) is whenn = 1 with f(1) =1. 


In such a case, it is easy to check that 
PS H=4 =H 0 frei, 


Consequently, each identity from (2.205) to (2.210) yields correspondingly a 
special identity forn =1. The results are stated as follows: 


> #(f) © ‘) = or ') (Vandermonde), (2.211) 
S-'e(2) @a Je —(a +1) ce ’), (2.212) 
iar 91 oe 


zone) Ch) =-praerrap eat 


k=0 
9 | 


Note that fora >0 and B > 0 we have the estimates 


({)| sR our. (it~ ee = o0v 


Vkr 
and Ca ‘ (‘ oe =O(k8!) (ko), 
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where |()| is the absolute value of ({), |x| denotes the largest integer not 
greater than x, the big O notation takes the usual meaning of asymptotic. Thus 
all infinite series appearing in (2.214), (2.215), and (2.216) are absolutely 
convergent under their respective conditions, 1.e., 


(2.214): a>0,8>2; (2.215):a>0,8>a43; (2.216): B>2. 
Both (2.214) and (2.215) are comparable with the series 


Sn (,) Gon = a (2.217) 


fora>0,8> 1. It is of interest to note that the special case of (2.217) when 
a > 0 is integer is recorded as a “theorem” in Wilf [216, p.134, Theorem], being 
employed as an example of the well-known W-Z algorithm (or WZ method). 
Thus we believe that (2.214), (2.215), and (2.216) may also be verified by 
means of the W-Z algorithm (cf. Subsubsection 5.8.2.2). 


Example 2.3.28 By the multivariate Vandermonde convolution formula it is 
easily found that fora € R andr €N, there hold 


Se 
[n,k,0] eal me ve ny 
> r1\ [x2 Lk = n+k—-1 
are r r ~ kr tk-1y 
Now, replace f(x) with (“) and Ce in turn. For both cases, we therefore 


obtain 
())-C) (())- 5 


(2.218) 


k; 1) -1 
s(("**)) =( (r+1)+n ) (2.219) 
r 
r+1) ka 7) rn kn 

( (rte ( “) Co ee) 
Te (" —— Cy ey 2.220 

CP) Slat Fa! aaa 

Accordingly, (2.190) leads us to a pair of combinatorial series as follows: 


E(Sp-Eewn(()) om 


gk 


k=0 
k=0 me k=1 . 


(2.222) 
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As is expected to be, a variety of special identities can be deduced from 
(2.205) and (2.210) with $*(f) and T*(f) being replaced by those of (2.218) 
and (2.220). For instance, by virtue of (2.209) and (2.218), we may find a 
combinatorial series 


SCC) C)-Eaee ty a): 
(2.223) 


A bit analysis shows that this series is absolutely convergent under the suf- 
ficient condition a,d > 0,6 > a+n-+ 2. Due to space limitations, other 
identities are left to the interested reader to work out. 
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Exercises 

2.1 Prove Lemma 2.1.5. 

2.2 Derive the second Gauss symbolic expression and the second Gauss 
interpolation formula. 

2.3 Prove series transformation formulas (2.98)—(2.110). 

2.4 Prove summation formulas (2.116)—(2.124). 

2.5 Prove the expansion of Bernoulli polynomial B;(x) shown in (2.159) 


2.6 Prove the convolution sum (2.170). 
L/k 


2.7 Show limps... ro) p” =I, 


2.8 Accomplish Example 2.3.23 by using the hint: 


(2k)! 


GH (t) = a Cae dN? Gk) = Ce): 


2.9 Accomplish Example 2.3.24 by using simple computation 


2.10 Accomplish Example 2.3.25 by noticing for G(t) = (1+t)* g(k) = ({) 
and G‘*)(t) = (a),(1 + t)°-*. 

2.11 Prove formulas (2.205)—(2.210). 

2.12 Prove formulas (2.211)—(2.216). 

2.13 Prove formulas (2.218)—(2.223). 


Taylor & Francis 
Taylor & Francis Group 
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It is known that the symbolic calculus with operators A (differencing), EF 
(operation of displacement), and D (derivative) plays an important role in 
the Calculus of Finite Differences, which is often employed by statisticians 
and numerical analysts. Various well-known results can be found in some 
classical treatises, e.g., those by Jordan [141], Milne-Thomson [164], and some 
materials represented in Chapter 2. Since all the symbolic expressions used 
and operated in the calculus could be formally expressed as power series in 
A (or D or £) over the real or complex number field, it is clear that the 
theoretical basis of the calculus may be found within the general theory of 
the formal power series. Worth reading is a sketch of the theory of formal 
series that has been given briefly in Comtet [44] (see §1.12 and § 3.2-§ 3.5) 
(cf. Bourbaki [23] Chap. 4-5). 

In the first section of this chapter, we present a general substitution rule 
called Mullin-Rota’s substitution rule. Given a generating function or a for- 
mal power series expansion, a certain operational formula may be obtained. 
Twelve generating functions for the well-known sequences will be displayed. 
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Then 12 operational formulas will be found by using the substitution rule. 
Finally, some operator summation formulas from multifold convolutions are 
constructed similarly. With the aid of Mullin-Rota’s substitution rule, we shall 
show in the second section that the Sheffer-type differential operators together 
with the delta operators A and D can be used to construct a pair of expan- 
sion formulas that imply a wide variety of summation formulas in the discrete 
analysis and combinatorics. A convergence theorem is established for a fruit- 
ful source formula that implies more than 20 noted classical formulas and 
identities. Numerous new formulas as also represented as illustrative exam- 
ples. Finally, it is shown that a kind of lifting process can be used to produce 
certain chains of (00o”") degree formulas for m > 3 with m = 1(mod 2) and 
m = 1(mod 3), respectively. The second section of this chapter represents a 
further investigation on a general source formula (GSF) that has been proved 
capable of deducing more than 30 classical and new formulas for series ex- 
pansions and summations besides those given in the previous section. It will 
be shown that the pair of series transformation formulas found and utilized 
in Section 2.2 is also deducible from the GSF as consequences. Thus it is 
found that the GSF actually implies more than 50 special series expansions 
and summation formulas. Finally, several expository remarks relating to the 
(SAD) formula class are given at the end of Section 3.3. 


SO 


3.1 An Application of Mullin-Rota’s Theory of Binomial 
Enumeration 


The results shown in Section 2.1 can be considered as special cases of the 
results in this section (see Remark 3.1.3). We shall show that a variety of 
formulas and identities containing famous number sequences, namely Bell, 
Bernoulli, Euler, Fibonacci, Genocchi, and Stirling, could be quickly derived 
by using a symbolic method with operators A, E, and D. The key idea is a 
suitable application of a certain symbolic substitution rule to the generating 
functions for those number sequences so that a number of symbolic expressions 
could be obtained, which then can be used as stepping-stones to yielding 
particular formulas or identities of interest. 

Frequently we shall get formulas and identities involving infinite series 
expansions. Certainly, any convergence problems, if involved in the results, 
should be treated separately. 


3.1.1 A substitution rule and its scope of applications 


As usual, we denote by C™ the class of real functions, infinitely differentiable 
in R = (—co, 00). We will make frequent use of the operators A, E, and D 
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which are known to be defined for all f € C™ via the relations 


d 
Af =FE+1—-FfO, EAQ=ft+l), DIO= Zr. 
Consequently, they satisfy some simple symbolic relations such as 


E=14+A, E=e?, A=e?-1, D=log(1+A), (3.1) 


where the unity 1 serves as an identity operator I such that I f(t) = f(t) = 
1f(t), and e? and log(1 + D) are meaningful in the sense of formal power 
series expansions, namely 


e” = yrap* log(1 + A) = 
= eo . iz k 


k>0 k>1 


so that e? f(@) = 455 D"f@)/e = fE+ 1) = LF, (ch Jordan (141) and 
Section 2.1). - 

An operator T which commutes with the shift operator F is called a shift- 
invariant operator (cf. for example, [168]), i.e., 


TE® = E°T, 


where E* f(t) = f(t+a) and E' = E. Clearly, the identity operator 1, the 
differentiation operator D, and the difference operator A are all shift-invariant 
operators. A shift-invariant operator Q is called a delta operator if Qt is a non- 
zero constant. Obviously, the identity operator, the differentiation operator, 
the difference operator, and the backward difference, the central difference, 
Laguerre and Abel operators (cf. [168] and Section 2.1) are all delta operators. 

Note that there are following two well-known operational formulas in- 
volving (signed) Stirling numbers of the first and second kinds, respectively, 
(—1)"-™["] (or Si(n,m)) and {"} (or S2(n,m)), where |” ] is known as the 
signless Stirling number of the first kind, which counts the number of ways 
to arrange n objects into m cycles instead of subsets, and {”} counts the 
number of ways to partition a set of n objects into m non-empty subsets (cf. 
Remark 2.1.13). 


py = Sey | arr (3.2) 
anny = AL" bse, (3.3) 


These could be derived using the Newton interpolation series and Taylor series, 
respectively. (cf. [141] § 56 and § 67). 


140 Methods for the Summation of Series 


Certainly, according to (3.1), it is obvious that (3.2) and (3.3) may be 
viewed as direct consequences of the substitutions t > A and t > D into the 
following generating functions, respectively 


(oot 9" =O Tyee 
ea = ale 


Note that certain particular identities could be deduced from (3.2) and 
(3.3) with particular choices of f(t) (cf. for example, [141], loc.cit). 

The above description is an example of the following general substitution 
rule shown in Mullin and Rota [168] (cf. also in Loeb and Rota [150]). 


Theorem 3.1.1 /168] Let Q be a delta operator and let F' be the ring of 
formal power series in the variable t, over the same field, then there exists 
an isomorphism from F onto the ring \~ of shift-invariant operators, which 
carries de de 
k k 
f)= do att into £(Q) = De. 


k>0 k>0 


From Theorem 3.1.1 we have the following general substitution rule for 
the formal power series expansion of the functions regarding e* or log(1 + t). 


Substitution Rule (w. r. t. operators D and A): Given a generating 
function or a formal power series expansion F(t) = 0,9 fat”, where F(t) is 
expressed either in the form G(t,e*) or in the form G(t, log(1 + t)), a certain 
operational formula may be obtained as follows. 


(i) For the case F(t) = G(t,e’), the substitution t + D leads to the 
symbolic formula 


F(D) = G(D,1+ A) => faD*. (3.4) 
k>0 


(ii) For the case F(t) = G(t,log(1 + t)), t > A leads to the formula 


F(A) =G(A,D) = 50 frA*. (3.5) 


k>0 


Of course, (3.4) and (3.5) can be deduced from (3.1). In what follows 
we display 12 generating functions for the sequences (W;) (Bell numbers), 
(BY) and BO”) (generalized Bernoulli numbers of the orders n and —n), 
(Ex(t)) (Euler polynomials), {e, = E;,(0)), (ax(t)) (Eulerian fractions) and 
(G;,) (Genocchi numbers), (¢%(t)) (Bernoulli polynomials of the first kind), 
(¢(t)) (Bernoulli polynomials of the second kind), (b;,) (Bernoulli numbers of 
the second kind), respectively. 
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(Gi) exp(e’—1) = Vaso aW,t* (Comtet [44], p. 210), 


(G2) ( 4) = = Disco HBL t* (David-Barton [50], p. 287), 


(Gs) (S24)" =Dyso BBE (ck. [50], p. 287), 


(Ga) 2255 = Dyso be(x)t*, where $4 (0) = BL? /k!, (Jordan [141], p 
350), 


(Gs) 25 = iso Ex(a)t® (Jordan [141], p. 309), 

(Ge) “ = Piso ext®, where e, = Ey(0), (cf. [141], p. 309), 

(G7) a = edo qor(x)t* (Wang and Hsu [210], p.24), 

(Gs) 74 = Nico HGet® (Comtet [44], p. 49), 

(Go) bat = = Diese as }t* (Jordan [141], p. 279), 

(Gio) eaccny = Leaso bet*, where by = Ye (0), (cf. [141], p. 279), 

(Gir) pote = Vis FA”, where Fo = Fi = 1 and Fy, = Fy_1 + Fh—2 
for k = 2,3,..., 

(Giz) aye =~ 2uk>0 a 


In comparison of (Gg) with (Gg), we see that Genocchi numbers Gx41 
are equivalent to (k + l)lex (k = 0,1,2,...), with e, = E;,(0). It is also 
known that Gom+1 = 0 and Ga, = 2 (1 — ae) Bom, where Bom = Bo) are 
Bernoulli numbers given by generating function (G2) with n = 1. Surely, all 
the generating functions shown above could be found in comprehensive books 
on the Calculus of Finite Differences, in particular, e.g., in Jordan [141] (878, 
885, §95 and 96, §109). For (G7), see [210]. 

Clearly, the substitution rule is applicable to each of the generating func- 
tions (G1)—(Gj2) so that 12 operational formulas could be obtained. This will 
be shown in the next section (§3.1.2). 


3.1.2. Various symbolic operational formulas 


Let us apply the substitution rule to each left-hand side (LHS) of (G)—(Gi2). 
We easily find 
LHS(G)): exp(e? — 1) = erpA = DRDO qo, 


LHS(G2): (a) ==, 

LHS(Gs): (4) = #5, 

LHS(Gy): 2 = BE. 

LHS(Gs5) xerr = — = Ey EDO =i)F (4)", 
LHS(Qs): a2 = xox = Naso)" (4)", 
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LHS(G7): on = = Vio 2 E", 

LHS(Gs): Boy = Pe = DDsol-1)* (9)", 

LHS(Go) Ee =4e 

LHS(Gio) Tout TA) =5 

LHS(Gi1): T=B=a = aa = TaAr= e>0 AKER, 


LHS(Gj2): U=DyE = = —-! edo Dé». 

Thus, pairing each LHS(G;) with RHS(G;) (i = 1,2,...,12), we can 
obtain formally 12 operational formulas for f(t) € C™ evaluated at t = a or 
at t = y, namely 


(O1) ek>o At f(a) = DR>o We DE f(a), 
(02) D" F(a) =Dyso i ela 


(03) A"F(@) = Diso “4 (a), 

(O41) Df(@+y) = die site x)D* (f(y +1) — f(y], 
(Os) Duso (-4)" A*F(@) = Des Ex(w)D* (0), 
(Os) Keo (-3)"A * f(a) = Lindo ekD* f(a), 

(07) Leso flat k)a* = Devo HDS (a), 

(Os) dk>o (-4)" AF f(a )= Dao # Di ‘f(a ), 
(O9) Af(x+y) = Vyso de(a)A*Df(y), 

(O10) Af (a) = Ue>o bvA* DF (a), 

(O11) Vaso A*F(K) = Diao FeA* £0), 

(O12) Sedo D'f(a—1)= DRDO om) Dé f(a). 


We surmise that at least half of the above formulas may be new, or at least 
not easily found in the literature. 

Certainly, all the series expansions shown above involve convergence prob- 
lems for given functions, some of which will be considered in the next sub- 
section. Note that (O4) and (Og) are well known, and their equivalent forms 
with applications have been fully expounded in Jordan [141]. Identity (O7) 
appears to be an unfamiliar formula whose finite form with certain estimable 
remainders has been used as a summation formula for power series (cf. [210]). 

As may be predicted, a considerable variety of particular identities con- 
taining some famous number sequences (or polynomial sequences) could be 
obtained from the formulas (O;)—(Oj2) with special choices of the functions 
f(t) € C®. This will be partially justified with selective examples in the last 
subsection. 
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Remark 3.1.2 For other delta operators such as the backward difference, the 
central difference, Laguerre, Bernoulli, and Abel operators, we can construct 
many other symbolic sum formulas similarly, which are left for the interested 
readers. 


Remark 3.1.3 We may construct symbolic sum formulas from some identi- 


ties such as 
1 1 1 


T-a@+8) 1-¢1-e 
The series expansion of the above identity can be written formally as 
ky k xk k 
a (1+) = aaa 


Hence, using the substitution rule fort + A and noting 1+ A = E yields 
formally the following sum formula 


ak 
YL") =>) Goan tO: 
k>0 k>0 


which is the generalized Euler series transformation formula. Particularly, for 
x = —l, the above formula is reduced to the ordinary Euler series transfor- 
mation formula shown in Corollary 1.3.12. The series was developed in [99], 
and its convergence conditions were established in He, Hsu, and Shiue [102]. 


3.1.3. Some theorems on Convergence 


First, let us introduce a definition as follows: 


Definition 3.1.4 Let {f;,(t)} and {g,(t)} be two sequences of functions. The 
commutator of {f.(t)} and {gx(t)} ts defined as 


[f, 9](@,y) = [fick font] (9) = D0 [fe (w)gn(y) — fely)gn(a)]. (3.6) 


k>0 


If [f,g] = 9, i.e., two sequences of functions {f;,(t)} and {gx(t)} satisfy the 
formal equation/equality 


So fe(x)gn(y) = S5 fely) on (a), (3.7) 


k>0 k>0 


we say that {fx(t)} and {g,(t)} have a symmetrical product summation prop- 
erty, or briefly a SPS-property. 
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From the definition, we immediately have [f,g](z,y) = —[f,g9](y,x) or 
[f, g(x,y) + [f, g](y, x) = 0. Denote the Fourier transform of a function h(t) 
as h(€), if it exists. If each function in sequences {fed )} and {g;(t)} has the 
Fourier transform (e.g., fx,gx € Li, k > 0), then fal g\(é,n) = [f, 9](é,7). 
Thus, [f, 9] = 0 iff [f, 9] = 0; ie., {fe(t)} and {g,(t)} have a SPS-property iff 


{ f(€)} and {9(€)} have a SPS-property. 
Rota’s binomial-type functions (polynomials) are those characterized by 


the equation 
fule+u) = 5 (7) fee) fel) 


k>0 


which may be rewritten as 


Thus, for fixed n > 1, the pair of sequences (fx(t)/k!, fn—n(t)/(m — k)!) has 
the SPS-property. Moreover, we have the following result. 


Theorem 3.1.5 The three pairs (¢:(t), AD* f(t)), (Ex(t),D*f(t)) and 
(x(t), A* Df (t)) all have the SPS-property for f € C™. 


Proof. According to (O4), (Og), and (Os), we have, respectively 


(x+y) =~ bx(x)AD* f(y), (3.8) 
k>0 
(x+y) = >> vx(2)DA* f(y), (3.9) 
k>0 
1 k 
> oP (7 +y) =D Bele (3.10) 
k>0 k>0 


As the LHS’s remain the same when z and y are interchanged, we see that 
the theorem is true. 


In what follows we will establish convergence conditions for the series ex- 
pansions of (O4), (Os), (Os), (Os), (Oo), and (Oi). Convergence problems 
for other series expansions will be left to the interested reader for consid- 
eration (cf. Exercise 3.2). A general technique yielded from the convergence 
theorems on sum formulas (O4)—(Og¢), (Os), (O9), and (O11) will be described 
in Remark 3.1.14 at the end of the section. 


Theorem 3.1.6 For given f © C° and z,y € R, the absolute convergence of 
the series expansion (3.8) is ensured by the condition 


1/k 


lim |AD* f(y)|"" <1. (3.11) 
k- oo 
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Proof. The root test confirms that the LHS of (3.8) will be absolutely con- 
vergent provided that 


1/k 


Jim |on(x)AD* f(y)| <1. (3.12) 
00 
We shall show that 
Tim |o(a)|t/* <1. (3.13) 
— 00 


so that (3.11) plus (3.13) will imply (3.12). 
Recall that the Bernoulli polynomial may be written in the form (cf. Jordan 
[141], §78-§82) 


where a; = B;/j! = By, and B; are ordinary Bernoulli numbers. Note 
that ap = 1, ay = —1/2, Qam41 = 0 (m € N) and (cf. [141], p. 245) 


la2m| < m =0,1,2,...). 


re 
12(2n)2""-2” 


It follows that 


jal ley f__1_) [oh 
ldx(2)| SGP + 2(k—1! f y ees (k —j)! 
Sen 
= 2 a Ds r! ee 
j=0 r=0 


Consequently, we get |x (x)|'/" < eap(|a|/k) + 1 as k —- oo, and the assertion 
(3.13) is proved. 


Theorem 3.1.7 The absolute convergence of the series expansion (3.9) is 
ensured by the condition 


ee 


lim |A*Df(y)| °° <1. (3.14) 
k- oo 


Proof. Given condition (3.14). Using the root test again, we have to show that 


Jim Jbe(w)A*DF(y)|* <1. (3.15) 
00 
For this it suffices to prove that 
Tim |w(x)|1/* <1. (3.16) 
k- oo 
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Recall that there is an integral representation of w(x), namely (cf. [141], 


p. 268) 
vate) = f ("7a (3.17) 


For ¢ € [0,1] and for large k, we have the order estimation 
a+t\|  |(@t+t)el  |R-@-t-lVel f+ [ele \ (ta 
( k lc ko kl _ kl =o(k ). 


This means that there is a constant M > 0 such that 


(* . ‘) < Mellel, 
k 


max 
0<t<1 


Thus it follows that 
1/k 


a ___/ fi t —_ i/k 
Tim |x (a)|/* < Tim (/ (*; ) ee) Fagin (elle!) = 
k- 00 0 k k- 00 


This is a verification of (3.16), and Theorem 3.1.7 is proved. 


We need the following lemmas for discussing the convergence of the series 
in (3.10), (Og) and (Og). 


Lemma 3.1.8 Let f € C®. Then limp_+o0 |D® f(y) |" <a implies 


oa <e*—1. 


lim |A* f(y) 
k-00 
Proof. Assume Timnyoo |D" f(y)|'/" < a. Denote Fitnso0|D" f(y)|\/" = 6. 
Then there exists a number y such that 6 < y < a. Thus for large enough n 
we have |D" f(y)|"/" <7 or |D"f(y)| <7. 
From (3.3), noting {”} > 0 and |D” f(y)| < 7” yields 


|A*F(y)|_ = eee < Sale Peal 
aay” (eo) fe" —1)®, 


Here the rightmost equality is from Jordan [141] (cf. P. 176). This proves the 
lemma. 


Lemma 3.1.9 Let f € C™. If limp400 [DF f(y)|/" 


any fixed t we have 


<a for some y, then for 


Tim |D* f(t)|/" 


k-0o 


<a. 
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Proof. Denote limp-5o6 [DE F(y)|/" = 6. Then there exists a number y such 
that 6 < y < a. Thus, for large enough k |D* f(y)| < y*. Denote x = t — y. 


Hence, for large k 


|D* f()| = |D* Fy + 2)| = |D*E* f(y)| = |D*e"? F(y)| 


Pps SS [a 
= |S =D f(y) < >> = |D* Fy)| 
j=0 J j=0 7 
— (al? 
Slee a tn 
j=0 7" 


which implies 


[DE F(a)! < yel2h/* (@ = ty). 
For given t we choose large k such that 
p> —el it ly 
loga—logy loga—logy 
Thus, 
Dee < yet cabana 
Y 


This completes the proof of the lemma. 


Theorem 3.1.10 The absolute convergence of the series expansions involved 
in (8.10) is ensured by the condition 


“ee (3.18) 


Tim |D* f(y) 


k—- oo 


Proof. From condition (3.18), by using Lemmas 3.1.9 and 3.1.8, we have 
Timp soo |D¥ f(a +y)|/* <1 and 


|A* f(y + 2) | <e-1<2, 


respectively. Then, the above inequality implies the absolute convergence of 
the series on the LHS of (3.10) is obvious in view of the root test for conver- 
gence. 
Given (3.18), the absolute convergence of the series on the RH'S of (3.10) 
is implied by 
Tim |Ex(x)|!/" <1. (3.19) 
k-00 


To prove (3.19), we note that Euler polynomial E(x) can be written in the 
form 


k 
Ex(a) = RT (e9 = 1), (3.20) 
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where e; = E;(0), €2m = 0 (m =1,2,...), and €2m _1 satisfies the inequality 
(cf. [141], p. 302) 


leom—i| < <1(m=1,2,...). (3.21) 


37 2m-2 


Thus we have the estimation 


k 
ee [ee lel |x|* 
|Ex (x r+ Dk eal TR <p et 


)! 
=) rat. 


Consequently, we get 
lim |Ex(x)|/* < lim (el!) =1 
k-0o k> 

Hence (3.19) is verified. 


Remark 3.1.11 From the LHS of (3.10), we recognize the condition 


MB 29 (3.22) 


Tim |A* f(x +y)| 
k- oo 
implies the absolute convergence of the series. In the proof of Theorem 3.1.10, 
this condition is derived from condition (8.18). Hence, the reader may pro- 
pose the question: Are conditions (8.18) and (3.22) equivalently? Namely, does 
(3.22) also imply (3.18)? The following example shows that the answer is neg- 
ative. 


Consider f(t) = 2.8. Let both x and y to be zero. Then, 
= [(2.8 -1)*]/* 


<2; 


Ara +y|'" = 


However, 


1/k 
y)| 


|D¥ f(y) 0)//* = 


[(log(2.8))*]/" > 1. 


Similar to Theorem 3.1.10, we obtain the following convergence results for 
(Og) and (Og). 


= |D*f(0) 


Theorem 3.1.12 The absolute convergence of the series expansions involved 
in (Og) and (Og) is ensured by the condition 
jie 


lim |D* f(a)|"" <1. 
k- 00 


Proof. From the given condition, by using Lemma 3.1.8, we have 


Tim |A¥ f(a)|/" <e-1<2. 

k-00 

Hence, the series on the LHS of (Og) and (Og) are absolutely convergent. 
Note that e, = E,(0) satisfies |e,| < e® = 1 and Gyii/(k +1)! = ex, we 

immediately obtain the convergence of the series on the RHS of (Og) and 

(Og) from the given condition. 
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Let us consider the operational formula (O,,): 


> FA’ f(0) = > AF F( (3.23) 


k>0 k>0 


where F, has Binet expression F, = (a*+! — B*+1)/\/5 with a = (1+ V5)/2 
and 8 = (1— V5)/2 so that a+ 8 = 1 and a|f| = 1. 


Theorem 3.1.13 The following condition 


ial v5= i 


Tim |A*f(0)|'/" < |g| = — (3.24) 


ensures the absolute convergence of the series on both sides of (3.23). 


Proof. Clearly, we have (see Wilf [216] Eq. (1.3.4)) 


=. 1 
lim (F,)/*¥ =a = Na : 
k-00 2 
Thus condition (3.24) implies that 
Tm |FrA* £(0)|'/* < a8] =1. 
k—00 


so that the series on the LHS of (3.23) is absolutely convergent. 
Rewrite (3.24) in the form 

Tim |A* (0 (0)|”" 

k—- oo 


=6< |B. 


Choose a number ¥ such that 0 < y < |6|. Then for large enough k we have 


A* f (0) eg 7, ie., |A*f(0)| < y*. Consequently, 
| 
JA* f(A)" = [At BF FQ)" = [AR + A) FO] 
; 1/k ; 1/k 
k 
= aa) Z  (F) ats 0)| 
7=0 J j=0 
A 1/k 
k ; . 
< (SGht)  =Gta+nh"*=70+2) < le =1 
j=0 
It follows that 
— 1/k 
dim |A* f(k)| "Sy +7) <1. 


This shows that the series on the RH'S of (3.23) is also absolutely convergent. 
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Remark 3.1.14 We may sort sum formulas (O1)-(Oi2) into two classes. 
The first class includes only either the sum S\y,D* f or the sum S\n,pE* f in 
the formulas such as (O2)(O14), (O9), and (O19). The second class includes 
the sums )\,D* f and/or > m,E* f on both sides, such as (O1), (Os)-(Os), 
(O11), and (Oj2). Similar to Theorems 3.1.6, 3.1.7 and 3.1.18, we may estab- 
lish the convergence condition, Timps0 |D* |?" <1 (or Timp+0 |B |" < 
1), for the first-class series expansions if we can determine |yx| <1 (or |nx| < 
1). We may also establish the convergence condition, limp+oo |pe sp" < ly 
for the second class series expansions, which is similar to Theorems 8.1.10 
and 3.1.12. More precisely, if there exist |\yx| <1 and |nx| < (1/2)*, by using 
Lemmas 8.1.8 and 8.1.9, we get the convergence of the series expansions. 


3.1.4. Examples 


Surely, the list of operational formulas (O1)—(O11) may provide a fruitful 
source of particular identities relating to some famous number sequences and 
polynomials involved in those formulas. In this subsection, we will present a 
number of particular identities or formulas as examples, in which f(a)’s are 
taken to be simple elementary functions. 

First, let us mention several elementary functions with simpler differences 
and derivatives. 

(i) For f(x) = 2™ (m > 1) we have (with k < m) 


A®f(0) = [A*e™] 9 = a 


[DF a] <0 = [(m)ex™—*] o= dm,km!, 


+= 


where {"'} is the Stirling number of the second kind (cf. [141], P. 168), and 
dm,k 18 the Kronecker symbol with 6m, = 1 form =k and zero form ¢ k. 
(ii) For f(x) = (7) and m > k > 0 we have 


m 


21424) = (a2) “hs 


(iii) For f(a) = a” (a > 1), we have 
A®a® = (a—1)*a?, D*a®™ = (loga)*a®, 
[A*a"] e-0 = (@- 1)", [D*a*| eo = (log a 
(iv) For f(x) = ct we have 
(—1)*k! (—1)*k! 


cs eae os I@)= ape 
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k 
ats) =, Dty(o) = (-1)*#. 
(v) For f(a) = e’*” and g(a 


1? 

) =e" (i? = —1), we have 
| ®@(e _ i)", D*e#* = (+i)*et* 
[Are = (e"* —1)*, [ker], cg = (aa) 


(vi) For f(x) = cosa = $ (e** +e7™”) we have 


[Aenea], == 9 (ev roe ee 


“ke \ ke k 
k ey” _ ag fie) 
[D cosa] = pa = 71" dx, 


where 0, is the parity function, viz., 6, = 0 if k is an odd integer, and 6, = 1 
if & is an even integer. 
As an immediate generalization of (O,), there exists 


(O1)* eeso tr AF f(a) = Keo Te(2)D* f(a), 


where 7%(x) are known as Touchard polynomials generated by the expansion 
(cf. Hsu and Shiue [134], p. 186) 


co 


er(e-1) — S- Th(x)t*. 


k=0 
Clearly, (O1)* is obtained via the substitution t + D, namely 


ak AR 
e*f(a)=>— zt (4) = S- te (a)D* f(a). 
k>0 0 k>0 


Example 3.1.15 Taking f(t) =t™ (m> 1), we see that the LHS of (O,)* 
with a = 0 yields 


The RHS' of (O1)* gives 
Ss Th (x) | Dee | io = Tm (Zz). 
k>0 


Hence we get an identity of the form 


3 he = mltm (2). (3.25) 


k=0 


Usually the LHS of (8.25) is called “exponential polynomial” for Stirling num- 
bers. Thus (3.25) shows that the exponential polynomial is precisely given by 
Touchard polynomial. It can be checked that the Touchard polynomial sequence 
is a binomial type polynomial sequence and has the SPS-property. 
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Example 3.1.16 In view of the generating function of {Tk(x)} we see that 
Bell numbers W;, are given by W;, = k!7,(1). Thus (3.25) with implies the 


well-known relation Pa 
3 {rt = Wr. (3.26) 


where (—1)"~*[""] is the Stirling number of the first kind. Using (O)* 
with « = 1 anda = 0 we see that its LHS and RHS are respectively 
es aM dmb = 1 and edo Me k\(—1)r—*[™) . Thus we obtain an elegant 


identity of the form 
- : m 
S cae, | oie 


Substituting (3.25) with « = 1 into the above identity yields identity (cf. [141], 


P. 183) _ 
Sham ble) 


k=0 j=0 J 


Example 3.1.18 Taking f(t) = %m(t), the mth degree Bernoulli polynomial 
of the 2nd kind, and recalling that (cf. [141], §89-897) 


mio f (2) E4(0!} 


where b; = 2;(0) = ie (G)ds, we have 


M pal) = Im—k(t), (0 < k < m), 
A¥ am(0) = &m—4(0) = bm—z, bo = 


Thus using (O1) we get a relation involving three kinds of special numbers as 
follows 
“1 m1 “Al 
—Wi=—1)" =(m—1)!S —dm_x, A27 
SMa] = om bm 27) 


where b; are known as Bernoulli numbers of the 2nd kind, defined by (Gio). 
Note that there is a known formula for namely (cf. [141]) 


co 


nt+k 
n—Jrgdr tel oe 
i sont esa 


k=0 
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Comparing this equation with (O3), we get the well-known relation between 
Bernoulli numbers and Stirling numbers, viz. 


BO” = nt+k = nt+k 
k k n f° 


This implies that (O3) is another form for the expression of A". Formula (O2) 
appears to be not so familiar. However, the case n = 1 is well-known, and it 
leads to the classical Euler-Maclaurin summation formula. 


Remark 3.1.19 a(t) can be written as %m(t) = J(2) symbolically, where 
J is the Bernoulli operator: J : p(t) 4  p(a)da. 


Example 3.1.20 Let f(t) =t” (m>n2>1) anda=0. Then 


n 


A" D¥ f(0) = Cy) rs iad (ae = (m)unt{™ 7 3 


We find the RHS of (O2) is p79" (7) BO ni{mr— FY, That is 


m—-n 5 _ k 
ye (‘") Bi tf \ = D"t™|,_. =0. (3.28) 


k=0 


In particular, the case n = 1 gives the well-known recurrence relations for 
Bernoulli numbers, viz. 


m—1 

x (‘") By = (1+ BY” - Bm = 0, (3.29) 
k=0 

where (1+ B)™ is written in the sense of umbrel calculus, in which B* must 
be substituted for B;. 


Example 3.1.21 Take f(t) = 2', we find D* f(t) = 2'(log2)*, A* f(t) = 2°. 
Thus, formula (O2) gives 


Ds) = 2" (log 2)’ = 2" (log 2)* 
k=0 
That is 
— (log 2)* 
(eer = (log 2)”. (3.30) 
k=0 


The reader may find various examples in Jordan [141] for the equivalent 
of (O4) and (Og). Here we supplement some other examples. 


154 Methods for the Summation of Series 


Example 3.1.22 A case of (O4) is the following expression: 


do b«(2)D*[F (1) — f(0)] = Df (a). 


k>0 
Taking f(t) =t™ (m> 1) we get 
m-1 
(m)nox(x) = ma", (3.31) 
k=0 


Example 3.1.23 For f(t) =t™ (m>1) formula (O9) with y = 0 yields 


m—-1 


Svea) [Oty] g = So eaten at ™ = ebay 2" 


k>0 k=0 


This leads to the formula 
 wncerf™ ~ ‘| a. (3.32) 
Example 3.1.24 Let f(t) = (,,) (m> 1). Then (cf. [141], P.64) 

parry) =D,(_. ,). afte+n=(7"%). 
Thus it follows from (Og) the closed formula 


Dnea(,! ‘) = Ge (3.33) 


Example 3.1.25 Replacing f(x) by f(a +y) in (Os), we have 


k 
("Fw = (-F) AMC@+ 0). 


k>0 k>0 


Taking f(y) = (2) (m > 1), we find DPFY)|, 5 = (-1yr FS [7] and 


Sn )™—k Ey (a a 4 -> eS oe (3.34) 


Putting x =m and « =0 in (3.84), respectively, we easily obtain 


Sey Sgt "| = (5) . (3.35) 


k=0 
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and 
= .[m m! 
S klex(-1)* i = om? (3.36) 
k=0 


where ex = Ex(0), defined by (Ge), (3.36) may also be derived from (Og) by 
setting a = 0. Most likely, identities (3.82)-(3.36) may be new or not easily 
found in classical literature. 


Example 3.1.26 As mentioned before (cf. the last part of Subsection 8.1.2), 
a comparison of (Gg) with (Ge) leads to the relation Gry1 = (k+1)!ex. Thus 
the equality (3.36) may also be written in terms of Genocchi numbers, viz. 


m+1 


S- j= a A = (3.37) 


k=1 
Example 3.1.27 In (O7) taking f(t) =t™ (m> 1) anda=0, we get 
m an (x) 
S- kak = »y, Omi = Ap, (2). (3.38) 
k>0 k>0 


This is the classical formula of Euler for the arithmetic-geometric series (cf. 
Lemma 2.1.7 and Example 2.2.7). 


Example 3.1.28 Obviously (O7) can be written in the form 


Yo (bak = So SHE oe F0(Q), 


k=a k=0 


So F(R = SSH foe (a) — ah fH]. (889) 


The partial sum of the RHS' of (3.89) with a remainder can be used as a 
summation formula for the LHS. This problem has been treated much in detail 
by Wang and Hsu [210]. 


Example 3.1.29 Recall that (3.38) may be rewritten in the form (cf. Comtet 
[44], p. 243-5) 


Am(Z) 


Sr aM! = am (2) = aaa (el< 1), (3.40) 
k=0 


where Ay,(x) is the mth degree Eulerian polynomial given by the expression 
Ao(x) = 1 and 
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with A(m,0) = 0 and 
k 
Atm.) = ay") — 7", 0 sk sm), 


A(m,k) being known as Eulerian numbers (cf. Subsection 2.1.1). 

Now, (8.40) can be symbolized in this way: Letting x be substituted by 
E=1+A, we have (x—1)™*! + A™*!. Thus (3.40) leads to the symbolic 
formula 


(Ors): SORA" f(K) = (1) An (E) f(0). 


k=0 


This summation formula can be used to compute the series of the form as 
shown on the LHS of (O13). For instance, taking f(t) =1/(1+t), we find 


A™*1 #(k) =— Sea (m + 1)! = (-1)™*1 e k+ y 
(m+k+2)m+2 m+ 2 m+2 


Consequently, using formula (O13) we obtain 
m 


Lam) (Mtk+2\ _ 
m+22u" i( ae: ) = Laem ty, (3.41) 


This appears to be a novel identity. 


3.2. Ona Pair of Operator Series Expansions Implying a 
Variety of Summation Formulas 


In this section, we shall construct a pair of expansion formulas by using Mullin- 
Rota’s substitution rule. A convergence theorem is established for a fruitful 
source formula 

Generally, an operator T is called a shift-invariant operator (cf. [107]) if 
TE° = E°T for every a € R. Recall that if in addition, Tt 4 0 (a non-zero 
constant), then T is called a delta operator as we defined before. Obviously, 
both A and D are delta operators. 

We shall frequently utilize a general proposition due to Mullin and Rota 
as stated in Theorem 3.1.1 and Mullin-Rota’s substitution rule. 

For the fps f(t), note that D* f(t) = f(t) means a kth order formal 
derivative of f(t) so that D* f(0) = f™(0), and that f(t) can also be written 
as a formal Taylor series. 

Also, we shall need three basic concepts as given by the following defini- 
tions. 


Source Formulas for Symbolic Methods 157 


Definition 3.2.1 For any given fps A(t) and g(t) such that A(O) = 1,g9(0) = 
0 and g'(0) = Dg(0) F 0, the polynomials p,(z)(k € N), defined by the 
generating function (GF) 


A(t)e*# = S~ pp(z)t* (3.42) 


k>0 


are called the Sheffer-type polynomials, where po(z) = 1. More explicitly, we 
may denote 


pi(z) = pe(z, A(t), 9(t)) = []A(e™, (3.43) 


where [t*] is the so-called extracting coefficient operator. 


Accordingly, py(D) with D = d/dt is called the Sheffer-type differential 
operator of degree k. In particular, po(D) = 1 is the identity operator. 


Definition 3.2.2 Any expansion formula or a summation formula in the the- 
ory of formal power series as well as in the computational analysis is called 
an (oo) degree formula, if it consists of m arbitrary functions that could be 
chosen in infinitely many ways, where m is called the freedom degree of the 
formula. For example, the expansion (3.42) is an (co?) degree formula. 


Definition 3.2.3 For A(t) and g(t) as given in Definition 1.1, the numbers 
dy; defined by (cf. [103, 97],[196] etc) 


dij = [tA g(t)’, O< F< KENo (3.44) 
are said to form a Riordan array (dxj) which is denoted by (A(t),g(t)). 


In substance, this section consists of two main parts plus a few remarks. 
The first part is concerned with a pair of (004) degree expansion formulas 
that could lead to various specializations and examples. The object of the 
second part is to investigate a source formula in some detail. It will be shown 
that the source formula is really a particular consequence of an (oo*) degree 
formula, and it becomes an exact formula under certain general convergence 
conditions. Finally, as one of the concluding remarks, we will explain why 
there could exist infinitely many (co™) formulas via a kind of lifting process. 


3.2.1 A pair of (co*) degree formulas 


The main result to be represented in this subsection is a basic theorem that 
involves a pair of (00+) degree expansion formulas. 


Theorem 3.2.4 Let A(t), g(t), and f(t) be an fps such that A(O) = 1, 9(0) = 
0 and g'(0) = Dg(0) 4 0. Suppose that p,(D)(k € N) are the Sheffer-type 
differential operators associated with A(t) and g(t). Then for any given $(t) € 
C@ there hold formally a pair of (00o*) degree expansion formulas as follows: 


A(D)f(9(D))$(t) = DJ (pe(D) F(0))D* 9), (3.45) 


k>0 
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A(A)f(9(A))O(t) = D7 Pe(A) S(O) A*6(0), (3.46) 


k>0 


where px(D) has the explicit expression 


% 
pe(D) = 5° (52s) De, (3.47) 


j=0 


with (dx;) = (A(t), g(t)) being the Riordan array. Moreover, if it is assumed 
that 
6 = “Tim |px(D) Foire” sa, (3.48) 
k—.00 


then the expansions (3.45) and (3.46) are absolutely convergent at t = 0, un- 
der the following conditions, respectively 


lim |D*¢(0) |*/*¥< 1/0. (3.49) 
k- oo 
lim |A*¢(0) |1/*¥< 1/0. (3.50) 
k-oo 


Proof. First, notice that the generating function for the Sheffer-type polyno- 
mial sequence {px,(z)} given by (3.42) with replacement t +> x is an fps in 


as well as in z: ( a 
A(x) ~ (go) =~ pr(z)e*. (3.51) 
k>0 : k>0 


Actually, this is a formal identity involving arguments z and x. Thus one 
may apply Mullin-Rota’s substitution rule to the formal series (3.51) with 
replacement z > D. Accordingly, by letting the resultant operator series act 
on the f(t) at t = 0, it gives formally 


(g(x))* k = k 
A(x) x a (D* f(t))t=0 = y x” (pe(D)f (t))e=0- (3.52) 


k>0 : k>0 


Observe that the left-hand side (LHS) of (3.52) apart from A(a) is just a 
formal Taylor series expansion of f(g(x)) in powers of g(x). Consequently, 
(3.52) can be rewritten in the form 


A(x) f(g(2)) = $7 (px(D)F(0))a*. (3.53) 


k>0 


This is actually a known formula (cf. e.g., Theorems 2.3.2-2.3.3 of Roman’s 
[186] and He, Hsu, and Shiue’s Expression (3.48) of [103]. Using the con- 
ditions for A(t), g(t), and f(t) as stated in the theorem, one may see that 
Mullin-Rota’s substitution rule can also be applied to the formal identity 
(3.53). Thus the expansion formulas (3.45) and (3.46) can be obtained with 
the substitutions 2 + D and «+> A, respectively. 
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Moreover, it is clear that the condition 0|2| < 1 for the absolute conver- 
gence of the expansion (3.53) just follows from Cauchy’s root-test. Certainly, 
the similar argument also applies to the conditions (3.49) and (3.50). 

It remains to verify the equality (3.47). Clearly, the condition Dg(0) = 
g'(0) £0 implies that the formal power series expansion in t of the following 


formal series 
ACOH 
j>k 


involves powers of t greater than k. Thus one may deduce from (3.42) that 


k k k 
pe(z) = [A) >) 2 (9)? /3! = EN AOGO = So (das/iz 
j=0 j=0 j=0 
where d;,; = [t*]A(t)(g(t))? with 0 < j < k € N just form the Riordan array 


(dxj) = (A(t), g(t)). This completes the proof of the theorem. 


It may be worth noticing that the formula (3.53) involved in the proof is 
deducible from either of (3.45) and (3.46) as a particular consequence. More 
precisely we have the following: 


Corollary 3.2.5 Hither of the choices $(t) = e™ in (3.45) and d(t) = (1+2)' 
in (3.46) yields the (co?) degree formula (3.53) that is convergent absolutely 
under the condition |x| < 1/0 with 0 being defined by (3.48). 


Obviously, one may find by easy computations 


[D¥e™},-. =a", [A*(1+a2)}io =a", 2ER, KEN. 


Note that A(d)f(g(D)) and A(A) f(g(A)) have formal power series expansions 
in D and A, respectively. Thus, it follows that 


[A(D) f(g(D))e™]1=0 = A(x) f (9(2)), 
[A(A) f(g(A)) A. + 2)"]i=0 = A(x) f(g(2)). 


Hence (3.53) is implied by either of (3.45) and (3.46), with Cauchy-type con- 
vergence condition 0|a| < 1. 

As suggested by two basic theorems of He, Hsu, and Yin’s paper [107], we 
could give another corollary of Theorem 2.1. Let 


G(z,y, z) = F(a; Y, z)/Fo(a, Y, z) 


denote a rational function, namely, both F, and F2 are polynomials involving 
the variables x,y and z. Then, as a consequence of Theorem 3.2.4, we have 
the following corollary. 
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Corollary 3.2.6 Let A(t), g(t), and f(t) be given as in Theorem 2.1. Then 
we have two statements. 


(i) Suppose that A(t)f(g(t)) is expressible as a rational function in t,e' 
and e** of the form 


A(t) f(g(t)) = Gt, e",e"), a € R or C. 


Then there holds a formal expansion formula for any ¢(t) E C™ : 


G(D, E, E*)$(t) = S70 (pe(D)f(0))D* o(t). (3.54) 


k>0 


(ii) For the case A(t) f(g(t)) = G(t,log(1 + at), (1+ at)®) with a 40 and 
BER, there holds a formal expansion for any o(t) E C™ : 


G (42,0, 8°) 6) = DolDysoyatow/a®. (855) 


k>0 


Note that (3.54)—(3.55) are parallel to the related formulas obtained in 
[107], but entirely different in formula structures. Certainly, A(t), g(t), and 
f(t) mentioned in the statements of the Corollary are not really arbitrary, as 
they have to satisfy the conditions imposed by (i) or (ii). 

In the follow-up subsections, the reader will see that a great variety of 
particular consequences (involving new and old formulas) could be deduced 
from the expansion formulas displayed in this subsection. 


3.2.2 Specializations and examples 


Several specializations of (3.45)—-(3.46) may be displayed in what follows. 
There are three pairs of (003) degree formulas of the following forms (ap- 
plicable to ¢(t) € C™): 


f(g(D)) OC) = Neo (Pe (D)F(0))D* od), aes 
3.56 
F(9(A)) 64) = Ly>0(Pe(D)F(0))A*9(C). 
| A(D) f(D) 9(t) = X2j>0(Pe(P)f(0))D*6(t), es 
3.57 
A(A) f(A) O(t) = Vso (pe(D)F(O))A*G(). 
and 
| A(D)exp(zg(D))$(t) = Vgso pe(z)D* Olt), 
(3.58) 
A(A)exp(z9(A)) 0(t) = eso (pe(z)A* ot). 
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where p;,(D) contained in (3.56) has the expression 


k 


pr(D) = px(D, 1, 9(t)) = > (<x) Di, KEN, (3.59) 
j=o \* 


with dy; = [t*](g(t))?; the operator p,(D) in (3.57) takes the form 
ky . 
p(D) = pe(D, A(t), t) = x (52s) D!, ke N, (3.60) 


with d,; = [t*](A(d), #7) = [t” “]A(£), (0 < 7 < k); and p,(z) involved in (3.58) 
is a Sheffer-type polynomial, viz 


; 
ple) = pel, A, 9(0) = Do (Faas) 2 KEN, 861 


with d;,; being given by the Riordan array (dx) = ([t*]A(t) (g(t)? o<j<k. 
Certainly one may get further specializations from the above expansions. 
For instance, as special cases of (3.58) with g(t) = t, there are two (co?) 
degree formulas of the forms 


A(D)exp(2D)$() = Diso Pe(2)D*9(t), es 
A(A)exp(zA)6(t) = Uso (pe(z)A*o(t). 
where 
pe(z) = pe (2, A(t), t) = [e*] (Ae) 
may be written as 
k 
1 
pr(z) = yy (<u) zi, keEN, (3.63) 


where the numbers d;; being given by dij; = [t* J]A(t) (0 < j < k). 

By means of practice, one may find that various special formulas and 
identities could be deduced as consequences from (3.45)—(3.46) and some of the 
specializations mentioned above. In what follows we will give several selected 
examples. 

The first three examples are related to the Touchard polynomials 7;(z), 
the Toscano polynomials (T os) (z) with A ¥ 0, and the generalized Laguerre 
polynomials LP “D(z) with p > 0(k € N.) These polynomials are known as 
special Sheffer-type polynomials (cf. Boas and Buck [21]). In accordance with 


the denotion (3.43), we may denote them as follows: 


Th (Z) = Tk(Z, 1,e _ 1), 
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(Tos) (z) = (Tos)x” (z,e",1- e*), 
LP) (2) = LE, (1-8)? t/(t - 1). 


Accordingly, we could get 3 expansion formulas involving special Sheffer-type 
operators 7%(D), (Tos)\”)(D), and L\~ (D), respectively. 


Example 3.2.7 For the case A(t) = 1 and g(t) = e' —1 we have A(D) =1 
(identity operator) and g(D) = e? -1 = E-1=A so that in accordance with 
(3.45) or the first equation of (3.56), we may get an (co”) degree formula of 
the form (for o(t) € C%) : 


f(A)b(t) = S23 (te (D) F(0)) 6 (3.64) 


k>0 
Herein the Touchard operator T,(D) is given by To(D) = 1 and 
n(D) = So (Fete! )') bs “hy! \ by, (e>1), (3.65) 
ii 2 1), 


jo I fl 


with {i} denoting the Stirling numbers of the second kind in Knuth’s nota- 


tion, viz. 
k 1 
ie = GAM eno 


Example 3.2.8 For the case A(t) = e* and g(t) =1—e! we have 
A(D) =? = EB, g(D)=1-e? =1-E=-A, 
and 


A(D) f(g(D))9(t) = E* f(-A)o(t) = f(-A)6Q + #). 


Accordingly, as a consequence of (3.45), we obtain an (co) degree formula 


for o(t) EC™: 


f(-A)o(A + t) = S>((Tos)\” (D) f(0)) o (8), (3.66) 


k>0 


with the Toscano operator being given by the expression 


: j 
(Tos) (D) = S~ = SO (k, j)D!. (3.67) 
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Herein 8 (k, 7) are known as the second kind of weighted Stirling numbers 
due to Carlitz [32], which are defined by 


1 . “tm N : 
aenee' -1y=° — 5) )(m, j) (3.68) 


m=j 


so that (3.67) follows from (3.47) and (3.68), namely 


k 
(Tos) (D) = > (Sitiera i ey) D) = RHS of (3.67). (3.69) 


j=0 


Note that the simplest case of (3.66) with f(t) = 1 just gives the Taylor ex- 
pansion of d(A +t) in powers of X, since S (m,0) = A™. 


Example 3.2.9 Given A(t) = (1 — t)~?,(p > 0) and g(t) = t/(t— 1). We 
have A(—A) = (14+ A)-? = E-?,g(—A) = (—A)/(-A — 1) = A/E and 
A(—A)f(g(—A)) = E-? f(A/E). Consequently, an application of (3.46) gives 
an (oo?) degree formula of the form 


i (5) o(t—p) = VLE (D)F(0))(-)FA*O@®, (8.70) 


k>0 


where the Laguerre operator has the expression 


k * 
(p—1) (-1) (k+p-1 
LE (D)=>- Fi pes D), (3.71) 
j=0 
Actually the numbers (—1)9 ore = dy; involved in (3.71) from the special 


Riordan array (dx;) = ((1 — t)?, t/(t — 1)). 


As is easily seen, the simplest case of (3.70) with f(t) = 1 and t = 0 gives 
the Newton interpolation series for ¢(—p). 

Surely it is possible to get some special formulas or identities from (3.64), 
(3.66), and (3.70) via suitable choices of f(t) and ¢(t). Here we shall mention 
an application of (3.64) to the derivation of some formulas in Enumerative 
Combinatorics. 

Note that (3.65) leads us to consider the Bell number w(k) as defined by 


k 
w(0)=1, w(k)= sy ea, (k > 1), (3.72) 
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where w(k) is known as the number of ways to partition a set of k things 
into nonempty subsets. Naturally, we have to take f(t) = e* in order to make 
(3.64) to yield a useful formula of the form 


AF d(t w(k) hb (t 
S a )_ ys ( ie ( ) (3.73) 
k>0 k>0 


This formula has some interesting special consequences. 

(1) Choosing ¢(t) = e* with x being a parameter, we have A*¢(0) = 
(A¥®e**),-9 = (e” — 1)* and D*4(0) = (D*e**),-9 = x*. Thus we see that 
(3.73) yields the following equality at t = 0: 

k 


fP-D => w(k) (3.74) 


k>0 


This gives the well-known exponential generating function for the sequence of 
Bell numbers. 
(2) Taking ¢(t) =m! (,,) = (t)m with (t)o = 1, we have 


A* (0) = m! (nn) =m! ba = mMlomk; 
t=0 


and 


é6(0) = | DES (—1™-4 | "| 48 ee ce hal 
D*9(0) = | DES (-1) BE (1) iA kl. 
t=0 

Consequently, (3.73) with t = 0 yields the following well-known identity 


m 


eye [P| oe) =1. (3.75) 


k=0 


The interested readers may give a combinatorial interpretation for (3.75) (Ex- 
ercise 3.10). 

(3) Letting ¢(t) 
and denoting B,, = 
[157]) 


= B,(t) (Bernoulli polynomial of degree n) with Bo(t) = 1 
B,(0) (n-th Bernoulli number) with Bo = 1, we have (cf. 


D*B,,(t) = (n)kBn—z(t), D*®B,(0) =k! () — 
A¥B,,(0) = (A®Bn(t))1-0 = A*-}(nt"-1) 1-0 = (k — Dn { ae \ , (k>D). 


Consequently, by using (3.73) we obtain 


Etta ad (1) me (670 
k=1 


k=1 


Source Formulas for Symbolic Methods 165 


This is a strange identity showing that a combinatorial convolution of Bell 
numbers and Bernoulli numbers can be expressed in terms of the Stirling 
numbers of the second kind. 

(4) As may be observed, by taking f(t) = e~* one may find that (3.66) 
and (3.67) lead to an extension of (3.73), viz. 


57 SAAN) _ 5 walk) DEL 


k! k! , 
k>0 k>0 


(3.77) 
where w)(k)(A € R,k € N) denotes a kind of generalized Bell number, viz. 


k 
wy(k) = D782” (k, J). (3.78) 


j=0 
Also, it may be found that (3.77) yields an extension of (3.74) with o(t) = e** : 
ale 
exp(e” + Ar —1)= 5 wr(k) = (3.79) 
k>0 


This gives a generating function for the generalized Bell numbers. 
Finding further examples of (3.66) and (3.67) and possible applications of 
(3.70) and (3.71) may be left to the interested reader. 


Example 3.2.10 Let w(t) be a polynomial of degree r, and let o(t) € C™. 
Then the following summations formula (cf. [107]) 


= (kK) (0) _ ya APY (0) (1) 
Lo ge a (3.80) 
k=0 k=0 
is a particular consequence of (3.45) with A(t) =e', g(t) =t and 
t) = S_ thA*Y(0)/kI. (3.81) 


k=0 


For proof, it suffices to show that the RHS of (3.80) and the LHS of 
(3.80) are given respectively by the LHS and the RHS of (3.45) for the given 
A(t), g(t), and f(t). Indeed, we have 


ADVFAD)ehao = (eP Y2 Dkk o/s) a 


Moreover, the RHS of (3.45) gives 


So (pe (D, €*, t) F(0)) 6 (0). 


k>0 
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Notice that 
p(z) = pp(z,e,t) = [t* Je! = (14+ z)* /k! 
and that (3.81) may be rewritten as 
=> t* Ak b(0)/k! 


because A*7)(0) = 0 for all k > r so that A*7(0) has meaning for all k > 0. 
Consequently, we see that the RHS of (3.45) can be evaluated as follows 


> (px(D) F(0))6 (0) 
k>0 
k 
= — k (kK) (Q) — a k\ A; es 
> (germ) 0) 8 (0) e Bd (;) P70 o(*) (0) 
= 1s (*) as Ww) =n LE )- 90) 
7 x gd (5) 40 ° ea ae 


Note that (3.80) has a different proof that appeared in [107], and that its 
particular case with w(t) = t” implies several interesting special identities. 
For instance, by means of the following special choices (1) ¢(t) = e', (2) 
o(t) =1+t+---+t"(m > 1) and (3) g(t) = (1 — ta)! with |ta| < 1, 
one may get, respectively, (1) the well-known formula of Dobinski for the Bell 
number w(r), (2) the useful formula of Stirling for the arithmetic progression 
of higher order, and (3) the formula of Euler for the arithmetic-geometric 
series (cf. Lemma 2.1.7 and Example 2.2.7). 


- kok. 


k 
Example 3.2.11 Taking w(t) = ( on ) , it follows from (3.80) that 


(Mr) SO (AO oan 
k=0 k=0 


oO 


Recall that 


k k 
D* cos t = cos (: + =) and D sin t = sin (: + =) ; 


so that the special choices $(t) = cost and ¢(t) = sint in (3.82) lead to a pair 
of combinatorial series sums: 


FU (HI ASE (ew(te tte). cas 


0 
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2 xk ; ; 
oem, Da) (O+3) (3.84) 


Example 3.2.12 Recall that the generalized m-th order Bernoulli polynomi- 
als and Euler polynomials are defined by (cf. [157]) 


m i) k 
et ( : ) =o BM OE (|t| < 2m), (3.85) 


m oo k 
al = ) = HM aT (<a: (3.86) 


where z € Cjm € N,m > 1. Evidently both Bw") (z)/k! and EW”) (z)/k! 
are Sheffer-type polynomials associated with the (GF) pairs { A(t) = (t/(et — 
1))™, g(t) = t} and {A(t) = (2/(e' + 1))™, g(t) = t}, respectively (cf. [59, 
157]). Also, both the LHS of (3.85) and (3.86) may be written as 


A(t) f(g(t)) = A) S(t) = A(t) eap(zt), 
where f(t) = e**, which are rational functions in t,e’ and e**. Thus using the 
first equation of (3.58) and referring to Corollary 2.2, we find that (3.85) and 
(3.86) with t-—> D lead to the following expansions (for given o(t) € C®) 


(D/(E — 1))"B74(t) = A“™9™ (z + t) 


7 S- HBL” (20), (3.87) 
k=0 ~ 
(2/(E + 1))™E*9(t) = Vp (z + 2) 

= SEM wome, (3.88) 
k=0 


where V is the mean-value operator (in Noérlund's notation) defined by 


1 1 
V ut + E) +5 


Now, letting the operators A™ and V™ be applied to both sides of (3.87) 
and (3.88) (with evaluation at t = 0), respectively, we obtain 


re m A(k) 

(ay = EO BG), (3.89) 
k=0 : 
of m A(k) 

go) (2) yo EO) oe (2) (3.90) 
k=0 


These two expansions are absolutely convergent under the following conditions, 
respectively 


sup | A™¢“*) (0)|1/* < 22, sup|V™d(k)(0)|1/* < x. (3.91) 
k k 
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Obviously (3.91) follows from Cauchy’s root-test and the conditions contained 
n (3.85) and (3.86), respectively. 

Note that both (3.85) and (3.86) reduce to the Taylor expansion for m = 0. 
In the case for m = 1, they provide the classical expansions of an analytic 
function ¢'(z) in terms of the ordinary Bernoulli and Euler polynomials, re- 
spectively. 


3.2.3 A further investigation of a source formula 


The so-called source formula is a basic result that has been successfully ap- 
plied to yield a good many special formulas, including a variety of remarkable 
formulas and identities in Discrete Mathematics and Combinatorics. The ob- 
ject of this subsection is to prove two related results that are given by the 
following theorems. 


Theorem 3.2.13 Let w(t) and (t)be real-valued functions defined on Z and 
R, respectively, and let a € R. Then the source formula of (oo”) degree of the 
form 


Ze 9 (RAS (0) = ) A* (0) - A*d(a— k) (3.92) 
k>0 k>0 


is a consequence form of (3.46) of Theorem 8.2.4 with A(t) = (14+ #)%, g(t) = 
t/(t+1) and 


fo=>- (") tk AP¢b(0). (3.93) 


k>0 


Proof. It requires to show that (3.46) of Theorem 3.2.4 yields (3.92) with the 
given A(t), g(t), and f(t). Clearly, the LHS of (3.46) (evaluated at t = 0) gives 


A(A)S(9(A))4(0) = (1+ A) SO (2) AYO) - (G(A))*4()le=0 


k>0 


= ESO (F) avo) @roe 


-»> es A*i(0)- A®$(a — k) = RHSof (3.92). 


k>0 


On the other hand, the RHS of (3.46) (evaluated at t = 0) may be written as 


do @x(D)F(0))A*S(0) = Do ee dxj D? f(0) | A*9(0). 


k>0 k>o0 \j= =9/ 
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Herein dy; is given by 
daz = [11 +4)% (0/040) =) +0°? = (‘ 7) 


Then, according to (3.93), we have 


j=0 7=0. 
(a4 k j a 
(QU) ({,) 9) 
Finally, the RHS of (3.46) gives 
3 (px(D) (0) A* 90) = S> (") wb(k)A*6(0) = LHSof (3.92). 


k>0 k>0 
Thus, we complete the proof. 
Theorem 3.2.14 Let w(t) and $(t) be defined as in Theorem 3.2.18. Denote 


0, = Tim |A*9(0)|'/", G2 = Tim |A*yp(0)|?/*. (3.94) 
Then (3.92) becomes an exact equality for a € R, provided that 
6:(14+ 02) <1. (3.95) 
Proof. Starting with the familiar equalities 
wo -$(8)s00 ot ()()=() G2) 0m 
aN 5 ky \G)~ \G) \e-5)? 


which have been employed in the preceding proof, one may see that the LHS 
of (3.92) can be computed formally as follows: 


k=0 j=0 
= ; a k 
Law (7) (*) too 
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=> (4) atvoa +a) a%6(0) 
j=0 
=> é ) Aiyi(0)A%d (a — j) = RHS of (3.92). 
j=0 


Apparently, the key step (without justification) in the formal derivation is 
the exchange of orders of repeated summation. Thus in order to prove the 
theorem, it suffices to show that the condition (3.95) ensures the absolute 
convergence of the repeated summations involved. This can be done in what 
follows. 

First, according to (3.95), one may choose 6, > 0, 62 > 0 so small that 
lead to 


(1 + 62) <1 with 6, =), + 61, 05 = 4 + do. 
The condition (3.94) implies that there exist integers m > 0 and n > 0, such 
that 
JA G(0)//" < 81, |APd(0)/"7 < Ba, 


for k > m and j > n, where it is no real restriction to assume that m > n. 
Consequently, it can be shown that the following series consisting of repeated 
summations 


Sian (7) S400. (“) av) 


is absolutely convergent. Indeed, we have 


Smal = 5 |(p)ateto] |) 
< Sl(Ja|Z()e 
< ye Cx (1+ 82)*} < 00. 


It remains to show that the absolute convergence of Sj, implies that of Si,0 
and so of Soo. Notice that 


Sim,0 = Sinn + >> (1) Ato or (; ) AF w(0 (3.97) 


k>m = 
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Clearly, the right-most summation on the RHS of (3.97) has an order estimate 
(in Landau’s denotation) O(nk"—') (k + oo). Consequently, it is seen that 
the absolute convergence of the series (on the RHS of (3.97)) 


© () 4%9(0) Ofna) 


k>m 
follows from Cauchy’s root test with 


== 1/k —_ 

im () O(nk”-?)| =1, tm |A‘¢(0)//* =6, <1. 

k—-0o k k- co 

Moreover, the absolute convergence of 59,9 follows from that of Sj,9. Hence 


the theorem is proved. 


As will be observed from many examples displayed in the next subsec- 
tion that (3.92) is really a useful tool for finding various summation formulas 
and identities (including classical ones and new ones), and (3.94) and (3.95) 
provide a kind of general convergence condition which is more available than 
those intractable ones given in [128]. 


Corollary 3.2.15 The formula (3.92) is an exact equality whenever 0, +62 < 
1. In particular, the condition may be replaced by 0, < 1 if W(t) is a polyno- 
mial in t. 


In fact, we have 62 = 0 if W(t) ts a polynomial. 


3.2.4 Various consequences of the source formula 


In this subsection we will present 24 selected instances to illustrate the real 
capacity of (3.92) for finding or deriving special formulas and novel identities. 
It has been found that some particular choices of the triplet {a, ¢)(t), o(t)} of 
(3.92) could lead to numerous interesting formulas and combinatorial iden- 
tities. Some noticeable examples given in [128] may be briefly recalled for 
references. 

First, let us mention that the following 24 special triplets (To: includes 
two cases) yield, respectively, 24 notable formulas (Formula 21 includes two 
cases) shown below. 


eS 
~I 
Nw 
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n= fo--e-sner=(').00=(°5} 

Ts = {2 =n, ¥() = 1,46) = 1/(¢+2)}, 

no fonnvnr=("ata') a (')} 

T= {o =a) C5) (t) = ae 

t= {a—+-(aty,u@=r,o0=("7")}, 

Ty = {a =m, W(t) = a/(a +2), ot) = (-1)} (@=-(2m+ 1). 

Ty = {a = —1, H(t) = Hi, d(t) = 1-2)" 

Tia) = {a =n, a b(t) = Feit}, 

Thai) = {2 = 7, Y(t) =t", O() = Pozar}, 

ran fomnetn=(,0%2,).ao~ ("2") 

(with b = min{a, b}, poe oo k), betting finally x,y € R), 

Tia = {a = 2, H(t) =”, Of) = pe 

ee a. a =O hs 

Tig = {a = —m—1,0(@) = Anse — Hm Wee ae 

Ti7 = {a =n, (k) = a(ka — “r= lika sai eae a)*b 
a= ("7 "Dh, 

Tia = {a,vit) = #01) = 0+ 2y¢--)eh 
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1 Euler’s formula for series transform (with ~(k) | 0 as k > co) 


d-1Fb(k) = D(- A! y(0)/27*". 


2 Vandermonde’s convolution formula (with z,y € R) 


E(9(,7,)-(29) 


3 Euler’s formula for the arithmetic-geometric series (cf. Lemma 2.1.7 
and Example 2.2.7) 


Co 7 i and r 
kak = a {Thoe<p. 
2 Pe oa hy 
4 Stirling’s formula for the arithmetic series of higher order 
soe = oats} (eet) 
k=0 j=0 J gt 


5 Knuth’s combinatorial identity (s € R) 


ECPI GCP )C8') 


6 A formula stated as a theorem in Wilf’s [216] (with a € R). 


Sone (2) /(*F*) = (nta¥0). 


k=0 


7 Riordan’s identity (with x € R) 


Se a 
8 An identity due to Li Shanlai 


Oy Garr ea) ain) 


k=0 
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9 An extended Stirling summation formula (with a € R) 


ee eee ay 


j=0 


10 A so-called miraculous formula treated in Graham, Knuth, and 
Patashnik [79] 


~ 2m+1 —1/2 
Eg) meteor =u (20) 

k/ Q2m+1-—k m 
k=0 
The above instances suggest that (3.92) may be continually used to 
deduce more formulas of some interest via various suitable choices 
of the triplet {a, w,}. Indeed, as further consequences of (3.92), 
we may mention in succession the following 14 verifiable special 


formulas. 
11 The (GF) for harmonic numbers Hp = 0, Hy = 14 s f +H, (k> 
1) 
- 1 1 
So Arak = — log —— (|x| <1). 
oa 1-2 1-2 


12 A pair of identities involving Fibonacci numbers defined by Fo = 0, 
FPF, =1, Fy = FPp-1+ Fr-2, n€ {2,3,---} 


n 


0 EGerraZaf} (Sr vem 


k=0 
(ii) 3 () PP yi {"h (") Fyijyig (> 0). 


13 Stanley’s identity (with z,y € R) 


RY Fe y x ata\ (xt 
ea ae age ee a 


14 A summation formula for a kind of trigonometric series involving 4 
parameters a, 6,2 € R and m€ N (with 0 < Ja| < 7/3) 


3 ) Km (2sin%) "cos (4+ F(a +n) 
= : (*) jl {"} (2sin)’ cos («x +B+ Ln - a)) ; 


j= 
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15 Montmort’s series transform formula with |«| < 1,|¢/(1—<x)| <1 
(cf. Theorem 1.3.10) 


[oe] [oe] gt1 
k_ j v 
Duijet= rare) (P) 
k=1 j=0 
16 A formula due to D. A. Zave [80] (with m € N, |z| < 1) 


3 (* ~) (Him — Hm)2* = (1 — 2)~™ Hog (=) 


17 An equivalent form of Abel’s identity 


pee. ee [a(kar — a)*-! (kar + b)”-* + (—a)hO"-*] = 0. 


k>0 


18 A pre-limit form of Dobinski’s formula for Bell numbers (with a > 


EQ) @)-EO Qa” 


19 Grosswald’s formula (with n > r > 0 and n+r = 2m) 


y(-1h Gy ae r) 5k 


k=0 
= (—1)"-7)/2 or—n (") (°") o 


20 A generalized Stirling formula (with a € R) 


5 (fer = Sew (5) (Moe) af}. 


j=0 


21 Two identities involving harmonic numbers 


(i) pe a a /C%) oS wen). 


(ii) cae (t) (GT) = (a +1)(Hatn — Ho.) 
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22 A general combinatorial identity involving harmonic numbers 


3 4 (" : 7 7 ‘) 1)" Hoe 


- i) G)/000). 


23 A summation formula for a kind of combinatorial series 


Sem Or) « 


k=0 


BRAVO) 


where a,A\ € Rand r€WN such that a > —1 and A>r42. 


24 A miraculous formula involving Fibonacci numbers (with a € 
R,r € Z) 


3 (;) (° _ t (—1)* Fan = (") (—2)" Fein. 


k=0 


Note that suitable specializations of 22-24 could lead to several known 
formulas and identities, and that the convergence conditions |x| < 1 and 
\a| < 2/3 involved in formulas 3 and 14, respectively, are both deducible from 
the condition 0; < 1 given by Corollary 3.2.15. 

Surely, for the sake of immediate verification (cf. Exercise 3.12), the reader 
may find that the following short table of 7 difference formulas and the differ- 
ent formulas shown in Subsection 3.1.4 are both needful and helpful. One may 
notes that some difference formulas given in Subsection 3.1.4 are the special 
cases of some formulas shown below. 


Gy) ARS) = (5) (ewer = (5) 
ay ar) Ci (5) (ese), G (es 


wi) AE 2 (=1)*b! , 
(iii) A (4) = Graletatiy rate) 


a (ce), /() (eo) 


(iv) A*cos(at + b) = (2-sin$)*cos(at + b+ £(a + 7)); 
(v) A*sin(at +b) = (2- sin$)*sin(at +b+ S(a+7)); 
- —1)*-1(g_1)! _4)\k-1 
(vi). APH, = A* gee, =! a =U! (A* Ho = + ; 
(vii) AY F, => Fy_x (k € N,t 2 k). 
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3.2.5 Lifting process and formula chains 


For brevity, the formulas (3.45) and (3.46) may be rewritten as a single formula 


A(5)f(9(5))O(t) = > (pe(D) 0)" 0(), (3-98) 


k>0 


where 6 denotes either D or A. Also, we will make use of (3.53) with «+> t 


A(t) f(g) = D5 (x(D)F(0))t*. (3.99) 


k>0 


In what follows we will show that both (3.98) and (3.99) could be used as basic 
formulas to produce chains of formulas having freedom degrees in increasing 
orders. The basic idea is to construct a kind of iteration process starting from 
a given initial formula with a form of either (3.98) or (3.99). 

Let {Am(#)}9°, {gm(t)} 9° and {fm(t)}?° be an arbitrary fps or functions 
of the class C® such that A,,(0) = 1, gm(0) = 0, g/,,(0) = Dgm(0) 4 0, (m = 
1,2,---). Accordingly, for each m > 1 we may construct a Riordan array 
(dzj) = (Am(t), m(t)) with d;,; being defined by 


dij = [t"]Am(t)(Gm(t))?, Gj 2 & < 00). 


Consequently, we have Sheffer-type operators p™ (D) defined by 


This leads to the expansion formula 


Ant) fnlantt)) = “OL? D) fale" (3.100) 


and its allied operator series expansion formula for ¢,,(t) € C%° 


Am(5) fn (Gm(5)) m(t) = S\(pe” (D) fn(0))5* om (t): (3.101) 


k>0 


Now, suppose that for each m > 1, the RHS of (3.100) defines a function 
fm+i(t) iteratively, viz 


SoD), = Fae: (3.102) 


k>0 


Accordingly, the sequence {fn(t)}3° is created by the iteration process 
of (3.102) starting from Aj,g, and fi. In this way we see that (3.100) 
gives a (oo”’"t!) degree formula, since it consists of arbitrary functions 
Aj(t), 9j(t), G = 1,2,--+ ,m) and fi(t). 
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Moreover, start from (3.101) with m = 1 and the initial choices Ay, 91, fi 
and ¢; and let fim+1 be defined iteratively by the RHS of (3.101), viz 


S- (pk (D) fm (0))3* bmn (t) = fmr(t) (m > 1). (3.103) 


k>0 


Then we see that (3.101) is a formula of (co®’”"*') degree, as it consists of 
arbitrary functions A,,9;,0;,(7 =1,2,--- ,m) and fi. 

From that given above we may conclude that the iteration processes de- 
fined by (3.102) and (3.103) could produce two chains of formulas with in- 
creasing freedom degrees (2m +1) and (8m +1) (m= 1,2,---), respectively. 
The iterations process may also be called the lifting process, for it could lift 
the freedom degrees of formulas successively. 

Note that every member of the formula chains could be employed as a 
source formula to yield a formula family. Thus we may state a set-theoretic 
proposition belonging Cantor’s category: “There exist countably infinitely 
many formula families (with various degrees)”. 

Certainly, the rather special and quite interesting formula family is the 
so-called (XA) class that consists of all exact formulas (series summations 
and expansions) deducible from (3.92) via proper triplets. Moreover, the set 
of all exact formulas deducible from (3.98) also gives an interesting family, say 
[0d] family, which is much more comprehensive than (=A) class. Surely, more 
fruitful applications of both (3.92) and (3.98) to Computational Analysis are 
worthy of further discussion in Section 4.2. 


(I 


3.3. (SAD) General Source Formula and Its Applications 


Section 2.2 gives a symbolic operator method for the summation of power 
series based upon two series transformation formulas. One of these formulas 
involves an extension of Eulerian fractions. Numerous applications of these 
series transformation formulas are given as special cases. Meanwhile, many 
illustrative examples, including a Gegenbauer type series transformation for- 
mula, are represented. The last section of this chapter extends the results of 
Section 2.2. We now consider a more general source formula (GSF) called 
(SAD) source formula. As an illustration of the application of the source for- 
mula, more than 50 special series expansions and summation formulas have 
been given in the previous sections, and more formulas will be shown later. 


3.3.1 (SAD) GSF 


As may be seen, our previous sections have been concerned with finding some 
source formulas that could be used to draw various special formulas for series 
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expansions and summations. The basic tools we employed are the symbolic op- 
erator calculus, the theory of formal power series (fps) and that of differential 
operators. What we have obtained and utilized are certain series transforma- 
tion formulas involving the ordinary difference operators A* (with increment 
1 for A) and differential operators D* (with D = d/dt), wherein k € N and 
A° = D® = 1, the identity operator. Some fruitful results may be recalled 
briefly as follows. 

Let w(t) and ¢(t) be real-valued functions defined on R, and let x € R. 
Then there holds a series expansion formula of the form 


d (F) v@A*e0) = 2 (FZ) AtwAtee—k), (3.1) 
k>0 k>0 


which is given in Theorem 3.2.13. 
Also, if ~(t) and @(t) are infinitely differentiable on [0,0o), there are two 
expansion formulas involving derivatives obtained in Theorem 2.2.2: 


ak ak 
HOM OZ =T Arye (3.2) 
k>0 k>0 

ak 
LVM OT = TL BOA), —— B8) 
k>0 . k>0 


where A,,(x, g(z)) is an extension of Euler fraction in terms of g(x) defined 
as in (2.91), ie., 
m ss 
An(, (a) = 24" (wx, Anle dle) = ole), 8.) 
j=0 
where es are Stirling numbers of the second kind, i.e., yt = [Are] 
which is also denoted by S(m, j). 
As an analog of derivative operator D, A acting on {f(n)} such that 
Af(n) = f(n+1) — f(n) and for (n), = n(n —1)---(n-k +41), A(n), = 
k(n),—1. Hence 


t=0? 


Fon) = Tako Ge =F atyo(?). (3.5) 


k>0 k>0 


Equation (3.5) can be proved by using the substitution of the known divided 
difference formula 


k 
_;[k ; 
A*F(0) = -1* (7) £0) 
J=0 J 
into the leftmost side of (3.5) and switching the order of the summation to 
yield 


Eatzo(*) =r cy(2)()s) 


k>0 k>0 j=0 
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-» ($0 ()()) 10-¥ (Boon OP) 0 


In the above sense, the series expansion formula (3.1) is an analog of series 
expansion formula (3.2). More details can be seen in Remark 3.3.5. 

Apparently, when taking w(t) = 1, formulas (3.1)—(3.3) will be reduced to 
Newton’s interpolation series and Maclaurin’s expansion of ¢(2), respectively. 
Series expansions (3.1)—(3.3) are the basic results given in Sections 2.2 and 3.2, 
and there have been already given plenty of examples showing that a variety of 
special formulas and identities accordingly. Hence, (3.1), (3.2), and (3.3) may 
be called, respectively, the Ist, 2nd and 3rd source formula, or denoted briefly 
as SF(1), SF(2), and SF(3). Certainly, each of these formulas is associated 
with a given triplet {2,~,¢}, and all possible special formulas are deduced 
via suitable special choices of the triplets. 

As was mentioned in Section 3.2, the pair of operator series expansions 
given by the following Theorem 3.3.1 could be rewritten as a single formula 
involving a delta operator 6. Also, it has been proved that the SF(1) is de- 
ducible from the single formula with 6 = A (cf. loc. cit) so that the so-called 
single formula (3.98) may be adopted as a general source formula (GSF). In 
this subsection we shall give a utilizable specialization of the GFS and will 
show that both SF(2) and SF(8) are included in the specialization as conse- 
quences. Thus as a conclusion, one may think that the GSF is really a common 
source for all the SF(z)’s (¢ = 1, 2,3). 

As in Section 3.2, A(t), g(t), f(t), d(t), etc. always denote the fps or the 
functions in C’° defined in R or C (real or complex number field). All operators 
are assumed to be acting on the fps or functions of t, unless otherwise stated. 
As usual, the shift operator F is defined by E° f(t) = f(t + a). An operator 
Q is said to be shift-invariant if QE° = E°Q for every a. Recall that a shift- 
invariant operator Q is called a delta operator whenever Qt 4 0 (a non-zero 
constant). Obviously, A, D, A, D, AE®, and DE® are the most useful delta 
operators. 

Let us now reformulate the basic result of Section 3.2 in a more general 
form as follows. 


Theorem 3.3.1 Let A(t), g(t), and f(t) be fps over R or C such that A(0) = 
1, g(0) = 0 and g/(0) = Dg(0) 4 0. Let d(t) € C™, and let 6 be a delta 
operator. Then there holds formally an operator series expansion formula of 
the form 

A(5) f(9(5))4(t) = 92 (pe (D) Ff (0))5*4(t). (3.6) 


k>0 


Source Formulas for Symbolic Methods 181 


Herein py(D) (k € N) are Sheffer-type differential operators given by the ex- 
pression 


k 
1 : 
pr(D) = ie (2s) i (3.7) 
j=0 
within which (dj) = (A(t), g(t)) 1s @ Riordan array obtainable via the use of 
the extracting-coefficient operator [t*], namely 
dij =[MJAM (GO), OS ISK GKEN. (3.8) 
Moreover, if it is assumed that 


6 = “Tim |pe(D)F(0)|'/* > 0. (3.9) 


Then the expansion formula (3.6) becomes an exact equality at t = 0, provided 
that 1 
Tm |3*¢4(0)|/" < =. (3.10) 
k-00 0 
Actually, (3.6) is obtained by twice the applications of Mullin-Rota’s sub- 
stitution rule. In what follows we will give a utilizable specialization of (3.6). 
Corollary 3.3.2 By taking 6 = D, g(t) =t and A(t) = e** in (3.6) with x 
being a given real of complex parameter, we may get a formal series expansion 
of the form 


f(D) (a +t) = S> H(x + D)*F(0)D* 9(t), (3.11) 
where f and ¢ are fps or fitiaes in C™ defined on R or C. 
Proof. From the given conditions we see that the LHS of (3.6) gives 
e*P §(D)o(t) = E®f(D)6(t) = f(D)o(w +t) = LHS of (3.11). 


Also, in accordance with the RHS of (3.6), we have to compute p,(D)f (0). 
Using (3.7) and (3.8) we easily find 


k k 
pe(D)f(0) = So Haj D0) = alte" 1?) D? f(0) 
j=0 j=0 
k hi ; 
7 ee mero) 


ys ae 1 
- pe (Se! tI TOS (e+ D)*F (0). 


Hence the RHS of (3.6) yields the RHS of (3.11). 

Evidently, Taylor’s expansion formula is a particular case of (3.11) with 
f(t) = 1. In the next subsection we will give an important application of 
(3.11). 
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Example 3.3.3 Recall that the Bernoulli polynomials B(x) and Charlier 
polynomials co (x) (k EN), are Sheffer-type polynomials so that By,(D) and 
cl (D) give Sheffer-type differential operators. Note that they are generated 
by {A(t) = t/(e* — 1), g(t) = t} and { A(t) = e~™, g(t) = log(1 + t)}, respec- 
tively. Accordingly, the GSF (3.6) yields the following two series expansions 


5/(e — 1) F(0)6(t) = > Bu(D)F(0) - H(t), (3.12) 
k>0° 

e~ f (log(1 + 6))d(t) = S_ CL (D) f (0) - 5* g(t). (3.13) 
k>0 


In particular, taking 6 = D for (3.12) and 6 = A for (3.13), and noticing 
that e? —1 = E—1 =A and log(1+ A) = D, we find the following two 
formal expansions 


f(D)d'() =o BaD) A0(0 (+1)- 9), (3.14) 


k>0 


f(D) o(t) = S> Ch (D) fF (0) - e*4A* G2), (3.15) 


k>0 


where the operator 1/A involved in the LHS of (3.12) has been removed to 
the RHS, and a similar process has been applied to the equation (3.13) to get 
(3.15). 


3.3.2 GSF implies SF(2) and SF(3) 


To prove that GSF represented in the previous subsection implies SF(2) and 
SF(3), it suffices to show that SF(2) and SF(3) could be deduced from (3.11) 
with special choices of f(t). 


Proposition 3.3.4 The formal expansion formulas (3.2) and (3.3), namely 
SF(2) and SF(3), are deducible from (3.11) with evaluation at t = 0 and with 
the following choices of f(t) 


fa= a Ati ake’, (3.16) 


k>0 
1 Kk 
_ gs ne 
£0) =D uroy yd {Phew (3.17) 
k>0 j=0 
respectively, where x is a given parameter. 


Proof. First, it may be seen that the LHS of (3.6) evaluated at t = 0 just 
provides the RHS of (3.2) and BHS of (3.3) with f(t) being defined by (3.16) 
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and (3.17), respectively. Moreover, it is clear that for (3.16) we have formal 
derivatives a 
fO (0) = Di flo) = # AM), FEN. 


Also, for (3.17)we have 


£0) =H GoM ba! =D Fu OV) 


k>0 k>0 


a0) [APST yO) — = a9 (AI) m0 = 27 AMG(0). 
t=0 


This shows that for both (3.16) and (3.17) we have the same expression 
mee ae 
(2+ DEO) =o (Ha Feat w(o) = 2*v(W) 
j=0 


Hence both (3.16) and (3.17) are implied by (3.6) with the evaluation of t = 0. 


Remark 3.3.5 What is worth mentioning is the fact that SF(2) and SF(3) 
have been found before so that the choices of f(t) for S(2) and S(3) appear to 
be a relatively easier matter. Also, it is known that SF(1) is a special case of 
(3.1) (viz. GSF) with A(t) = (14+ 1)”, g(t) =t/(t+ 1) and 


fo=>> (;) AF wo). (3.18) 


k>0 


Here (3.18) is a discrete analog of (3.1). This is quite natural since SF(1) is 
actually a discrete analog of SF(2). 


3.3.3. Embedding techniques and remarks 


As shown in our previous Sections 2.2 and 3.2, the main technique used for the 
derivation of most special formulas (cf. examples in Sections 2.2 and 3.2) is to 
make suitable choices of the triplets {, w, 6} involved in the source formulas. 
Certainly, the unified technique may be called “embedding technique”. In 
this subsection we will present some additional examples and give some more 
explanations for a few selected instances exhibited previously. 

Note that both SF(1) and SF(2) involve computations of higher order dif- 
ferences. We have reproduced a short table of difference formulas in Subsection 
3.1.4 and at the end of Subsection 3.2.4. 


Example 3.3.6 What is worth mentioning is that there are 3 classical formu- 
las due to Euler, all deducible from the SF(1) with special choices of the triplet 
{z,uv,¢}. The first two formulas are known as the transformation formula 
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for the alternating series and the summation formula for the arithmetical- 
geometric series. The third formula is usually called Euler’s finite difference 
theorem, which may be expressed by the following equality 


Gy (j,) £00 = (-1)"A*f(0) = { iis i n—1, 


k=0 


(3.19) 
where f(t) is a polynomial of degree m, namely 
ft) = Slat, men. (3.20) 
j=0 


As may be observed, (3.19) ow ii (3.1) (SF(1)) via embedding with the 
special triple {a =n, w(t) = =("")} since o(t) gives 


A"6(t) = MA) ate = (0, 
and 


Ake(n— &) = (-1)*( : =(-1)"%na={ i eae 


n—- 


Moreover, A” f (0) = nla, just follows from a simple computation when m = 
n. 


Example 3.3.7 It may be of interest to notice that Abel’s famous identity 


n 


(a+b)"= \ @ a(a — kax)*-1(b + kx)"—* (3.21) 


k=0 
is implied by Euler’s formula (3.19) as a consequence. Clearly, (3.21) is equiv- 
alent to the algebraic identity 


n 


So(-1 @ [a(ka — a)*~1(ka + b)"—* + (—a)*b”-*] =0, (3.22) 


k=0 
where the LHS is of the same form as that of (3.19) with 
f(k) = alka — a)*-* (ka + by?-* + (—a)*o"-*. (3.23) 


Thus in order to prove that (3.19) implies (3.22), it suffices to show that 
(3.23) can be expressed algebraically as a polynomial in k of degree (n — 1), 
for0<k<n. First, it is easily seen that the RHS of (3.23) can be expanded 
into a polynomial in kx of degree (k —1)+(n—k) =n —1 with the last term 
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(—a)kb"—* being cancelled within the expression and f(0) =0. Moreover, f(k) 
can be expressed algebraically in the following form (with 1 <k<n) 


F(k) =a(ka +B)" (* és ‘) (ka + b)*-1-5(—a — by? + (—a)FOP-* 
o<j<(n-1) \ 4 


= che + oyr-F4(F NY aby + (aor 


0<j<(n-1) 


=polynomial in k of degree(n —j —1) + jy =n-1, 


wherein the term (—a)*b"—* is already cancelled. Hence (3.19) implies (3.22). 
As known, two classical proofs of Abel’s identity have been given by Lucas 
and Francon (cf. §3.1, p. 128-129, [44]). 


Example 3.3.8 In a recently published interesting book [180] by Quaintance 
and Gould, chapter 7 is entitled “Melzak’s formula”, in which several nice 
combinatorial identities have been derived as applications of the formula. Also 
represented in the chapter is an elaborate proof of the formula (cf. loc. ctt., p. 
79-82, [180]). What we have found here is that a simplified form of Melzak’s 
formula could be embedded in the SF(2) (viz. (3.2)), thus leading to a short 
proof. 

Let f(x) be a polynomial in x of degree n, and let y € C. Melzak’s formula 


states ‘ 
ytn ,(n\ f(a—k) 
= —1 —_—_—_. 24 
sory) =o("7 py: (ee (3.24) 
where y # 0,—1,-2,...,—n. Clearly, we may treat F(y) = f(a+y) as a 


polynomial in y of degree n with coefficients involving the parameter x. Thus 
(3.24) may be rewritten as 


et @ — = aw (4 ° ") (3.25) 


k=0 y 


As F(y) is a linear combination of monomials a,y™ (0<m <n), it suffices 
to verify (3.25) with taking F(y) > y™. We only need to show 


(Sh ain (\ 0” fern 
rere .)= a veer (3.26) 
k=0 
This may be embedded in the particular formula SF(2) with « = 1, viz. (3.2) 
with x = 1 rl 1 

de ph the © = Dd) GA*4Oo(). (3.27) 


k>0 k>0 


Indeed, taking w(t) = (-t)™/(t + y) and o(t) = (1 —-t)", we find that 
the LHS of (3.27) just gives the LHS of (3.26). Also, we have ¢*)(1) = 
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DF - Olas =0(0<k<n), #™(1) = (-1)"n!, and we find the RHS of 
(3.27)= (—1)"A"Y(0). Now we have (noticing that (m— 1) <n) 


Afy(0) =A'v(t)o = (-1)™ {a! (aa). ed Gey 


=A? ( _ ) = cat / ("*". 
t+y/o y n 


Hence the RHS of (3.27) gives the RHS of (3.26). 


Example 3.3.9 The following formula due to Zave [224] (with m € N and 
|z| < 1) 


co 


pz (* *™) (Hitm — Hm)a® = (1—a)~™™ log (=) (3.28) 


k=1 


can be obtained from the SF(1) (viz. (3.1)) with the chosen triplet 


Indeed, using (3.1) one may find that 


—m-—1 
~ ES ) Alma — Him)o (A= 2)", pany 
jal 


So0( erst 
1 j m+1+t/, 


(aK 2) tg 
E52) ey Ee) e- 


angry ( a) = RHS of (3.28). 


1 


Example 3.3.10 Recall that the well-known C-numbers first introduced and 
utilized by Charalambides and Koutras, may be defined by the following [33] 


C(n, k; a,b) = F Ak(at + d)n 


5 (3.29) 


t=0 


wherein («)n = «(a — 1)---(a@—n+1) (n= 1) and (a)o = 1. As shown in 
[33], C-numbers are particularly useful for obtaining closed sum formulas for 
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combinatorial identities involving aaa) as a factor in the summands, wherein 
m,k € N anda,b € R. Indeed, there are two related general formulas that have 


been represented and utilized in [33], namely the following 


a k ue 
O(n OO mL (m. fra, f(D, (3.20) 


k>0 ” 
: or "Y a*a(0) ({) “Ot m,j;a,b)A%g(t— j)(t)j, (3.31) 


where f € C™ and g(t) is defined on Z. Obviously, (3.30) and (3.31) could be 
deduced from the SF(2) and SF(1) with the following special triplets, respec- 
tively. 


fe=e9=("*"),0@) = 20}, fe=.09 =("F"), 00 = a0} 


Remark 3.3.11 It is easily seen that (3.30) is an exact formula for |t| < p, 
provided that f(t) has a Maclaurin series expansion for |t| < p. Moreover, 
the absolute convergence of the series in (3.31) is ensured by the conditions 
|t| < oo and 

Hm |A*g(0)|?/* <1, (3.32) 


Also, note that a variety of special formulas and identities deducible from 
either (3.30) and (3.31) can be found in [33] or elsewhere. 


At the end of this subsection, we now give a survey of the substitution 
techniques used above, where all the mathematical terminologies will be used 
in the ordinary sense in mathematical sciences. Let us give here the following 
two definitions. 


Definition 3.3.12 A mathematical formula is said to be deducible from the 
GSP, if it could be deduced formally from any of the SF(i) (4 = 1,2,3) or from 
the GSF itself with a special choice of the quintuplet {6, A(t), f(t), g(t), d()}. 


Definition 3.3.13 All the mathematical formulas which are deducible from 
the GSF are said to form a formula class, so-called Sigma-Delta-D (SAD) 
class. 


As known from our former sections quoted in the preceding sections, more 
than 50 special formulas and identities are the members belonging to the 
(SAD) class. What is worth noticing is the fact that the (ZAD) class includes 
as special members those well-known classical formulas due to, respectively, 
Newton, Taylor, Euler, Stirling, Vandermonde, Montmort, Riordan, Carlitz, 
Li Shanlai, Knuth, Grosswald, Rosenbaum, Stanley, Gould, Melzak, Zave, 
et al. 
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Remark 3.3.14 Sometimes, certain members of the (BAD) class may have 
limits when some parameters tend to co. For instance, taking the special triplet 


of the SF(1) 
{e= aH) =t" d(t) = (1+) \ a>, 


one may get a special formula of the form 


EO) -EG)G) aGhOray > es 


j=0 


which belongs to the (NAD) class. Obviously, (3.33) yields the following limit 


when a@—- oo: - 
n n n 
ae, =ey){th = ew(n). (3.34) 
k=0 


j=0 
This is the well-known Dobinski formula for Bell numbers w(n). Thus, if the 


(SAD) class is extended to include all those limits of members as members, 
then the Dobinski formula is a member of the class. Similarly, observe that 


. = ; ae ee _ fm 
Jim a C(m, k;a,b) = TA (t eo= {ih 


and it is seen that the limit form of (3.30) (with a + co) yields Grunnert’s 
formula 


(eS) = Tera T=T (Owe. (29 


k=0 : j=0 J 


Consequently, Grunnert’s formula is also a member of the extended (HAD) 
class. 


Remark 3.3.15 The wording ‘deduced formally’ used in the Definition 3.3.12 
may be given a little more explanation. Clearly, in the previous sections, the 
so-called formal derivation used for getting special formulas from source for- 
mulas, generally consists of using (i) operations with fps, (ii) symbolic oper- 
ations with A, D, and E, (iii) ordinary algebraic computations, (iv) ordinary 
computational methods in mathematical analysis (including uses of Taylor’s 
series expansion and Newton’s interpolation series), (v) operations with infi- 
nite series, and exchange of the orders of repeated series summations with- 
out considering convergence problems, and (vi) mathematical tables including 
short tables of difference formulas and derivative formulas. 


Remark 3.3.16 Evidently, by adopting the multi-index notational system, 
it is easy to formulate the GSF and SF(i) (i = 1,2,3) in multivariate forms. 
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Certainly, such a higher dimensional extension may be worth giving in detail, if 
it could be found really useful in applications. As regards the problem, whether 
it is possible to extend the main results of this chapter to the cases of q-analysis 
should be worthy of investigation. 


Remark 3.3.17 As seen in Section 3.2, we have defined a formula chain via 
iterations of the GSF. More precisely, a chain of formulas with freedom-degrees 
(003™+1) (m = 1,2,3,...) could be generated successively by the iteration 
formulas 

YOK” (D) fin 0) bm (t) = fnsa(t), m= 1, 


k>0 


with start from Ay, 91, fi and ¢,. In this way, each formula of freedom-degree 
(003™*1) could be used as a general source formula to yield a formula class, 
denoted by (SAD)(3m41)- Consequently, we may get a sequence of formula 
classes with increasing freedom-degrees, viz. 


(XAD) 4) Cc (XZAD) (7) Se a (SAD) (3m-+41) Cee 


Here the first one is just the NAD class treated in this section, and it may be 
the most available class of formulas in the Discrete Analysis and Combina- 
torics. 
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Exercises 
3.1 Prove operational formulas (3.2) and (3.3). 
3.2 Find the convergence conditions for the series expansions in (O;)—(Os), 


(O7), (O10), and (Oj2). 
3.3 For f(z) = 2” (m > 1), show the following difference and derivative 


are true. 


A* #(0) = [A*a™],_, = aye} 


m8] y= Smal, 


~o = [(m)ex «=0 


A — 


[pea | 


where {""} is the Stirling number of the second kind (cf. [141], P. 168), and 


dm,k is the Kronecker symbol with 6m,, = 1 for m =k and zero for m # k. 
3.4 For f(x) = (*) and m > k > 0, , show the following difference and 


derivative are true. 


: ih k! : 
p¥ga)= (ptm) = Bay #[™), 
m! 9 mi k 
3.5 For f(x) = a” (a > 1), show the following difference and derivative 
are true. 


A®a® =(a—1)*a®, D*a* = (loga)*a”, 


[Ana oxo = (a- ij", [Da | exo = (log a)*, 
3.6 For f(x) = =a show the following difference and derivative are true. 
—1)*k! (—1)*k! 
A* = ( DE = 


; —1)* 

at ¢(o) = ep) = (—1) a. 
f0) =>, DEF) = (-1) 
3.7 For f(x) = e’” and g(x) = e~*” (i? = —1), show the following differ- 
ence and derivative are true. 


Ake iz 6 al CC Cay D* e+ 
[A*e***] z=0 (e 


3.8 For f(z) = cosz = $(e +e~“*), show the following difference and 


derivative are true. 


7 


(Atess),-< ee 


_1)k 
a(t 1) ) =, 
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where 0, is the parity function, viz., 6, =0 if k is an odd integer, and 6, = 1 
if & is an even integer. 

3.9 Prove [A*(1+ 2)*],_) =2* for  € R and k € No. 

3.10 Give a combinatorial interpretation for (3.75). 

3.11 Prove 24 formulas given in Subsection 3.2.4. 

3.12 Prove the difference formulas shown at the end of Subsection 3.2.4. 


Taylor & Francis 
Taylor & Francis Group 
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In Chapters 2 and 3, we apply operators ©, A, D and E to formal power series 
f and g (or ~ and ¢) to construct identities and summation formulas. In the 
first two sections of this chapter, we shall continue this process for some special 
function sequences and number sequences such as the sequences of Bernoulli 
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functions, Stirling numbers, Fibonacci numbers, etc. In the third section, we 
construct identities and summation formulas for the function sequences and 
number sequences related to Riordan arrays. A Riordan array is an infinite 
lower triangular matrix, which columns are multiplication of certain power 
series g and f. The theory of Riordan arrays provides a modern method for 
classical umbra calculus, bringing new insights into many areas of combina- 
torial importance. The third section of this chapter gives introduction to the 
fields of interest for students and researchers, who seek novel ways of working 
in fields such as combinatorial identities, triangles for enumerating combinato- 
rial numbers, special polynomial sequences, orthogonal polynomials, and the 
row summations of Riordan arrays. 


ee 


4.1 Use of Stirling Numbers, Generalized Stirling Num- 
bers, and Eulerian Numbers 


Section 2.2 contains a pair of series transformation formulas with a variety of 
illustrative examples. As a theoretical completion or a substantial supplement 
to Section 2.2, we provide some convergence theorems for the transforma- 
tion formulas under certain general conditions. We also show that these two 
transformation formulas subject to the convergence conditions can be further 
utilized to produce more than 30 special power series sums and combinatorial 
identities involving some well-known number sequences. 


4.1.1 Basic convergence theorem 


If g(t) are infinitely differentiable on [0,0o), there are two expansion formulas 
involving derivatives obtained in Theorem 2.2.2: 


fore) k oo k 

LAMM OD =T AKO MOT (4.1) 
k=0 k=0 

> FBI OT =D AF O Arlt, g(t), (4.2) 
k=0 . k=0 ~ 


where (f(k)) in (4.1) is an arbitrary sequence of numbers in C, f(t) in (4.2) 
is infinitely differentiable at t = 0, and A;(t,g(t)) is an extension of Euler 
fraction in terms of g(t) defined as in (2.91), i.e., 


; 
Ao) => {ibang (4.3) 


j=0 
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where {i} being Stirling numbers of the second kind, i-e., iG} = [Ase] ae 
which is also denoted by S(k,7). Formulas in Theorem 2.2.2 form the source 
formulas (3.2) and (3.3) in Chapter 3. 

As was already shown in Section 2.2 more than 20 special power series sum- 
mations and analytic/combinatorial identities have been derived from (4.1) 
and (4.2) without considering convergence problems. As one of main purposes 
of the present section, we will prove general convergence theorems for (4.1) 
and (4.2) by assuming g(z) to be an analytic function and f(z) to be func- 
tions satisfying certain general conditions. Generally speaking, the freedom of 
choices of g and f in (4.1) and (4.2) should imply the versatility of uses of 
the transformation formulas for establishing various series summation formu- 
las including some analytic combinatorial identities. Here, several well-known 
results are mentioned for immediate reference. 

(1) Euler’s formula for the arithmetic geometric series with p € N 


foe} Pp k 
Ver itrerice (id= 1), (4.4) 
k=0 


k=0 


is a simple example of (4.1) with f(t) = ¢? and g(t) = (1—t)7t. 
(2) The Montmort series transformation formula 


ee) _ love) na t k 
Sar = > AP) Tag} @ Ae (4.5) 
k=1 


k=1 


is a particular instance of (4.1) given by taking g(t) = (1—t)~! and replacing 
f(t) and t® by f(t+1) and t**!, respectively. 

(3) The choice f(t) = t? and g(t) = e’ in (4.1) (with t = 1) leads to 
Dobinski’s formula for the Bell number w(p), namely 


1 bP Pp 
a-dth = w(p). (4.6) 
(4) The summation problem of the finite series 


oo) = 3 kPtk (4.7) 
k=0 


has once been the subject of some papers of the Fibonacci Quarterly fore 
and after 1990s of the last century. As a matter of fact, either (4.1) or (4.2) 
essentially gives an explicit solution to the problem by just taking f(t) = t” 
and g(t) =1+¢+t?7+---+#" or g(t) = (1—#"*1)/(1-1t), t #1. The details 
may be referred to Hsu and Shiue [133] (cf. Exercise 4.1). 

(5) A summation formula of practical value, established by Wang and Hsu 
[210], for sectional power series using Eulerian fractions a;(t) = A;(t, (1 — 
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t)~') is also a particular consequence of (4.2) with g(t) = (1—t)~?, |t| < 1. 
Indeed, the principal results of [210] are built on 


b-1 ee) 
YF = SO [ef Qq) — FM], (4.8) 
k=a k=0 


which, in turn, falls under the purview of (4.2), where a,b € N with a < b—-1 
(cf. Exercise 4.2). 

The rest of this subsection is wholly devoted to the analysis of convergency 
of (4.1) and (4.2). For those who are mainly interested in the computational 
applications of (4.1) and (4.2), it may be better first to look through following 
subsections §4.1.2—4.1.3. 

Throughout the rest of this subsection, we will consider functions g : C > 
Cand f :C > C so that we may write g(z) and f(z) instead of g(t) and f(t), 
respectively. 


Theorem 4.1.1 Let g(z) be an analytic function with convergence radius r > 
0, and let (f(k)) be a number sequence in C such that limg_oo */|f(k)| = 6 > 
0. Then, the expansion formula (4.1) with t being replaced by z is absolutely 
convergent for |z| <r/(24+ 9). 


Corollary 4.1.2 Let g(z) be an entire function and (f(k)) be a number se- 
quence in C such that limp+oo */|f(k)| < co. Then, the formula (4.1) with 
t— z is absolutely convergent for every z € C. 


Proof. We will need to make the change of orders of summations so that 
justification of the absolute convergence property of certain series becomes an 
essential portion of our proof. 

First, it is easily shown that the condition |z| < r/(2 +0) implies 


so that the left-hand side (LHS) of (4.1) converges absolutely. In fact, by 
Cauchy-Hadamard’s convergence radius formula 


r= 1/ Tim */faxl, 


for g(z) = oeso a,z*, we have 


<Tim |f(k)|!/* - Tim 
k-oco k-0o 


=pug"s|z) Gee: 
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For |z| < r/(2 +6), we may choose p > @ such that 


, 
: A, 
ae +p 240 a4) 
For such p, there can be found a number K > 0 such that |f(k)|'/* < p, ice. 
| f(k)| < p* whenever k > K. Consequently, there exists a sufficiently large M 
such that |f(k)| < Mp* for all k € No. 
Let us use the familiar formulas involving finite differences 


fim =S0(JAkFO, AV0)= ae (*) 100. 


k=0 J 


With the help of these two formulas, we now expand the LHS of (4.1) into 
the form with t > z: 


LHS of (4.1) = 5 eo) ee) pu arr (4.10) 
m=0 


Here, the rightmost sum in (4.10) can be estimated in absolute values as 


follows: 
HS JiasOls Se EQ) 
EVE 


k=0 j=0 
= (7 Ja+oy = M(2+ p)™ 


This states that the right-hand side (RHS) of (4.10) is bounded absolutely by 


uy a+ pyle |" <0. (4.11) 


m=0 


Since g(z) is analytic within {z : |z| < r} and by (4.9), (2+ p)|z| <r, the 
absolute convergence of the LHS of (4.1) is ensured by (4.11). 

Moreover, (4.11) also implies that the RHS of (4.10) can be simplified via 
the change of summation orders, namely 


RUS of (4.10) = s 10) 3 gO) am = 3 AF f (0) (z) a 
k=0 m=k 


This is precisely the RHS of (4.1) (with t > z) whose absolute convergence is 
also ensured by (4.11). Hence, both the validity and the absolute convergence 
of (4.1) are proved under the condition |z| < r/(2+ 6). 
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In particular, since r = oo for the entire function g(z), we get the corollary 
of the theorem. 


Oo 

As usual, for any analytic function f(z) = 772.9 bkz*, we may take f= 
peo [be |2* as a simple majorant series (function) of f(z), which has the same 
convergence radius as that of f(z). 

For functions that can be represented by a power series, the term “majo- 
rant” is often given a more special meaning. In such cases the term denotes 
the sum of a power series with positive coefficients that are not less than 
the absolute values of the corresponding coefficients of the given series. If 
h(x) is a majorant (in this special sense) of the function g(x), then we write 
h(x) >> g(x). For example, x/(1 — x) >> In(1 + 2) since 


He a” 
] 1 => —+— see pyr eee 
n(l+2)=2 ; (-1) = + 


ett ete tart 


It is obvious that the function f(z) = x is the majorant for x > —1 of 
the function g(x) = In(1 + 2) since x > In(1+4+ 2) for all values > —1. 
However, in this (special) sense f(a) = x is no longer the majorant of In(1+2). 
The majorants of power series are widely used in the theory of differential 
equations. 


Theorem 4.1.3 Let g(z) be an analytic function with convergence radius r > 
0, and let f(z) be an entire function with its simple majorant function f(z) 
satisfying the condition 


Then, the series transformation formula (4.2) with t > z and f(k) being 
replaced by f(k) is absolutely convergent for |z| < min {r,r/6}. 


Corollary 4.1.4 Let both g(z) and f(z) be entire functions and let 0 be given 
as in Theorem 4.1.8. Then, formula (4.2) is absolutely convergent for every 
z€C whenever0<60<o. 


Proof. It is known that m* (m,k € No) may be expressed in terms of finite 
differences of zero, or of Stirling numbers of the second kind, namely 


wh s ("") aot 7 Semi} 


where the jth falling factorial (m); = m!/(m — 7)! for m > j > 0 and 0 
otherwise. 
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Since f(z) is also an entire function, it is clear that the following expansions 
are absolutely convergent: 


for m € No. 
On the other hand, for |z| < min {r,r/0}, we have by Cauchy-Hadamard’s 
formula for r: 


— 047 *s el Sega = 41, 


i 
0 


Thus by Cauchy’s root test, we see that the simple majorant series of the LHS 
of (4.2) (with t > z) with f(k) being replaced by f(k) must be absolutely 
convergent. This guarantees that all the double series occurring below are 
absolutely convergent, and that the exchange of orders of double summations 
is permissible. Namely, we have 


SS. g™)(0) gm (FOO SS (7g [BY Gomy ay \ om 
bee “ one X& a _ =e vw) {i} ( )(0) x 
2 f® 0) = s mM); k a as 
9 o S- ys {iho )(0) Z 
k=0 m=0 \ 7=0 
7 °° f® (0) 7 k J ee) g’™ (0) “aes 
“258 i) (= (m— jy! 
SS FOOL SS [FY (94 
ee ee 


This shows that (4.2) holds for f(z) instead of f(z). As may be observed, 
the above procedure can be performed similarly when g(z) is replaced by 
its simple majorant series g(z) (accordingly g’™(z) by g!(z)). Thus, we 
can conclude that the absolute convergence of (4.2) is always ensured by the 
condition |z| < min{r,r/@), and the theorem is proved. 
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From our argument, Corollary 4.1.4 follows as a result for the special case 
r=oo. 


a 

Let us now make use of Theorems 4.1.1 and 4.1.3 to furnish some con- 

vergence conditions for the following expansions. More applications to the 

convergence of the other source expansions will be seen in the next subsec- 
tion. 


Example 4.1.5 Let f(z) be a polynomial in z of degree Of (t) = p. Then, 
(4.1) and (4.2) yield the following closed sum formulas: 


= zk 2 zk 

FHM OD =A FOZ (4.12) 
k=0 k=0 

foe) ok Pp 

= Fa OE = 7 BF OAnl2,9(2)), (4.13) 
k=0 k=0 


Under the known condition, limp */|f(k)| = 1. So, it follows that both 
series on the LHS of (4.12) and (4.13) are absolutely convergent for |z| <r 
wherever g(z) ts analytic for |z| < r. Of course, the validity of (4.13) for 
|z| <r also follows from Theorem 4.1.3. Moreover, it may be worth noticing 
that the conditions A*f(0) = 0 (k > p) could make the proof of Theorem 
4.1.1 much simplified so that the conclusion involving convergence condition 
|z| < r/(2+0) may be extended to the form |z| < r/@, partly consistent with 
the conclusion of Theorem 4.1.8. 


As will be seen, convergence condition mentioned in Example 4.1.5 could 
apply to all the infinite series appearing in the next two subsections. 


4.1.2 Summation formulas involving Stirling numbers, 
Bernoulli numbers, and Fibonacci numbers 


What we will introduce in this subsection are two specifications of (4.1) and an 
operational formula, which will prove to be very useful for obtaining various 
series summation formulas and combinatorial identities. 

We begin by recalling that various Stirling-type numbers proposed by Ri- 
ordan, Carlitz, Howard, Broder, Charalambides, Koutras, respectively (cf. He 
[88]), are included in the three-parameter generalized Stirling numbers (GSN) 
S(n,k) = S(n,k;a, 6,7) which are defined as connection coefficients of a lin- 
ear transformation between generalized factorials (cf. Hsu and Shiue [132] and 
[88]), namely 


(tla)n = D> S(n, ka, 8, Y)(t— 1B )es (4.14) 


k=0 
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where (t|a)9 = 1 and (tla), = t(t-— a)---(t -— na+a) for n € N, and the 
parameters a, (3,7 are any real or complex numbers with (a, 3,7) 4 (0,0, 0). 
Clearly, $(0,0,;a,8,7) = 1 and S(n,k;a,6,y) = 0 for k > n. In particular, 
we have 


S(n, k;1,0,0) = (—1)"" al S(n, k;0, 1,0) = i. S(n, k;0,0,1) = (;): 


(4.15) 
where (—1)"~*|?], as relative to {7}, stands for the classical Stirling numbers 
of the first kind. Of all results concerning these two kinds of number sequences, 
the following orthogonality relation, called the Stirling inversion, is worthy of 
mention: 


Sum ome ean an 


where 5,,; denotes the usual Kronecker delta. 
For our purpose, (—1)"~ ss | may be defined by 


eur lel = a DE els (4.17) 


where (t)n = (t/1)n. In this form, it is easily found that 


= Palos = ns | 4 i ik (k > 1). (4.18) 


From now on, we always write S(n,k) instead of S(n,k;a,G,7) unless 
otherwise is stated. For the case 6 4 0, we see that 


n 


(Bt + ya)n = D° S(n, k)(Gt|8)e = Se S(n, k)B*. 
k=0 


k=0 


Thus, it follows that 


S(n,k) = a [A*(8t + yla)n] 9: (4.19) 
Note that (4.1) becomes a closed sum formula for the series on the LHS of (4.1) 
if f(t) is a polynomial with degree Of (t) = p € N. This suggests that two useful 
specializations may be achieved by taking f(t) to be binomial coefficients and 
generalized factorials of the forms 


f(t) = (°* ‘ and f(t) = (8t + 7a)p 


with Of (t) = p, where a, 6,7 € R with 6 40. As rewarding, we get a pair of 
power series summation formulas as follows. 
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Theorem 4.1.6 Let g(z) be an analytic function with convergence radius r > 
0. Then, for z:|z| <r, we have 


oo atk (ke) zk _ Pp a s . 2 
> ( p )a OF » (9 Oe (4.20) 
= gk P 


Evidently, under the same assumption as above, from formula (4.1) with 
t— z and g(z) = (14+ z)®, we have 


Sy ({,) £02" = 3 @ MOq a (4.22) 


k=0 k=0 


This not only gives a generating function for the sequence (({) f(k)) but also 
admits a symbolization process (cf. Section 3.1). To be more precise for the 
latter, let z be replaced by the difference operator A so that 


zk Ak 


= At Bo-*k 
(+22 ” (+ A)Fe : 


and we see that the last equality turns out to be an operational formula 
applicable to any formal power series ¢. 


Theorem 4.1.7 Let f(t) be a polynomial with degree Of (t) = p € N. Then, 
we have formally 


@ f(k)A*9(0) = 2s (*) AF f(0)A* (a — k). (4.23) 


k=0 =0 


We now show that (4.20)—-(4.23) can be used to produce a variety of 
power series sums and combinatorial identities. Some of these results involve 
Bernoulli polynomials B,(t), Bernoulli numbers B, = B,(0), Fibonacci num- 
bers F,, and GSN S(n, k) as well as classical Stirling numbers (—1)"~*[?] and 


‘ae 
For the latter application, one may recall that B,(t) (n € No) are given 
by 


ad'® oo gr 
=) Ra 4.24 
ev — 1 dX 6) n! ( ) 
where B,,(t) have the properties 
Ba(t +1) — Br(t) = nt”, 4.25) 


Methods of Using Special Function Sequences 203 


B,(t+s) = >> @ B,(t)s"-*, (4.27) 
k=0 

D* By) = (n)eBa-ald), (4.28) 

D*B,,(0) = (n)pBn—x- (4.29) 


Also, Fibonacci numbers F, are given by 


1 ok 
i= Son, (a=h= 1). (4.30) 
k=0 
It is well-known that 1 
F.=— qk tl _ pktt 
k; V5 ( ) 


with a = (1+ V5)/2, b= (1 — V5)/2, and that 


p(t) BJ (_e@ yh _(_b_ ey 
tHg=7) Ve | lat 1— bt 
Next, making use of (4.18) and (4.19) and choosing g(t) to be the easily 
computed functions such as 


(i) 1+), (44) (1 — t)*"1 (s € R), (adi) 1/1 — 4t, (iv) (t)n (n EN), 


(v) log(1—t), (vi) a’ (a > 0,a £ 1),(vii) B,(t), (viii) — 


successively, we can obtain a list of formulas and identities, which we state 
without going into details as the following and leave their proofs as Exercise 
4.3: 


ECoG Yates wen aon 


=0 


31 Gd i aol | ia eee 
("62 ) (acters <9, i 
E (Seo Be) (Pe J-Laa)) em 
ye) oo) aE tem, on 
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(SEA (° ) oe +h," — (\t} <1), (4.36) 
ECC EGU) (ee am 
E (1) (i)ane=tn( as 
SE ("eae = EG) (a) (te) fe 

(4.39) 


E()n-b((a)"- (ce) }e 


Both (4.39) and (4.40) are valid for |t| < (V5 —1)/2. 


Yok +a) =Y sone WoO (ltl <2), (4.41) 


fore) 3 Pp s k 
319k + v1a)o( 1 t= sen (It]<1), (4.42) 


fore) Pp k 
S- (bk + 71e)p @ t= S~ S(p, OTe aaa (|t| < 1/4), (4.43) 


k=0 k=0 

at (7) ese n—1) |n-1 k 

SoD K+ aladelf| = Docesto.ay ([" 1] — [foi ase 
(4.44) 

slo, ie = at > S(p, hI )(Btloga)* (t ER), (4.45) 

k=0 k=0 

2 eral) apa = Sst (et)* (t€R) (4.46) 

oo k P = k 

Sk + alalngy = Glades + 90. ya (l<) 

7 7 (4.47) 

3 (8k + sIa)p(7) Bont! = YO Sip, 1)Ba nO (80)" (4.48) 

k=0 k=0 
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fee) ‘ nes aB k+1 bB k+1 ‘ 
Daas )p Fat -> eh (4) - (5) #, 


(4.50) 


3 KP, t* = > {i} a (3) = (4) | t*, (4.51) 


Both (4.50) and (4.51) are valid for |t| < (V5 — 1)/2. 


k=p 
Dnt Hl 7 3 Lye ([r [n- ‘) {rl es a 
> . (:) 7 Stwn{ for (p20). (4.54) 


Surely, most of the formulas displayed in the above list are not given before. 
However, the last three identities (4.52)-(4.54) appear to be not so strange 
and are included as particular cases of (4.34), (4.44), and (4.41), respectively. 
It may be also of interest to notice that Euler’s formula (4.4) and Dobin- 
ski’s equality (4.6) are special consequences implied by (4.42) (with s = 0, 
(a, 8,7) = (0,1,0)) and (4.46) (with t = 1, (a, 8,7) = (0,1,0)), respectively. 
Apart from these, it is especially noteworthy that (4.52) can be inverted via 
the Stirling inversion (4.16) to get the following elegant and peculiar identity 
involving three kinds of elementary counting numbers (cf. (4.15)) simultane- 


ously: 
{th + [Rol =), (L<p<n). (4.55) 


k=p 


4.1.3 Summation formulas involving generalized Eulerian 
functions 


Let f(z) be an entire function with its simple majorant function f(z) satisfying 


the condition that limg4o0 */|f(k)| = 0 > 0. Then, the choices g(z) = (1+z)* 


and g(z) = (1—z)~°' (a € R) in (4.2) yield the following closed expansions 
(cf. Section 2.2) 


3 ({) 202 = BP OAG. + 2), (4.56) 
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So (0F*) payet= AIM OAde A 2)-), (457 
k ~ 2+ fl me 


(A) Foe =o TAM manta"). (4.58) 
k=m 
In view of Theorem 4.1.7, we see that the series expansions involved in (4.56)- 
(4.58) are all convergent absolutely for |z| < min{1, 1/0}. 

We now go to the real field. Let g(t) be a given formal power series. As 
previously, a direct application of (4.2) to f(t) = (t)p (p € N) yields an identity 
of the form 


P 
Pp 
yf] Areal) = #5 (4.59) 
k=1 

This can be verified directly as follows: 


ac) =D" (So OG) = 0a 


k=0 72) 


=>> HID ()pleeo Ant, a(t) =) Hl Ax(t,9(¢)), 


k=0 ~ k=1 


where A;(t,g(t)) is given by (4.3). In fact, on taking the Stirling inversion 
(4.16) into account, we readily see that (4.59) is equivalent to (4.3). 

In particular, for the classical Eulerian fraction A;(t, (1—t)~+), it is easily 
found that 


> | MM) =. (4.60) 
lk (1 —t)pt+1 
Alternatively, by taking f(t) = B,(t) (p € N) in (4.2), we obtain immediately 
= (®t yo (P 
> Bu Oz = Yo ({) Br-vAelt0) (4.61) 


It still covers some particular identities as represented previously (cf. Section 
2.2). Owing to that limp... */|Bp(k)| = 1, the series on the LHS (4.61) con- 
verges absolutely for |t]| <r, provided that g(z) is analytic for |z| <r (cf. the 
beginning of this subsection). 

In what follows we will proceed to show how the operational formula (4.23) 
can be utilized to construct several infinite and finite identities of combinato- 
rial type. A typical example is when 


ot) =z (BERB>0). 


We have via a brief computation 


A*d(t) = cy / (‘ : zr ‘). (4.62) 
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In particular, fora+ (64k, set t =a—k and 0 in (4.62), respectively, to get 


A‘ (a — k) = —— wea 


an = /(° 54) 


Then, for any given polynomial f(t) with degree Of (t) = p, we find that (4.23) 
yields 


rote (6) / (PE) = Datoseaes ()/ ("5"): 
(4.63) 


where a+ 8 4 k for integers k with 0 < k < p. As for its convergence, we 
have the following: 


Proposition 4.1.8 For a, 8 > 0, the infinite series involved in (4.63) is ab- 
solutely convergent for [3] >p+1, where [8] denotes the integer part of b. 


Actually, for a, 8 > 0, we have the estimates 


(isco, (PE) 2 Ci) 00%. +0. 


Thus, it follows that 


ro) (;) / “ = O(kP-111), (kk > 00). 


This estimate justifies that the infinite series of (4.63) converges absolutely 
for [8] > p+. 

As direct applications, (4.63) contains some infinite-type (analytic) com- 
binatorial identities with f(t) = ?, COs etc. as follows: 


soe ()/ CP) -2 soit 1 (2) /(229), en 
Som) OCP) - ESCO) 


soa/(PE*) ay BE fPh / (PON, went) (4.66) 
s-! oy ) = 5 (a >0, B>1), (4.67) 
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(8+) 8 
= t) = Fa 22. (4.68) 


Here, it may be of interest to note that identity (4.67) with a = n € N just 
gives a theorem in Section 4.4 of Wilf [216], which has served as a distinctive 
example proved by the well-known WZ-method [177]. 

With a bit of surprise, we find that numerous combinatorial identities of 
the [3/0] type as displayed in Egorychev’s treatise [58] (pp. 78-85) and Gould’s 
formulary [73] can be rediscovered or verified by use of (4.23) with suitable 
choices of f(t) and ¢(t). Typical examples include the following finite-type 
identities: 


ee x Hi y-m x 
2 (;) Cae (". 
Se 


min{a,b} 


ral erae Cn le 


In particular, it holds 


ECMO IE RACHYCR) eve. ar 


It is worth mentioning that (4.71) is recorded by Koepf [146] (p. 41, Exer. 
3.4) as Stanley’s identity, which obviously contains (4.72) as the special case 
a = b=n. Identity (4.72) has been attributed as a well-known identity to the 
old Chinese mathematician Li Shanlai who lived in Qing dynasty of China. 
It was re-proved by a number of mathematicians including P. Turan, L. K. 
Hua, et al. in various tricky ways. 

Observe that both sides of each of the identities (4.69)—(4.72) consist of 
algebraic polynomials with the same degrees in the real arguments x and y. 
Thus, it suffices to verify them for the cases where the arguments are restricted 
to be positive integers. In other words, we need only to consider the cases 
x,y EN. 

Along this line, in order to deduce (4.69) from (4.23), we may take 


se)=("F"), onto = (4), 


and that set a = x, 8 = y—™m. For these two functions, it is easy to calculate 


a7) (42,)=(—). ataon= (C9). 


ll 
| « 
> ae 
a 3 8 
| Se 
a oS 
8 
o + 
Q 
SH 
, a 
< 
eg + 
o> 
Se 
cs 
“I 
= 
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in particular, A’¢m(0) = dm,x- In this case, the RHS of (4.23) reduces to 


co i mest y—m 
kk} \m—k/\n-k 
k=0 
and the LHS of (4.23) yields (*)(%), respectively. Thus (4.69) is established. 
For the derivation of (4.70) from (4.23), it suffices to choose 


se=(™), 6=(27), wen) 


nm wv — mm 


As for the verification of (4.71), it is no real restriction to assume b = min{a, b} 
and replace b — k by k in the LHS. Thus, (4.71) may be rewritten as 


> (;) oe aon = ow a (4.73) 


Then, the choice a = x, and 


f= (UF). a= (13) 


in (4.23), after the similar computation, shows that the both sides of (4.23) 
just generate identity (4.73), which is equivalent to (4.71). 

Clearly, all summation formulas represented in this section just show that 
(4.1) and (4.2) with their specializations really form the sources of many 
particular formulas and identities, and as sources they should still be possible 
to be utilized for getting more types of special formulas and identities than 
those already displayed. Moreover, it may be worth predicting that certain 
proper g-analog of (4.1) and (4.2) could be constructed so that various novel 
q-identities might be derived therefrom. Meanwhile the author hope that WZ- 
style proofs for the aforementioned combinatorial identities will be found soon. 
Anyway, readers may suppose that much remains to be done after this present 
section. 


rr 


4.2 Summation of Series Involving Other Famous Num- 
ber Sequences 


It has been seen that suitable manipulations with the operators A, E, and D 
(differentiation) could yield a variety of summation formulas and identities in 
the computational mathematics and combinatorics. In Section 3.3 we present 
three source formulas (3.1)—(3.3). From the previous section, $4.1, we have 
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seen that formulas (3.2) and (3.3) form formulas (4.1) and (4.2), for which 
the general convergence theorems are given by assuming g(z) to be an ana- 
lytic function and f(z) to be functions satisfying certain conditions. Generally 
speaking, the freedom of choices of g and f in (3.2) and (3.3) (ie., (4.1) and 
(4.2)) should imply the versatility of uses of the transformation formulas for 
establishing various series summation formulas including some analytic com- 
binatorial identities. Similarly, what we are considering in this section are the 
following two A-operational transformation formulas for Newton-type series 
from formula (3.1). 


be (i)s (k)A*g(0) = 5° @ AF f(0)A* g(a — k), (4.74) 


KO k>0 
(27) s00-ayta(o) =H (AP at roy Ayaan bd) 
= k>0 


(4.75) 


In this section, we will use the formulas (4.74) and (4.75) to study two formu- 
laic classes consisting of various combinatorial algebraic identities and series 
summation formulas. The basic ideas include utilizing properly the A-operator 
and Fibonacci numbers and Stirling numbers for some series transformations. 
A variety of classic formulas and remarkable identities are shown to be the 
members of the classes. 

As may be observed, (4.74) and (4.75) could be deduced from each other by 
letting a > —(a+1). Thus (4.74) is the simpler basic formula to be concerned. 
In fact, the proof of the formal identity (4.74) is given in Theorem 3.2.13 and 
certain of its nice applications have been briefly represented in Section 3.3. 
Moreover, a further scrutiny of (4.74) reveals itself that it could even be 
served as a source for drawing a variety of classic formulas and novel results. 
Accordingly, (4.74) may be used as a source formula for defining a certain 
class of formulas and identities. All of these together with other related things 
will be expounded in this sections. 


4.2.1 Convergence theorem and examples 


Similar to Section 4.1, in order to be able to get various exact results from 
(4.74) or (4.75) we need a convergence theorem as follows. 


Theorem 4.2.1 Let f(t) and g(t) be real entire functions satisfying the fol- 
lowing two conditions 


Tim |f(k)A*9(0)|" <1, (4.76) 
k—-0o 
Tim |A* f(0)A*g(a bl <1, aeR. (4.77) 
b—+0O 


Then all the series involved in (4.74) and (4.75) are absolutely convergent so 
that they give exact finite results. 
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Obviously, for the special case f(t) being a polynomial, the right-hand 
sides (RHS) of (4.74) and (4.75) just give finite series so that the condition 
(4.77) certainly holds and may be omitted. Similarly both (4.76) and (4.77) 
can be omitted in case g(t) is a polynomial. In what follows we will give a 
proof for the general case. 


Proof. It suffices to establish (4.74) with conditions (4.76) and (4.77). For the 
sake of completeness and as a first step in the proof, a formal process may be 
reproduced here to justify the formal equality (4.74) quite straightforwardly 
as follows: 


 ({) £02" =H (F)2*2*20) =O (f) BO) = 1 + 2B)F0 


k>0 k>0 k>0 
x 
14+2 


=(1+a2+4+2A)°f(0) =(14+2)° (1 + 


=> @ ak (1 + 2)°-FAF f(0). 


k>0 


A) 00) 


Having considered the above series as a formal power series in x, one may 
utilize the well-known substitution rule x > A to get the formal operational 
equality of the form (cf. Section 2.2) 


> (;) Fata =H ({)arrOar +ay"-k9(0 


k>0 k>0 


= (F)atroater*y(0) 


k>0 
= » @ A¥ f(0)A®g(a — k). 


The second step is to show that both sides of the above resultant equation are 
absolutely convergent series. Note that 


lim |{° 


Combining this with the conditions (4.76) and (4.77), we see that Cauchy’s 
root-test is applicable to the series on the both sides of (4.74). Hence the 
theorem is proved. 


Remark 4.2.2 It is worth mentioning that Theorem 4.2.1 could be restated 
in a more general form in which the entire function f(t) is replaced by the se- 
quence (f(k)) (k € No) so that the existence of the required sequence (A* f(0)) 
is also assumed. 
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Here we will give a number of examples showing how to get various remark- 
able formulas or identities from (4.74) via special choices of a, f(t), and g(t). 
Some examples are given in Subsection 3.2.4 and/or Subsection 4.1.1 by using 
different symbolic operational source formulas. The table for the calculation 
of A* given at the beginning of Subsection 3.3.3 is helpful in the following 
examples. 

(1) The classical Newton interpolation formula is given by (4.74) with 
f(t) = 1. Also, the binomial theorem for the expansion of (1 + oe is given 
by (4.74) with f(¢) = 1 and g(t) = (1+2)' so that A*g(0) = x*. Conver- 
gence conditions are given by (4.76), viz. sup|A"g(0)|1/" < 1 ond |x| < 1, 
respectively. 

(2) Euler’s transform for alternating series is given by (4.74) with a = —1 
and g(t) = 2¢ (so that A*g(0) = 1 and A*g(—k — 1) = 1/2**1), namely, 


Teper =r Gar, 


k>0 k>0 


called the Euler’s series transformation formula (cf. Example 2.2.6). 
(3) Vandermonde’s convolution is given by (4.74) with a > x, f(t) = 1, 
and g(t) = ("7") (so that A*g(t) = (**4)), namely, 


SOG) -C)_- C2) 


(4) Euler’s formula for arithmetic-geometric series (cf. Lemma 2.1.7 and 
Example 2.2.7) is given by (4.74) with a = —1, f(t) = t” (r € No), and 
g(t) = (1 —z)* (so that A*g(t) = (—x)*(1 — x)'), namely 


a - jlad e 
dF = sath. jz] <1, 
k>0 j=0 


where et are Stirling numbers of the second kind. 


(5) Stirling’s summation formula for the higher order arithmetic progres- 
sion is given by (4.74) with a = —1, f(t) = t", and g(t) = (",‘) (so that 
A* ot) = (-1)k(™ **)), namely 

ah eee 
ele ces 


k=0 j=0 


(6) An identity due to au) [79] (cf. pp. A 155) can be obtained from 
(4.74) by setting a = —s—1, f(t) =( ‘), and g(t) = (""") so that 


(i) =r") - (2) 
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n—-t—k 


ata) =Car" 


J. Ak) = (1) 

for 0 <k <n. More precisely, it can be written as 

- ey (") _ ) way 7 ("**) ("tet nti 

ae k; j j n-j j 8 s+14+ j 
(7) A theorem stated in §4.4 of Wilf [216] is the identity 


So CE 7 ae = 


This can be obtained from (4.74) by letting a > n, f(t) = 1, and g(t) = 
1/(t+ a). In fact one may find 


ake(t) = (DER (e+a+ Wns, At G(0) = —D8/ (a("F")), 


and A¥g(n — k) = (-1)*/((nt+-a—k)("%")). 
(8) An identity of Riordan is the following (cf. [58]) 


- n m ct+n—k\ (a\fa 
oa kk} \n-k ntm)} \m/\n/' 
It is easily seen that the left-hand side (LHS) of the identity may be embedded 


in the LHS of (4.74) by letting a > n and taking f(t) = eee and g(t) = 
(™**) so that 


ara=car( te TO), ate=(" 7). 


Correspondingly, the RHS of (4.74) gives 


a eae | Ge eee 


k>0 
: —k 
_{# (1) n\ (@x@+n _(% x 
m k n—k m/) \n 
k>0 
(9) The well-known identity of Li Shanlai (cf. Section 4.1) is the following 
ys n\{m\ (ptn+m—k\ _ fpt+n\(p+m 
k k n+m a n m , 
k>0 
where the LHS may be embedded in the RHS of (4.74) by letting 
m+t +m+t 
an, 1o=("E), wate), 


m Pp 
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Obviously the LHS of (4.74) gives 


x (Cm) wre) = Cw E GVO = Ce )C0") 


Recall that (4.74) may also be written as (4.75) with the simple replace- 
ment a@ — —(a +1), and conversely. 
(10) For the pair of Rosenbaum’s identities (cf. [58], p. 83) 


D(C yam meman 
dm) (at =o amen 


k=0 


it is easily observed that the LHS’s of the above two identities could be em- 
bedded in the LHS of (4.75) by taking 


{a+ (n~1), fH=1, gt) = (ele 


m 


fermen, 10=(R" 3"), w= ("7 h, 


respectively. Correspondingly, the RHS of (4.75) gives, respectively 


n+t 0) 
amino = ("A = (a) ao med 


m-1 
m—-1+k n—-1 0 
=0 > 1. 
eras) ier) ae 


(11) As an extension of Stirling’s formula in the above (5) there holds the 


identity 
“ (@+k\.- fats (atntl\ f(r 
He ase ete), 
k=0 j=0 


It is seen that the LHS of the identity could be embedded in the LHS of 
(4.75) by letting f(t) = t” and g(t) = ("—") so that (—A)*g(0) = ("7k) = 1 
(0 <k <n). Obviously, the RHS of (4.75) just yields the RHS of the identity. 

(12) The following identity is called a miraculous formula in Graham- 


Knuth-Patashnik’s book [79] (cf. (5.104)) 


5 (t)aeeeat = came (2) (22) 


k>0 


and 
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The LHS may be written as 


S (") k : allan 


k>0 


a = —(2m +1). 


? 


t=0 


Thus the LHS may be embedded in the LHS of (4.74) by taking a > m, 
f(t) =a/(t+a), and g(t) = (—1)'. Note that 


IN (2). = 0t/(F 9), atotmk) = (2-1 * = (1m 


Accordingly, the RHS of (4.74) gives 


>» (‘") (-1)' (* 7 _ 7 ) “aka 


-cor(E()CE) Cre} / Cn) 
com (ECU )/(2)-corer (2). 


k=0 k=0 J 
_ —) . = AS er) (4) 

™ / m+1 TH (am +1 
“Y(eipa)* ans ee a8) 
j=0 j=l 


where in the inner summation the Chu- Vandermonde identity 
“/s—k\ (k 1 
CRG) = (nba) wn 
tea J lem aa 
is used for s = 2m. 
(13) As is known, there are higher difference formulas for trigonometric 
functions, viz. 


AF cos(at + 8) = (2 sin ay" cos (a + B+ F(a + ")) , 


AF sin(at + B) = (2sin £)" sin (a+o+ s(a-+7)) , a BER. 
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Thus the special choice {a = x, f(t) = t', g(t) = cos(at + 8)} in (4.74) leads 
to a particular summation formula as follows: 


(;)k ™ (2sin =) ‘sin (6+5 (a+7)) 
(i) {7 \ (asin $)' sin (ar + 9+ $( 0) 


where the infinite series is absolutely convergent for 0 < a < 7 so that 
|2sina| <1. 

As we have seen, all what given above has shown that formula (4.74) could 
be really useful as a source for obtaining a considerable variety of formulas 
and identities, including classic ones and new ones. This fact may justify that 
one could useful (4.74) as a “source formula” to define a significant class of 
formulas and identities. Actually this will be one of the two formulaic classes 
to be considered in the next subsection. 


Y, 
>» 


4.2.2 More summation formulas involving Fibonacci num- 
bers and generalized Stirling numbers 


It is known that the ordinary Fibonacci numbers F;, (n € No) can be extended 
to the case with negative indices. Actually, the basic recurrence relation orig- 
inally defined for F;,, (n € No), 


fo = 0, fF, =1, Fy = Fa-1 + Fn-2, n>1 


can be generally assumed to hold for all n € Z, so that one may find by 
induction the simple relation (cf. [79]) 


F.,=(-1)"""F,, eZ. 
Consequently, we have 
AF. = Fini-Rh=Fi1, A®*Fhk=Fiz, keENo, t€Z. 


This suggests that formula (4.74) can be well utilized for obtaining combina- 
torial identities involving Fibonacci numbers. Using (4.74) with the particular 


choice 
—t 
{£0 = Fan of) = (“7% iV r,t€Z, sENo, 


m 
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we have 


Thus the RHS of (4.74) gives 

(oe fats—k “(a 8 . 

» (i) ( k )OMFss 7 3 ( ) ( ) ne 
k=0 a g=o 7 NS 


which may be rewritten via 7 — m— Jj and r > —r 


SC ee EG eee 


This formula holds for a € R, r € Z and s € No, and may be specialized 
in various ways, e.g., the following special identities (including a few familiar 


ones): 
mM (a\ (at+1—k a 
r—-k = En r Lone ’ 
DC) ne F#m (i) Fate t og) Base 
k=0 
mn (a\ (a-—k a 
> (2) (27h) B= (2) Bate 
k=0 
“(a (a-—k ei: a 
(6) naa) eR == (5) Be 
k=0 
m m . 7 m m _ 
(yen Fm+k = 9, » (7) Fak = Fei 
k=0 k=0 


Using (4.74) with the following three choices 
{fa=n, f(t)=t", g(t) = Feit}, nyreNo, 5, te Z, 
{a=n, (t) = Ge y= Fait, rENy, 8, te Z, 
fa=n, f(t) = Frit, g(t) = Fett}, 1, 8, t€Z, 


we may obtain the following three formulas, respectively, 


Y (P= DIG) Benes 
EWC E60) (fon 
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n 


+ & Frirks—k = 2 (1) Fk F’s+n—2k- 
k=0 


k=0 


Certainly these identities also imply various special identities, e.g., the third 
identity has the following consequences 


ie mr 
S- @ poems A @ gem + Foon) = 0, 


k=0 
» @ Fi, (Fax aa Fon—k) =0, 
» (;) (—1)* Fy (Fi + Hpre,) 2a 


Taking g(t) = Fsiaz (s, t € Z), we find 


Ag(t) = Fs+att2 — Fspar = Fstitar, 
A g(t) = A* Fy408 = Feth+at- 


Thus, as an application of (4.74), the following choices 


{a =n, f(t) — , g(t) = Fsiat}, 
{a=n, f(t) = Frit, g(t) = Fszat}, 


{a=n, f(t) = Fy2t, 9) = ey)? 


can lead to the following three formulas, respectively, 


“{n “A fr) (n 
pS (j,) APs => Di{ }( ")Fatan-s 
k=0 j=0 ! : 

n ” n n 
ns e Frirks+k = S- (;) Epa KP gton—ky 


k=0 k=0 
S > (-1)* Fan =(-1)"Frin, r eZ. 
k=0 


These formulas also have various special consequences, e.g. the second formula 
implies the following identity with s =r: 


“(n “(n 
DE) Fa =D (f) BaF 
k=0 k=0 
The simplest case of this identity is given by n = 1, namely 


Fo + F?., = F,Fp42 + Fy-1F 41. 
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This may be written as a recurrence relation for r as follows: 


F,Fy42 — is = —(F-1F p41 — Fe), r2i. 


r 


Thus it follows that 


F,-Fr4q — Fe,, = (-1)' (Foe — F?) = (-1)"*?. 
This is known as one of the oldest theorems about Fibonacci numbers, and 
may be more precisely called Cassini-Kepler identity (cf. §6.6 of [79]). 

The above examples suggest two combinatorial formulaic classes which 
may be briefly called Sigma-Delta class (HA class) and Sigma-summation 
class (XS class). We introduce (NA) class in this subsection and (3S) class 
in the next subsection. Some relations between these two classes will also be 
discussed later. Let us give the following definitions. 


Definition 4.2.3 The formula (4.74) is called a valid source formula when- 
ever the involved sequence (f(k)) (k € No) and the entire function g(t) (t € R) 
satisfy the conditions (4.76) and (4.77) of Theorem 4.2.1. 


Definition 4.2.4 Any special choice of the component set {a, f(k) or f(t), 
g(t)} ts called a “valid choice” if it could be embedded in the valid source 
formula (4.74) to get an exact formula or a valid identity. 


Definition 4.2.5 Any exact formula or a valid identity is said to be a member 
of the (SA) class, if it can be obtained from (4.74) via a valid choice of the 
component set {a, f, g}. In particular, the 3 specialized conditions (I) a > 
No, (II) f(t) is a polynomial, and (IIT) g(t) is a polynomial just lead to 3 
subclasses of the (NA) class, respectively. 


Evidently, all the formulas and identities given in this subsection are mostly 
noticeable special examples of the (XA) class. We think that still much remains 
to be found or constructed successively. 

The second formulaic class we wish to introduce is a set consisting of pairs 
of equivalent formulas involving generalized binomial coefficients and general- 
ized Stirling numbers (GSN) defined. We will adopt some familiar notations 
as follows: 


(t\d)n =t(t—d)---(t-nd+d),  (#ld)o =1, 


(). = (t\d)x/k!, (), = (;,): el =¢"/Kl. 


It is known that the 3-parameter GSN’s denoted by S(n,k;a, 8,7) with 
(a, 8, y) 4 (0,0,0) are defined by the following (cf. (4.14)) 


(¢la)n = D> S(n, kya, 8, y)(t— 1B )es (4.80) 


k=0 
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where a, 2, and y may be real or complex numbers. But in our present dis- 
cussion we only need the GSN’s with two parameters, namely, S(n, k;a, 3) = 
S(n,k;a, 8,0), where (a, 8) € R?. Thus, for a # 6, the numbers Ca and 


9) ‘i (p € No) are related by the equations 


Gy mS F s(p.j:0.8) Ge (4.81) 


j=0 j 
()) ,- 2 s58.0(5) . (4.82) 


These relations are symmetrical with respect to a and {. In particular, for 
the case a = f it is seen that 


. 0, forj<p, 
S(P 45.050) = by = { 1 a 


Now, replacing the variable t of (4.80) by 6t + y, and applying Newton’s 
interpolation formula to the polynomial f(t) = (6t+7|a@)n, we may find that 
the GSN as coefficients contained in (4.80) can be expressed using differences 
(cf. (4.19)), viz., 


S(n, k; a, 8, y) = [A*(6t + yla)n],_ 0? (4.83) 


a 


Certainly an explicit expression of S(n,k;a,{8,7) can be deduced from 
(4.83). Of particular usefulness for our evaluation of sums are the numbers 
S(n,k;@,1,7), S(n, k;0,1,7), and S(n, k; 6,1,0), which are known as Howard’s 
degenerate weighted Stirling numbers, Carlitz’s weighted Stirling numbers, and 
degenerate Stirling numbers of the second kind, respectively (cf. [31, 119]). As 
an example, we consider the case of (a, 6, y) = (0, 6,7). Then 


1. 
S(n, k;0, 8,7”) = Bil Ai(pt+7)*|,_o 


Ee) aE Ore. 


i= 


seb (met) BOG 


Hence, we obtain an identity from (4.80) 


ies iy (>: (‘) {ia (t- 1B). (4.84) 


k=0 \i=0 
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Moreover, substituting (4.81) into (4.82) or conversely, one may get the 
orthogonality relations 


x S(p,j;a, B)S (4,4 1; B, a —— S(p, J; Bia )S(j, ta, B) = dpi. 


tSj<p tSj<p 


Making use of these relations, one may find that the “Extended Summation 
Rule” as formulated in Hsu [127] can be restated in a refined form as follows. 


Theorem 4.2.6 Let a and 6 be distinct real numbers, and let F(n,k) be 
a bivariate function defined for integers n,k > 0. If there can be found a 
summation formula or a combinatorial algebraic identity such as 


. k 

Drak (S) =orna) p20 (4.85) 
PP o 

then this equality implies the following formula 


n k ; 

> F(n4)( ya - 5s (9, 4:B,0)(n, 5,0). (4.86) 
k=0 # oF 

Conversely, (4.86) also implies (4.85). In brief, (4.85) and (4.86) are equiva- 


lent. 


Proof. The implication (4.85) = (4.86) is simply from the substitution of 
(4.82) into the LHS of (4.86) and then a application of (4.85) to derive the 
equivalence of both sides of (4.86), which is left as an exercise (cf. Exercise 
4.5). Here, it suffice to verify (4.86) = (4.85). Indeed, using (4.81) and one of 
the orthogonality relations of S(p,7;a, 8) and Sp, 7; 8,a), we have via (4.86) 


Pp n 
LHS of (4.85) =~ 1 S(p,j:0.8) Fink) (7) 
jo P* k=0 I/ B 
“| J 1 
= SSH) | FSH 8, a) O(n, 1,4) 
j=0°° i=0 7" 
2 P j! - 
=D om i,0) dF S(p, j;0 5 S(,4; 8, a) 
i=0 j=i 


Pp 
= 7 <6 (n,i,a)dpi = 9(n,p, a) = RHS of (4.85). 


Hence (4.85) and (4.86) are really equivalent to each other. 


a 
Completely similarly, for the case of infinite series there holds the following 
theorem. 
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Theorem 4.2.7 Let (F'(k)) be a sequence in R such that 
Tim |F(k)|!/* < 1. (4.87) 
k-00 


Then the following pair of summation formulas are equivalent: 


— k 
2) (0). = ¢(p,a), p> 0, (4.88) 
- k hen. 2 

F(k a —S(p,7; 8,0 ,). 4.89 
Srea(h) = LAH eae) (4.89) 


The proof follows from the similar lines as that of Theorem 4.2.6, and is 
left for Exercise 4.6. 

Note that the ordinary Stirling numbers and Lah’s numbers (in absolute 
value) are special cases of GSN’s, namely, 


S(n, k; 1,0) = Si(n,k) = A 
S(n, k;0,1) = So(n,k) = ae 


nn! (n—-1 
sia ks—1)= (72). 


Thus it is easily seen that Theorems 4.2.6 and 4.2.7 imply two corollaries as 
follows (by taking (a, 6) = (1,0) and (a, 8) = (1,-1), respectively). 


Corollary 4.2.8 The following three summation formulas are equivalent to 
each other: 


» F(n,k) & = 9(n,j), J 20, (4.90) 
k=0 

SF en k)k? = Ystom.a{ i} (4.91) 
Srinw(*P") =Doea(57y) (4.92) 


Corollary 4.2.9 Suppose that (4.87) holds. Then the following three summa- 
tion formulas are equivalent to each other: 


So F(mk) *) =o), 720, (4.93) 
j 
k=0 


S_ F(n, kk? = Dato? (4.94) 
k=0 j=0 J 
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Sorina (STP ') = 0 (271). (4.95) 


Surely, formulas contained in these two corollaries can be used to obtain a 
variety of special formulas or identities in combinatorics. Indeed, for instance, 
some identities of the types (4.90) and (4.91) will be displayed below. 

For the simplest case F(n,k) = 1, from (4.90) we find the corresponding 


O(n, j) as : 
o(n,j) = 2 (‘) = _ a (4.96) 


This leads to the familiar formula from (4.91) 


ae a nm 1 Pp 
rT es (4.97) 
k=1 a we 


Actually there are many known identities of type (4.90) in which F'(n, k) may 
consist of a binomial coefficient or a product of binomial coefficients. See, e.g., 
Egorychev [58], Gould [73], and Riordan [183]. Consequently, we may find 
various special summation formulas via (4.91). We now list a dozen formulas, 
as follows: 


n Pp 
Se (tetsu (Ph teen ero an 
= k a0 JIT AI 


Sees 
Seat) Ee 9G} os 


3 
w 
> 
Sa 
I 
Ss 
3 
S 


( ie ae } (4.101) 
oe ( ‘) ~ ey) ("* . ‘) {rt (4.102) 


Sater ("t4) ase 1)" pret (")4) {rt (4.103) 
) 


x0 $0 j 
Si-aters 7 (ae) = 2 (023 ae ? e . (4.104) 
Scythe o *) - Days (aay {Ph (4.105) 
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Sele) LACT} sem erm 
= ‘) = sewa(s) (ip (4.107) 
ee Vuh (4.109 


= (ntl 1 p 
y ke Ap = y ! Ayn+1 - —— Po 4.109 
k=1 3 (7 F7) = 71) a ) 


rcarer() | 
) 


[n/2] 
gn— 2k KP & 


k=0 


n 
2 
k; 


tl 


2k 


where H;, = 1+ (1/2)+--+-+ (1/k), (k > 1), are harmonic numbers. 

Though most of the above formulas (except (4.98)) appear unfamiliar, or 
are difficult to find in the literature, they are actually companion formulas of 
some known identities. In fact, (4.98) is known as the pth moment of the bino- 
mial distribution of a discrete random variable. Formulas (4.99) and (4.100) 
represent companion formulas of the pair of Moriarty identities (cf. (2.73) and 
(2.74) of [58] and (3.120) and (3.121) of [73]). Also, (4.102) and (4.105) are 
just companion formulas of the following identities: 


OC) CTT) aun 


eee “Cr = Gi) aan 


k=j 


due to Knuth and Ascher, respectively (cf. (3.155) and (3.179) of [73]). More- 
over, (4.109) may be inferred from the known relation (cf, e.g., pp. 98-99 in 


Ch. 3 of [2]): ; 
S(})=(41) (ton pa)- aaa 


Evidently, both (4.101) and (4.102) imply (4.97) with s = 0, and (4.106) 
yields the Vandermonde convolution identity when p = 0. Moreover, it is 
easily found that (4.109) leads to an asymptotic relation, for n — oo of the 
following, 


and 


o> (low +9- —). (4.113) 


where  := fates n) = 0.5772... is Euler’s constant. More precisely, 
whenever n is much bigger than p, say n >> p”, the asymptotic behavior of 
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the combinatorial sums in (4.109) is mainly determined by those principal 
terms (i.e., the terms with 7 = p). Hence, ee =1, Any ~ log n+7, and 


(rt a _ (n+ 1)p41 pert 


\etl) "GH pet’ 


which implies (4.113). 


4.2.3 Summation formulas of (1S) class 


The examples (4), (5), (6), and (11) in Subsection 4.2.1 and the identities 
and summation formulas in corollaries 4.2.8 and 4.2.9 and their examples 
(4.98)—(4.112) suggest that it is reasonable to define a formulaic class by using 
(4.85)—(4.86) and (4.88)—(4.89) as source formulas. 


Definition 4.2.10 Any summation formula or a valid identity is said to be 
a member of the (XS) class, if it could be expressed in the same form as one 
of the formulas (4.85)-(4.86) and (4.88)-(4.89), in which F(n,k) or F(k) is 
a real definite function and 6(n,p,a) or d(p,a) is an algebraic expression 
without containing any summation having number of terms unbounded. 


Evidently, all the formulas given by the examples (4), (5), (6), and (11) 
of Subsection 4.2.1 belong to both (SA) and (XS) so that the intersection 
set (XA) U (XS) is non-empty. Moreover, it is easily observed that the pair of 
Moriarty identities 


n/21 \ n/a 
x adr aasC7) Ela 5) 
LNG /\2k ee i BOC j 


(4.114) 
cannot be embedded in (4.74) so that they are not the members of the (XA) 
class. However, they belong to the (XS) class. This means that (XS') is not a 
subset of (XA). 

As typical members of (©S') we will mention here several pairs of equivalent 
formulas that are implied by the equivalence relations (4.90) <=> (4.91) and 
(4.93) <= (4.94). In certain pairs given below the notations w(p), H;,, and 
F;, denote, respectively, the Bell numbers, harmonic numbers and Fibonacci 
numbers, namely 
el ae sl 
“w= > {ih poltstety, FBI, 


j= 
and Fi, = (a*+1 — o*+1)/\/5 with a = (1+ /5)/2 and b = (1— V5)/2. 
J j+1 


Deco KP = ho eats {?} (Stirling’s formula), 


Fag (*) = ("1 (Zhu Shijie identity), sie 
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n 1 (k _e 
k=0 a) = i ies a 5? (4.116) 
ihe Sey a oe =ew(p)  (Dobinski’s formula), 


n k ai 
x0 (5) = aaa id (4.117) 
a 3-0 Sas {5} (Euler’s formula), 


ee, ey (5) ial 


(7) Ce) (Knuth’s identity), 
nm s+ s n+s (4.118) 
re Ce ek 
faa (a= GE) (Hn ~ Fz) me 
pao KP Hy = 2 =o J Ca) (4 n+1—~ — {3 hs 
n aa j+1 = j+1 
=o (5) Faao*t ‘= |(45) - (4) F 
n . ax itl fa ae 
nao APE a*t* = Fy j=0 J! (> ~ (45) | {7}, 
for |x| < 0.618. 
(4.120) 


As may be observed, the pairs (4.115), (4.116), and (4.117) just reveal the 
fact that certain somewhat harder summation formulas are actually equiv- 
alent to some rather simple equalities. Generally, the real situation is that 
once Stirling numbers have been introduced into play, everything regarding 
summation problems becomes apparently simplified and more easily treated. 

We now make use of Knuth’s identity (4.110) and the GSN of the form 
S(n,k;@,1,A + 7) to get some summation formulas. The first result is the 
following. 


Theorem 4.2.11 For any given integers 7 > 0 and p > 0, we have a sum- 
mation formula as follows: 


k=j r= r+g+1 
where X and @ are real or complex numbers. 


Proof. Let us start with the relation (4.80) which is actually an algebraic 
identity involving variables a, 6, y and t. Making substitutions a > 0, 6 > 1, 
y>A4+ 7, and t + k+ A, we find that (4.80) may be rewritten in the form 


Pp ‘ 
ke 
(k +X|9)p =Yor180.758,1,+.)( "i (4.122) 
rf 


r=0 
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Using Knuth’s identity (4.110) with substitutions s > 7 and k > k — j, we 


EOI) -EOGH)-E0Cs) 
) 


ntl jo-rfn+1- 3 
r 


b1—j\ (n+l 
oar (" ; ’) (" ), (4.123) 
r+j+1 r+1 j 


Thus, making use of (4.122) and (4.123), we find 


5G aT Ap = Do rIsta BLA +I. (*~’) (‘) 


k=j r=0 J 


Pp : 
n- r+1 n+1- 9 : 
= ! S 30,1,A 
("* se ery (p.r:0,1,943) 


mr 1 a (n +] D)r+1 : 
= ; 4 ——__——— S(p,r3 0,1,’ +7). (4.124) 
=0 


r+gt+1 


This is what we desired. 


a 
Note that the GSNs S(p,7r; 6,1, +7) may be expressed in the forms 
1 
S(p,7:0,1,A 45) = [AE+AF IO pl ao: (4.125) 
SP.rO1LAFI) =F aC ae aT t+A+J|O)p- (4.126) 


Note also that (4.125) is implied by (4.83) and that (4.126) just follows 
from the well-known expression for higher differences. It is clear that (4.126) 
is a formula of rank 1 since it consists of only a single summation involving 
elementary terms. Consequently, formula (4.121) is of rank 2. 


Remark 4.2.12 In fact, that formula (4.121) is like a dual to formula (35) 
of [132], which states 


(NM (k + AlO)p “> oe ae st )s (p,r;9,1,), (4.127) 


k=0 


where S(p,7r;0,1,)s are given by (4.126) with 7 = 0. So, (4.127) is also a 
formula of rank 2. We can derive formula (4.127) using our method developed 
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here, which is less complicated than that used in [132]. Indeed, from formula 


(4.122) and the identity 
(WO)- (Ga): 28 


we have 
3 (1) (k + \\0) Spee 7:0, 1,2) 2 (1) (*) 
k Pp 5 di ae Vet) k r 
k=0 r=0 k=0 
p n 
- ' : n n—-fT 
Yo ris(e.738,1.9)(" 2 —_— 
r=0 k=r 
=H” somos ("S* 
= * r DT; Ej bi k 
r=0 k=0 
7 n 
=o ( ) Sto.ri8,1,2). (4.129) 
r 
r=0 


A number of corollaries giving some previously known and unknown for- 
mulas may be stated as consequences of (4.121) and (4.126) as follows. 


Corollary 4.2.13 There holds the formula 
“(k n+1 (n+1—J)rqa . 

k|0)> = eee 70,159); 4.130 
> (7) i» ("; yy ARP Spr 8.1), (A180) 


where Howard’s GSN S(p,r;6,1,9) (cf. [119]) is written in the form 


Sip ries 1.9 =F a ) (i + j|O)p- (4.131) 


In particular, if @ =0, then (4.130) is reduced to 
“(kN ,. WEL Se LF ces 
kP = MEP SI as 01,9), 4.132 
> (3) ( j bs Pag ee: ros 


where Carlitz’s weighted Stirling numbers S(p,r;0,1,7) (cf. [81]) ts expressed 
in the form 


S(p, 730, 1,9) = aC ae \ (i+ 9). (4.133) 


Note that (4.130) and (4.132) are different from the main results of Gould 
and Wetweerapong [78], nevertheless they are comparable with each other. 
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By using residue method, Huang [136] provided an identity for (4.132) with 
p = 2. Jones [140] also used a telescoping series to derive a different formula 
of (4.132), namely, 


& ee Gr)+ eee (Gai) Ga): 


(4.134) 
If 6 =1 in Corollary 4.2.13, then we have the following: 


Corollary 4.2.14 We have a pair of formulas of rank 1 as follows: 


S(MY-GHEEEC IG) aa 


J 


EC) =O E LCT) cm 


Proof. Obviously, (4.136) is implied by (4.135) with 7 = p. Notice that formula 
(4.130) with 6 = 1 implies that 


3 (‘) (F)= - (" "7 ap > Oe S(o.r 1,1,j). (4.137) 


k=j J 


Here, using (4.131) and the higher difference formula, that we easily find 


Said yy (') ea 


i=0 


BECP) ABbL) ao 


for p > r. Thus, by substitution of the above resulting expression into the 
right-hand side of (4.137), we will attain the desired expression (4.135) after 
simple computations. 


a 
Corollary 4.2.15 There holds 
” E n+1 
So (kI9)p = don? F 1) s0.7:8.1.0), (4.139) 


k=0 r=0 


where Carlitz’s degenerate Stirling numbers S(p,r;6,1,0) are expressed in the 
form 


S(p,7r;9,1,0) = a (i|9)p. (4.140) 
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In particular, if 06 = 0, there holds the classical formula 
y S n+1\ {fp 
~ hp _ > al T 
a" rae ea) ee ond 


where {Ph = S(p,r;0,1,0) are the (ordinary) Stirling numbers of the second 
kind. 


Corollary 4.2.16 For any given real or complex number X, 


£0)-62) ws 


hej 
where S(p,7;0,1,) can be computed by (4.133) with 7 = A. 
Note that (4.142) implies (4.141) with \ = 0. 


Corollary 4.2.17 There holds probably the most simple identity 


S()-62) ws 


k=j 


Identity (4.143) (i.e., (4.115)) is known as the most old formula found in 
the 14th century by ancient Chinese mathematician Zhu Shijie. Indeed, (4.143) 
appeared in the second mathematics book of Zhu which was published in 1303 
AD. Certainly, (4.143) is a formula of rank 0. 

There is a closed formula for other types of combinatorial sums involving 
generalized factorials. For example, we have the following known results (cf. 
[132]): 


P 


S ) “Ck +Al®)p = do(n)r ?", ") S(p, 73 0,1, A), (4.144) 


k=0 r=0 


[n/2] p 
i = Jon—2r-1__” n—-?T 
» & (K+ Al@)p So rl2 el 4 S(p,r;0,1,A), (4.145) 


k=0 r=0 


where S(p,7r;6,1,A) are given by (4.131) with 7 = A so that (4.144) and 
(4.145) are all formulas of rank 2. Formula (4.145) is an extension of (4.99) 
for the classical Stirling numbers of the second kind. (4.144) and (4.145) can 
also be derived by using the represented method easily. 

For proving (4.144), we note that Chu-Vandermonde’s identity 


3 Glad aCe’): (4.146) 
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Then, using formula (4.122), we have 


E(iJaramefesinceang()'( 


k=0 r=0 k=0 


eae. ") 3 @ (-;) 


r=0 
fe ’). (4.147) 


Taking « =n and y=n-—r in (4.146), we have formula (4.144). 
For proving (4.145), we have, from (4.122), 


3 “Ck + A|O)p = % rlS(p,r;,1, A) > & (*). (4.148) 


k=0 r=0 k=0 


Since the first Moriarty identity (4.114) 


> k n _ 9n—2r-1 n n—r 
= 2k} n-T r . 


r 


P 


= 5 (n),S(p,r;9, 1, d) pails 


r=0 =0 


formula (4.145) follows immediately. 
The Li Shanlan (1811 — 1882) identity is the well-known classical identity 


n 2 2 
n m+n+k m+n 
>i (9 aad id ete 
k=0 
which appeared in Li’s writings in 1860s and was given several proofs 50 
years ago by a number of authors including Paul Turan, Loo-Keng Hua, et al. 


The related references are too numerous to be given. Here it may be worth 
mentioning that this identity is a particular consequence of (4.144). Recall 


(2) = GG): a 


From (4.138),we have j!$(2n,9;1,1,m+n) = (2n)1(57."%)- Thus, we see that 


from formula (4.144) with AX = m+n, 6 =1, and p = 2n there holds 


n 


1 
LHS of (4.149) “wet i, (k+m-+n|1l)on 


mt (Pn \(") S(2n, j;1,1,m+n) 


=0 


2 levies) 
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“ECMO IG2) orem 


(nt) ("er") = RHS of (4.149). (4.151) 


nm nm 


It is clear that formula (4.121) is useful for practical computations when- 
ever n is much bigger than p, denoted by n >> p?. Observe that for large n, 
the asymptotic behavior of the combinatorial sums in (4.121) is mainly deter- 
mined by those principal terms (i.e., the terms with r = p) within the closed 
formula. Also note that S(p,p;-,-,-) = 1. Thus, we easily obtain a simple 
asymptotic relation for n > oo as follows: 


Lae 2 tie ee Fl =D 

> (5) Op FE SO OL At) 
j ptl p+j+l 
Pv oe eee (4.152) 
jlp+jtl1  jp+j4+)) 


Certainly, the asymptotic estimate given by (4.152) can be refined by taking 
into account those terms with r = p—1, r = p— 2, and so forth, within the 
closed formula. And accordingly, values of S(p,p — 1;-,-,-), S(p,p — 23-,-,-), 
and so forth are required to be evaluated. 

In what follows we will show how to make use of the GSN of the form 
S(n,k,1/m,1) (m € N) to get some formulas with closed forms for the fol- 
lowing sums 


ee ee a ee ee eee eee ee 
a )() Pa Carey We] ea) > ("He 


Note that ore = ey /m?. Thus, by using Theorems 4.2.6 and 4.2.7 with 


(a, 8) = (1,1/m), we may easily obtain four sum formulas as follows 


k k F< gl fi 1 1 
SC) ERC ICIS )s ba): 
8 Pp coo w= m 


n 


> 

ll 

=) 
fr 


(4.153) 
pa ae aay PS ronal ("5 "\s( 1) (4.154) 
Sa rer PIs; 5) p 
! 
ro 2k+1 v7) = p! m 
1 1 /mk es oo cll 
k=0 j=0 
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Certainly, the above-mentioned sums with m > 2 cannot be evaluated 


into closed forms without using GSN’s. Formulas (4.153), (4.154), and (4.156) 
would be practically useful when n is much bigger than p. Also, it is clear that 
the limiting case of (4.155) with m — oo just yields Dobinski’s identity since 
S(p,9;0,1) =. 

We will consider a new summation problem and an enlargement of the 
class (XS). As may be imagined, the sum formulas (4.153)—-(4.156) would 
suggest the question of whether there are explicit sum formulas for those 
sums with the factor (”” ki *) of the summands being replaced by oo (q EN). 
More generally, the problem may be stated in this form: Given a real function 
F(n,k) for n,k > 0, and a sequence (F'(k)) with 


Tim |F(k)|!/* <1. 
k-00 
Suppose that there have been given known summation formulas such as (4.90) 


and (4.93). One may ask whether there could be constructed certain explicit 
sum formulas for the sums of the forms 


3 F(n,k) ei ") ana 3 F(k (" = ) 


Certainly, the existence of solution is out of question since eee is a poly- 


nomial in k of degree p and can be expressed as a linear combination of (*)'s 
However, the real problem is to find constructive expressions. Recall that for 
the 3-parameter GSN’s we have the basic relations 


(;).- ~ sip ji0i8,—7) eye (4.157) 


j= =P 


(37),-2 a8 (p, 3 iBan)(5) - (4.158) 


Letting t > k and taking 8 = 1/m (m € N) we have 


(**") 2 (mer) 
P 1/m mP P , 


Taking a = 1 and setting g = rm so that r = g/m, we have S(p, 7; 8,a,r) = 
S(p, 7; 1/m,1,q/m). Thus (4.158) gives 


ee a 18 (rib) () 


and it follows from (4.90) and (4.93) that 


n 


k “jl! 1 
SErmn(™*) = S48 (nnn) oma, — 4.159) 
j=0 


Pp 
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nm 


<> F(R) = ~ 5s 5 (nis, 1 +) (3). (4.160) 


k=0 


These two summation formulas are really equivalent to the simpler formulas 
(4.90) and (4.93), respectively, and this can be verified by using the orthogo- 
nality relations between S(p,j;a,8,—r) and S(j,i;8,a,r) with (a, 8,—r) = 
(1,1/m,—q/m) (cf. Proof of Theorem 4.2.6). 

Certainly, (4.159) and (4.160) may be used to generalize (4.153)—(4.156) 
to the forms in which p and S(p, 7, 1/m,1) are replaced by a) and S(p, j; 
1/m,1,q/m), respectively. Of particular interest may be the extension for 
Dobinski’s identity, namely 


ee mk +q i q 
ae HC ) Dg! (Miata): 


where 


ie 
m—- oo J 

As regards the practical computation of GSN S(n,k) = S(n,k;a,6,r), the 
following recurrence relation may be utilized [132]: 


S(n,k) = S(n—1,k—-1) + (kB —nat+r)S(n—1,k), 


where n > k > 1, $(0,0) = S(n,n) = 1, S(1,0) =r and S(n,0) = (rla)n. 

Finally, as a significant thing to be noticed, both (4.159) and (4.160) can 
be also used as source formulas for getting various special formulas and identi- 
ties other than those obtainable by (4.85)—(4.86), (4.88)—(4.89), (4.90)-(4.95). 
Accordingly, the formulaic class (©) can be enlarged by admitting into it all 
those formulas and identities that are obtainable or deducible from (4.159) 
and (4.160), provided that ¢(n,j) and ®(j) are given by (4.90) and (4.93), 
respectively. 

Note that formula (4.74) is also a consequence of the following series trans- 
formation formula via taking g(t) = (1+ ¢t)® and taking t > A (cf. Section 
2.2) 


S> f(a) g™ (0 05 = SoA‘ FO) GME ne. (4.161) 


k>0 k>0 


Accordingly, (4.74) may be called an associating operational formula of 
(4.161). Obviously, (4.161) implies Taylor’s expansion with f(k) = 1 (k € No). 
However, Taylor’s expansion formula is not included in the (SA) class. Thus 
one may see that if (4.161) is taken to be the most basic source formula in 
which the substitutions t + A and t > D (differential operator) are admitted, 
then all those formulas and identities that can be deduced from (4.161) or its 
associating operational formulas will form a formulaic class much bigger than 
(XA), say (HAD) class. Here, any exact formula or an identity is said to be a 
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member of the class (HAD), if it can be obtained or deduced from (4.161) or 
its associating operational formulas. The rigorous definition of (HAD) class 
is given in Definition 3.3.13. However, in smaller classes (HA) and (XS), the 
summation formulas and identities seem to be constructed more efficiently. 

From this definition it is clear that (NA) is a subset of (HAD). Also appar- 
ently, all the power-series expansions as well as numerous identities displayed 
in Section 2.2 are special members of the (HAD) class. 

It is worth mentioning that the methods of nonstandard analysis (NSA) 
have been proved useful for combinatorics and graph theory since the years 
1980’s. Some related earlier works were done by Hurd [137], Hsu [124], and 
Hirshfeld [118], et al.. In connection with the present book, we just mention 
that both (4.74) and (4.161) can get unified into a single formula of the form 
in (NSA): 


Y (;) £0) 9500) = 30 (|) ALO) Th ole hd), (4.163) 
k=0 é k=0 é 

where t €* R, 0 < 6 €* R (the nonstandard real number field), 75 = 6~+As 
denotes the difference- quotient operator with increment 6, f, and g are maps 
(functions) of the class Map(*R,* R) and w €* Nx (the set of star-finite posi- 
tive integers). Actually, a formal derivation of (4.162) is quite similar to that 
of (4.74), but needs using some basic concepts in NSA. In particular, one may 
let 0 < 6 € m(0) (the monad of zero) so that 6 is a positive infinitesimal. Now 
by taking standard parts (so-called st operation) we have 


" (), =t*/k!, st(7§g(0)) = g*) (0), st(w) = 00, ete. 


Thus it follows that when taking standard parts for the cases of 6 = 1 and 
of 0 < 6 € m(0) in (4.162) we will get (4.74) and (4.161), respectively. It is 
hopeful that (4.162) and its variants may be used to get various star-finite 
formulas and identities, some of which may be utilizable for dealing with 
some counting problems in the nonstandard combinatorics and infinite-graph 
theory. Clearly, much remains to be considered and investigated. 


| 


4.3. Summation Formulas Related to Riordan Arrays 


The concept of a (proper) Riordan array (or Riordan matrix) is introduced as 
a generalization of the Pascal triangle (or Pascal matrix) 


1 0 0 0 


eee 


1 0 
2 1 
3.3 


i a) 
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From Definition 3.2.3, a Riordan array is a special type of infinite lower- 
triangular matrix. The set of all Riordan matrices forms a group called the 
Riordan group, which was first defined in 1991 by Shapiro, Getu, Woan, and 
Woodson [192]. Some of the results on the Riordan group, particularly, its 
applications to the combinatorial sums and identities can be found in [171], 
[195]-[196], [227], and [76]. In particular, in the work by Sprugnoli (cf. [201] 
and [202]). 

More precisely, a Riordan array is an infinite, lower triangular matrices 
defined by a pair of formal power series {g(t), f(t)} in K[¢], where K is either 
the field R or C, with g(0) 4 0, f(0) = 0, and f’(0) 4 0. The usual way to 
represent the Riordan array, denoted by (g(t), f(t)) is by means of the infinite 
matrix (dn,4)n,h>0 With its generic element being 


dmx = [E" g(t) f(t)", (4.163) 
where [t”] \op.9 hut® = hn, the exact coefficient of t” of a given formal power 
series. Hence, [t”] : K[t] > R is a functional satisfying [¢"]t* = 6n,x. [t"] 


evidently posses the following properties (cf. Merlini, Sprugnoli, and Verri 
[160]). 


t"|(af(t) + bg(t)) = ale” f(t) + de"]g(e). (4.164) 

e"leg(t) = fe), (4.165) 

P= (n+ DEF, (4.166) 

"]F(a(t) = SFO) (lg), (4.167) 
k=0 

e"}f((t)) = Soe FO) Mg)". (4.168) 
k>0 


Thus, the pascal matrix is the Riordan array (1/(1 — t),t/(1 — t)). The 
operation of the Riordan group is the regular matrix multiplication, and the 
identity matrix is 


ooroO 
orooe 
KK oo 


In this section, we will see that Riordan arrays provide a wealth of tools 
to construct summation formulas and identities. 


4.3.1 Riordan arrays, the Riordan group, and their sequence 
characterizations 


To present summation formulas related to Riordan arrays, we start from the 
rigorous definition of Riordan arrays and the Riordan group. More formally 
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in mathematics, let us consider the set of formal power series ring F = K[t], 
where K is the field of R or C. The order of f(t) € F, f(t) = peo fat® (fe € 
KX), is the minimum number r € N such that f, 4 0; F; is the set of formal 
power series of order r. It is known that Fo is the set of invertible fps and F, is 
the set of compositionally invertible fps or delta series, that is, the fps f(t) for 
which the compositional inverse f(t) exists such that f(f(t)) = f(f(t)) = t. 
Let g(t) € Fo and f(t) € Fi; the pair (g, f) defines the Riordan array or 
Riordan matriz D = (dn.k)n,neNo = (9g, f) having d,,, shown in (4.163), or 
equivalently, having gf* as the generating function of the kth column of the 
matrix (g, f). Some literatures call the Riordan array (g, f) with f’(0) 4 0 
a proper Riordan array. Hereinafter, unless otherwise specified, all Riordan 
arrays refer to proper Riordan arrays. Essentially the columns of the Riordan 
matrix can be thought of as a geometric sequence with g as the lead term 
and f as the multiplier term. Two examples of Riordan arrays are the Pascal 
matrix and the identity matrix shown above. 

The Riordan group acts on the set of column vectors by matrix multipli- 
cation. In terms of generating functions we let d(t) = do + dit + dot? +--- 
and h(t) =ho +hit+ hot? +--+. If [do, dy, d2,--+]” and [ho, hi, he,---]” are 
the corresponding column vectors we observe that 


(9, f) [ho, ha, ha, +++] = [do, di, d2,--+]” 
translates to 
hog (t) + hig (t) f (t) + hog (t) f (0)? +--- =9(t) -A(F(O) = (0). 


This simple observation is called the Fundamental theorem of Riordan Arrays 
and is abbreviated as FTRA. The general form of the FTRA can be written 
as 


(9, f)h(t) = gh(f) or equivalently, 7 dn,gly = [e"]g(t)A(F(t)). (4.169) 
k>0 


Particularly, if (g, f) = (1/( — t),t/(1 — t)), then the FTRA (4.169) is the 
following well-known Euler transformation: 


s (;) he = "| sh (4) ; (4.170) 


The first application of the fundamental theorem is to set h(t) = 
G (t) F (t)* so that 


As k ranges over 0,1,2,--- the multiplication rule for Riordan arrays emerges: 


(9, F)(G, F) = (9(Go f), (Fe f)). (4.171) 


238 Methods for the Summation of Series 


Thus, the Riordan group is the set of all pairs (g, f) together with the multi- 
plication operation shown in (4.171). If we denote the compositional inverse 


of f as f, then 
taf 4. / 
(9, f) (i 


As an example we return to the Pascal matrix where f = sh. The inverse 


is f = xh, ot = = => 1+ and the inverse matrix starts 


1 0 0 0 0 
=i 1 § GO 

(4)- i 2 Lo D 
Lee Lee a oe a 
t —4 @ <4 4 


Here is a list of six important subgroups of the Riordan group (cf. [196]). 
e the Appell subgroup {(g(t), t)}. 
e the Lagrange (associated) subgroup {(1, f(t))}. 
e the k-Bell subgroup {(g(t), t(g(t))*)}, where k is a fixed positive integer. 


e the hitting-time subgroup {(tf'(t)/f(t), f(t))}. 
e the derivative subgroup {(f'(t), f(t))}. 


e the checkerboard subgroup {(g(t), f(t))}, where g is an even function and f 
is an odd function. 


The 1-Bell subgroup is referred to as the Bell subgroup for short, and the 
Appell subgroup can be considered as the 0-Bell subgroup if we allow k = 0 
to be included in the definition of the k-Bell subgroup. The proof of that the 
above six subsets are subgroups of the Riordan group is left as Exercise 4.6. 

Some of the main results on the Riordan group and its application to 
combinatorial sums and identities can be found in [6], [14]-[17], [86]-[37], [38]— 
[42], [54)-[55], [65], [76], [84]-[95], [97], [105], [113], [108]-[110], [138], [151]- 
[153], [158]-[161], [170]-[171], [178], [174]-[175], [183]-[184], [193]-[195], [198]- 
[199], [201]—-[202], [220]-[223], [209], and [227]. 


Theorem 4.3.1 An infinite lower triangular array D = (dn.b)n,kENo 18 @ 


Riordan array if and only if a sequence A = (ao, @1,42,...) exists such that 
for every n,k © No there holds 


CoO 
dn+1,k+1 = 40dn,p + 1dr p41 + d2dnkeg +0 = a Ajdn k+js (4.172) 
j=0 
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where the sum is actually finite since dyn, = 0 for all k > n. Hence, for 
D = (g(t), f(t) ; 
f(t) =tA(f(t)) or A(t) = Fo’ (4.173) 


where f(t) is the compositional inverse of f(t). Moreover, we have the La- 
grange inversion formula 


k; 


eF@)* = AQ)”, (4.174) 
or equivalently, - 7 
soy = Key (20) (4.175) 
Particularly, for k = 1, 
ee ee cere 
IM) = Tia = Fie”. (4.176) 


Proof. Suppose that D is the Riordan array (g(t), f(t)). We consider the Ri- 
ordan array (g(t) f(t)/t, f(t)) and define the Riordan array (A(t), A(t)) by the 
relation: 


(400,40) =o. 10077 («2 700) 
or 


(ato, (40,4) = («B, s0). 


By performing the Riordan array product, we find 
and A(f(t)) = f(t). (4.177) 


The second identity of (4.177) implies A(t) = t. Therefore we have 
(g(t), f(t) (AM, t) = (gt) f(t)/t, f(t). The (n,k) element of the left-hand 
resulting matrix after multiplication is 


Co CoO 
5 tiga = aj dnk-+5 
j=0 j=0 


if as usual we interpret a;_, as 0 when j < k. The same element in the 
right-hand member is 


AgHOHG) 


: fey SP oy = tease: 


By equating these two quantities, we have the identity (4.172). We remark 
that the first relation in (4.177) is equivalent to tA(h(t)) = f(t). 
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For the converse, let us observe that (4.172) uniquely defines the array 
D when the elements of column 0, (do,0, d1,0, d2,0,-.-), are given. Let g(t) be 
the generating function of the column 0, A(t) the generating function of the 
sequence A. We now define f(t) as the solution of the functional equation 
f(t) = tA(f(t)). It can be seen that f is uniquely determined because of 
the hypothesis a9 4 0. We can therefore consider the Riordan array D= 
(g(t), f(t)), which satisfies relation (4.172) for every n,k € No by the proved 
first part of the theorem. Hence, D must be the same as D. 

The equivalence between formulas (4.174) and (4.175) is obvious because 
of A(t) = t/f(t). The formula (4.175) results from (4.173) and the following 
process. Denote by dy,p the (n,k) entry of the product of the matrix with the 
(n,k) entry shown on the right-hand side of (4.175) and the Riordan array 
with the (n,k) entry as [t”]f(t)*. Then, 


oa (i 


& 
ar 
l| 

sls 


= §. “(en (4 


— 
=> ei (B) error 


nm 
k<l<n 


=F] (FOP) 
a2 p19] (FQ FO). 


nr 


Consequently, for k = n and f(t) = yt fit), we have 


ae mee Dia Ife _ 
dn = MG = CS 


For k <n and f(t) =)>j5, ft’, we have 


a k io 
dn~ = —[t°] | tD {| ~+~—— } } =0 
ie = ( ( —n+k 
because in the derivative of the Laurent series following sign D term t~* cannot 
occur. Hence, (dn&)n,k>0 = (1,¢), the identity Riordan array, which implies 
that the matrix with the (n,k) entry shown on the right-hand side of (4.175) 


is the inverse of (1, f). Since the unique inverse of (1, f) is (1, f), we obtain 
(4.175). Consequently, (4.176) follows for k = 1. 
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Stanley [203] gives three proofs of the Lagrange inversion formula (4.174) 
(or (4.175)): direct algebraic argument by using Laurent series, ordinary gen- 
erating function argument, and exponential generating function argument, 
while Theorem 4.3.1 gives a proof by using Riordan array argument. 

We now use Riordan array approach to unify the Lagrange inversion for- 
mulas shown in Theorem A of [44] (cf. (4.175) below), Theorem 5.1 of [216] 
(cf. (4.179) below), and Formula K6’ of [160], respectively. 


Corollary 4.3.2 Let f(t)F1, and let F(t) € Fo. Denote the generating func- 
tions of the A-sequences of Riordan arrays (1, f(t)) and (1, f(t))~! = (1, f(t) 
by A(t) and A*(t), respectively. Then the Lagrange inversion formula (4.175) 
has the following equivalent forms. 


ery’ = Fearon =ie§ (AB) are) 
PFE) = 2 Aw”, (4.179) 
"LE (F(O) = MFA" — t4'(0), (4.180) 


where A(t) = t/f(t). Furthermore, the Lagrange inversion formulas (4.175), 
(4.179), and (4.180) hold for any f(t) € Fi and A(t) € Fo provided they 
satisfy f(t) = tA(f(t)). 


Proof. Replacing into (4.174) and (4.175) f(t) and A(t) by f(t) and A*(t), 
respectively, and noting A*(t) = t/f, we can get (4.178). Conversely, from 
(4.178), we can get (4.175). 


For F(t) € Fo with F(t) = )oys0 Fat", from (4.174) we have 
[e"|F )=S0 LE elf = pana Sle AA AG" 
k>0 k>0 
_ 1 n—-k n- 4) k-1 n 
=—[t ] So kF.A(t)” = tt || So kth", | AQ) 
k>0 k>0 


=i] F'(t) A(t)”. 


Thus, we obtain (4.179) from (4.174). Obviously, for F(t) = t* we find (4.174) 
again from (4.179). 
Secondly, we show that (4.179) implies (4.180). From (4.179) and noting 
[en] f"() = nft"] f(t), we have 
n n 1 n— n 
[I FOAG)" = FOAO"Y 


=< [fF AG" + PROAO" 4) 
=[t"|F (f(t) 4 e PaAg” A) 
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which implies 
[FE AG)™ (AM) — tA") = FO), 


ie., (4.180). 
Finally, we show that (4.180) implies (4.174) and (4.175). Taking derivative 
on the both sides of f(t) = tA(f(t)), we get 


A(f() A(f)? 


~ T=tA4(f@) AG) — FAG)’ 


where we have substituted t = f/A(f). By using (4.180) and the last expres- 
sion for f’(t), we have 


fl) 


MOYO = ee 


(f) — FAP) 


t* A(t) n—1 / 
Aw —ta 3 (A(t) — tA’(t)) 


=[e"} At)" = [PALA 


=|" 


We are now ready to establish (4.174) and (4.175) from (4.180) as follows. 


k n—k a = k n—k n k 2n—k n 
Se (a5) = Se tawn = Feeney 
=“ epg 'e ) = 2 ey = UO, 


which completes the proof of the corollary. 


| 

The Lagrange inversion formulas (4.174), (4.175), and (4.178)-(4.180) pro- 

vide a class of source formulas to construct summations and identities by using 
generating functions. 


Example 4.3.3 As an example, we consider the generating function of the 
Fuss-Catalan number sequence (s(t) )n>0 (m,n € No,r € N), using 
which many summation formulas will be constructed in Subsection 4.3.1. A 
closed form of the generating function of the Fuss-Catalan number sequence 
can be found by using an equivalent form of the Lagrange inversion formula 


(4.179). Using (4.179) and noting f(t) =tA(f(t)) (f € Fi, A € Fo), we have 


Far oa f 24 


[e"] F(t) A(t)” = [EF] df(t) 
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Since f(t) = tA(f(t)) implies f’(t) = A(f(t))/(1 — tA’(f(t))), we may sub- 
stitute the expression of f'(t) into the rightmost side of the last equations to 
obtain (cf. Merlini, Sprugnoli, and Verri [160]) 


[e"]) F(t) A(t)” = ey a 
= 10") F(f(t) 


F(f(t)) ) 
1—tA’(f(t)) 


t(1— tA'(f@) 
Using formula (4.181) and letting A(t) = (1+1t)™, the generating function of 


a) (4.181) 


the Fuss-Catalan number sequence (s(t) no can be written as 
~ r (men ((™ me 
mn +r n n n—-1 

n>0 n>0 

= = oak (1 4 t) mn+r (m _ 1)(1 ao pers) 4” 
n>0 

= 5S le] (1 — (m — 1)t)(1 + 4)"7 (1 + t))”) & 
n>0 


nq { d- (m= 1) iO)A+ iO) 
aera 


_G=-(m-DAM)A+ FO) 
1—im(+ f(y"! 


7 7 1—(m-—1)f(t) 
=(1+ f(é) 1+ f(t) —tm(1+ f(®))™ 


where f(t) = tA(f(t)) = t(1 + f(t))™ is applied in the last step. De- 
note by Fi, (t) the generating function of the Fuss-Catalan number sequence 
(—+ (ee) eet Then FE" (t) is the generating function of the Fuss-Catalan 


mnt+l n 
number sequence (~ > (™™*")),>0 because Fy,(t) = 1+ f(t) and FT (t) = 
(1+ f(t))". From f(t) =tA(f(t) =t(1+f(t))™, we obtain F(t) =14+F™(t). 
Ifm = 0, then f(t) =t and Fo(t) =1+t. Ifm =1, then f(t) = t/(1—-t) 
and Fy(t) = 1/(1—t). If m = 2, then f(t) = (1 — 2t — V1 — 4t)/(2t) and 
Fy(t) = (1- V1 — 4t)/(2t). For the last case of m = 2, (cn = SeET rt) )>0 
is the Catalan number sequence, and F(t) is the generating function C(t) of 
the Catalan number sequence (Cn)n>o0. The history, combinatorial interpreta- 
tion, more properties, and applications of Fuss-Catalan number sequences will 


be presented in Subsection 4.3.6. 


=(1+ f(t))’, (4.182) 


Although the two functions g(t) and A(t) completely characterize a Rior- 
dan array, we are mainly interested in another type of characterization. Let 
us consider the following result: 


Theorem 4.3.4 Let D = (dn.x)n,nen, be any infinite, lower triangular array 
with dnn £0 for alln € No (in particular, let it be a proper Riordan array); 
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then a unique sequence Z = (z%)keN, exists such that every element in column 
0 can be expressed as a linear combination of all the elements in the preceding 
TOW, 1.€.: 


dn+1,0 = zodn,o + 21dn1 + Zadng+-+5 = x 2jdn,j (4.183) 
7=0 


A proof can be given similarly, which is left as an exercise (cf. Exercise 
4.7). 

The sequence Z is called the Z-sequence for the Riordan array, which 
characterizes its column 0, except for the element doo. Therefore, we can say 
that the triple (doo, A(t), Z(t)) completely characterizes a proper Riordan 
array (g(t), f(t). Usually, we denote do,o as go = g(0). 

To see how the Z-sequence is obtained by starting with the usual definition 
of a Riordan array, let us prove the following result. 


Theorem 4.3.5 Let (g(t), f(t)) be a Riordan array, and let Z(t) be the gen- 
erating function of the corresponding Z-sequence. We have: 


_ 9 _ 9(f(t)) = 90 
g(t) = T1ZF@) or Z(th= Fat)’ (4.184) 
where f is the compositional inverse of f. 


Proof. From (4.183) we have 


[e"Jo(t) = So allo OF? = [e"9(QZF(). 


j=0 


Hence, 
g(t) = go + tg(t)Z(f(t)), 


which implies the first equation of (4.184). Substituting t = f(t) into the first 
equation, we obtain 


P Jo 
g( Ft) = —__, 
we FOO) 
which gives the second equation of (4.184). 
a 
Example 4.3.6 Clearly, in the Pascal triangle 
1 t 7 n 
ae ee eee 
we have A = (1,1,0,...) and Z = (1,0,0,0,...) and so A(t) = 14+ t and 
Z(t) =1. Formulas (4.177) and (4.184) give immediately f(t) =t/(1—t) and 


g(t) =1/(1—t), respectively. 
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Example 4.3.7 Let us consider a Riordan array (g,f) defined by g(t) = 
(1—t-—t?)~1 so that column 0 composed by Fibonacci numbers. Besides, the 
A-sequence is A = (1,1,1,1,...), that is, any element dn4i,n+41 is obtained by 
summing all the elements in the previous row, starting from column k > 1. 
The generating function of the A-sequence is 1/(1—t). The Riordan array 
(g(t), f(t)) can be easily constructed. Formula (4.177) allows us to compute 
the function f(t) of this array: 
t 
f(t) = 1A) = a. 

This equation has two solutions, but we know that A(0) 4 0 so that we should 
consider the solution with the minus sign: 


1— V1—4t 
F(t) = J Et + 28 + 5th + 14d? + 428° + 13247 + --- = tC), 


where C(t) is the generating function of the well-known Catalan numbers. 
The Catalan numbers occur in many counting situations. The book Enumer- 
ative Combinatorics: Volume 2 by Stanley [203] contains a set of exercises 
which describe 66 different interpretations of the Catalan numbers. His recent 
book [204], Catalan Numbers, contains more interesting applications. Other 
important resources on Catalan numbers can be found in Aigner [2]-[5], etc. 
The parametric Catalan numbers and Catalan triangles are studied in [86]. 
Therefore we have: 


oF) =(—kKe —*). 


1-t-?t’ 2 


which is called Fibonacci triangle. The Z-sequence for the Fibonacci triangle 
is a bit more complicated. If we set 


1—J/1-4t 
y= f= 4S, 
we can invert the function f(t) and find t = y — y?. Hence, f(t) =t—t?. We 
now substitute this expression in the second equation of (4.184) and find 


(t)d(f (t)) 
1 1-t-?#? 
= >) ee 


=(1+t)|,,,.2=14+t-V?. 
Hence, the Z-sequence is Z = (1,1, —-1,0,...) 


We can characterize the main subgroups of the Riordan group by means 
of their A- and/or Z-sequences. In fact we have the following results. 
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Theorem 4.3.8 Let us consider a Riordan array D = (g(t), f(t)). (1) D 
belongs to the Appell subgroup A if and only if its A-sequence satisfies A(t) = 
1. Besides, in that case, we also have 


Z(t) = ee 


(2) D belongs to the Lagrange subgroup L if and only if its Z-sequence satisfies 
Z(t) =0 and go = 1. (8) D belongs to the checkerboard subgroup C if and only 
if the generating functions A(t) of its A-sequence is even and Z(t) of its Z- 
sequence is odd. (4) D belongs to the Bell subgroup B if and only if its A- 
and Z- sequences satisfy A(t) =1+tZ(t). (5) D belongs to the hitting-time 
subgroup if and only if its A- and Z- sequences satisfy Z(t) = A’ (t). 


Proof. The definitions of the subgroups are shown Subsection 4.3.1 (or see 
Exercise 4.6). The proof of the theorem follows the definitions of the subgroups 
and is left for an exercise (cf. Exercise 4.8). 


Let us consider two Riordan arrays D,; = (gi(t), fi(t)) and Do 
(g2(t), fo(t)) and their product, 


D3 = Di D2 = (gi(t)g2( fil), fo(fi(@))) 
satisfies 
gs(t) = gilt)go(filt)) and fs(t) = fo(fi(t)). 


Theorem 4.3.9 (cf. Theorems 3.3 and 8.4 [113]) Let D1, Dz, and D3 = 
D,Dz be the Riordan arrays shown above, and let Aj(t) and Z;(t) be the gen- 
erating functions of the A-sequence and Z-sequence of D;. Then 


t 


As(t) = Ao(t)Ay (<5) 


Za(t) — (1 “ ant) hy (a5) 2A, (=a) 2o(t). 


The proof of Theorem 4.3.9 is left as Exercise 4.9. 


Theorem 4.3.10 (cf. Theorems 4.1 and 4.2 [113]) Let D = (g, f) be a Rior- 
1 


dan array. Then the A-sequence of the inverse Riordan array D~~ is 
1 
A*(t) = (4.185) 
A(f(t)) 
and the Z-sequence of the inverse Riordan array D7! is 
—-tZ (f(t 
Z(th= emer) (4.186) 


fA -tZ2(F()) 


The proof is left as an exercise (cf. Exercise 4.10). 
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4.3.2 Identities generated by using extended Riordan arrays 
and Faa di Bruno’s formula 


We now consider an extension of Riordan arrays called one-pth Riordan ar- 
rays, which are a useful extension of Riordan arrays. We start from the ex- 
tensions of Riordan arrays that are referred to as the half Riordan arrays. It 
is known that the entries of a Riordan array have a multitude of interesting 
combinatorial explanations. The central entries play a significant role. For in- 
stance, the central entries of the Pascal matrix (1/(1 — z),z/(1— z)) are the 
central binomial coefficients leg) (cf. the sequence A000984 in OEIS [197]) 
that can be explained as the number of ordered trees with a distinguished 
point. In addition, its exponential generating function is a modified Bessel 
function of the first kind. Similarly, the central entries of the Delannoy matrix 
(1/(— z),2(14+ z)/(1— z)), called the Pascal-like Riordan array, are the cen- 


tral Delannoy numbers )7 jo (7) *ok (cf. the sequence A001850 in OEIS [197]). 
The central Delannoy numbers can be explained as the number of paths from 
(0,0) to (n,n) in an nx n grid using only steps north, northeast and east (i.e., 
steps (1,0), (1,1), and (0, 1)). In addition, the nth central Delannoy numbers 
is the nth Legendre polynomial’s value at 3. It is interesting, therefore, to be 
able to give generating functions of such central terms in a systematic way. 
In recent papers [16, 14, 220, 221, 222, 223], it has been shown how to find 
generating functions of the central entries of some Riordan arrays. 

Yang, Zheng, Yuan, and the author [223] give the definition of half Ri- 
ordan arrays (HRAs), which are called vertical half Riordan arrays in Barry 
[14]. Another type of halves of Riordan arrays, called horizontal Riordan ar- 
rays, are defined in [14]. The sequences characterizations and some related 
transformation and preserving properties of both type of halves of Riordan 
arrays are studied in a recent paper by the author in [95]. More precisely, 
we present the definitions of the Half Riordan arrays as follows. We will see 
they are special cases of one-pth Riordan arrays. Hence, the properties of the 
half Riordan arrays will be given as special cases of the properties of one-pth 
Riordan arrays later. 


Definition 4.3.11 Let (9, f) = (dn,k)n,k>0 be a Riordan array. Its related 
half Riordan array (Un,n)n,h>0, Called the vertical half Riordan array (VHRA), 
is defined by 

Un,k = dan—k,n- (4.187) 


Another related half Riordan array (hn,z)n,n>0, called the horizontal half Ri- 
ordan array (HHRA), is defined by 


Rn k = don.n+k- (4.188) 


As extensions of half Riordan arrays, the one-pth Riordan arrays of a given 
Riordan array (g, f) will be defined and constructed in the following theorems 
by using the Lagrange inversion formula (4.180). For the sake of convenience, 
we represent (4.180) with applicable notations. Let F(t) be any formal power 
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series, and let #(t) and u(t) = f(t)/t satisfy 6 = tu(¢). Then, we have the 
following Lagrange inversion formula that comes from (4.180) by replacing its 
f and A by ¢ and u, respectively. 


[e"]F(o(t)) = [eu * (u(t) — tu’). (4.189) 


Theorem 4.3.12 Given a Riordan array (dn,k)n,c>0 = (9, f), for any inte- 


gersp>1andr>0, (dn, k = dynsr—k,(p— ‘ine. k>o defines a new Riordan 
array, called the one-pth vertical Riordan array of (g,f) with respect to r, 
which can be written as 


(wearer ua 
gr Tor 


the compositional inverse of t?/f(t)?~1. Particularly, if p= 1 andr =0, then 


6), where (t) = (4.190) 


(dn k = dn—k,0)n,k>0 8 the Toeplitz matrix (or diagonal-c constant matrix) of 
the Oth column of (dn,k)n,k>0- Ifp = 2 andr =0, then (dn k= don—k.n)n,k>0 
is the VHRA of the Riordan array (dn,k)n,k>0 = (td! (t)g(¢ \/d, @), where 6 = 
t?/f(t). 

Moreover, the generating function of the A-sequence of the one-pth vertical 
Riordan array is (A(f))?~+ , where A(t) is the generating function of the A- 
sequence of the given Riordan array (dn,k)n,h>0- 


Proof. From ¢(t) = t?/f(#)P-! we have ¢(t) = t?/ f(t)?! and consequently, 
= (t)?/f(o(t))?-+. Hence, we may write 


t 


@ =tu(d) where uy = (20). 


Taking derivative on the both sides of ¢ = tu(¢) and noting the definition of 
u(t), we obtain 


¢ (t) = (42) 7 + t(p—1) (42) - Ro 


which yields 


i()= (aay""/ (1-9 (fay" a i), 


Noting t = ¢/u() = ¢?/f(¢)?~+, the last expression devotes 


s(t) = (fay / (1-2 —r'@o- 16) 


(4.191) 
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We now use (4.191), ¢ = ¢?/f(¢)?~! and the LIF shown in (4.189) to calculate 
dnp for n,k > 0 


ing xt PLOWS (gy 
in o*(#(d))”**9(d) 
Gay PR) = @- DOF FO) 
ae (F(6))"*19(6) 
FU - @- aFO=TO)) 
r+1 
=|" Yoyo u(é)""1(u(t) — tu'(), 


p-1 
where u(t) = (22)" and 
f(t)\” * ef) — fee 
6 = -1 (LOY LORI 
Substituting the expressions of u(t) and u(t) into the rightmost expression of 
dn.k, we have 


a, = le (f()9(t) (F()ye-De—Y 
meen BREE) — (P-DEPO-— FQ) 1 -VOD 
: (Wor a Yor? Pe? af" @- 10) 
(f(Je-VO-D +19) 
£@—DO—D¥r-K(F(E) — (p= (EF) — FO) 


- (OW (FO) - (p — 1)(tf'(t) — f@)) 


(p—1)n+r 
= [tr t) FO = gn se 


= dyntr—k,(p— 1)n+r: 


=[e"| 


Particularly, ifp = 1 andr = 0, then (dr. = dn—k,0)n,k is the Toeplitz ma- 
trix of the Oth column of (g, f). If p = 2 and r = 0, then (dn k = din—kn)n,k>0 
is the VHRA of (g, f), and consequently, (dn&)n,n>0 = (td (t)g(¢)/¢, ¢) with 

=F. - 

As for the Ap, the generating function of the A-sequence of (dn,%)n,K>0: 
we have tA p(d) = >, which implies A,(t) = t/(t?/f?~*), or equivalently, 


a= ($)" =a. 


Hence, A, (t) = (A(f))?~!, completing the proof of the theorem. 
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Theorem 4.3.13 Given a Riordan array (dnk)n,c>0 = (9, f), for any inte- 
gersp = 1 andr > 0, (dnik = dpntr,(p—1)n+r+k)n,k>0 defines a new Riordan 
array, called the one-pth horizontal Riordan array of (g, f) with respect to r, 


which can be written as 


ee 
a rae 


the compositional inverse of t?/f(t)?~‘. Particularly, if p = 1 and r = 0, the 
one-pth Riordan array reduces to the given Riordan array (dn,k)n,n>0 = (9, f)- 
If p = 2 andr = 0, the one-pth Riordan array is the HHRA of the given 
Riordan array (da x)n,ez0 = (t4'(t)9(0)/¢, (0), where ¢ = #/FU). 

Moreover, the generating function of the A-sequence of the one-pth Riordan 
array is (A(t))? , where A(t) is the generating function of the A-sequence of 
the given Riordan array (dn,k)n,k>0- 


s(0)) , where ¢(t) = (4.192) 


Proof. We now use (4.191) and t = ¢?/f(¢)?~' and the LIF shown in (4.189) 
to calculate d,, for n,k > 0. 


aes —f¢" ne (f(¢))* 
eg (£(o))?*"**9(d) 
(F(o))P-* Pt" (f(b) — (D— DOF) — FCM) 
a (Foy t**19(d) 
" (F(O) — (p— 1)(OF'(b) — F(P))) 
r+k+1 
= t” (f(t) g(t) u(t)”—" (u(t) = tu’ (t)), 


rt) -@-Dero=fo) 


p-1 
where u(t) = (4) . From the proof of Theorem 4.3.13 


f(t)\” ? tf") — fee 
16) = @-» (LOY LORI 
Substituting the expressions of u(t) and u’(t) into the rightmost expression of 
dnp, we have 


(f() — (p— Def’) — f()) t@-DeE=-D 
« (Lop ye er 


dine =[t"] 


t(p—1)(m—1) +r ( F(t) — (p— 1)(t f(t) — Ff (t))) 


. (Oy (F(0) - (p—1)(tf’(t) — f(t))) 


=[E"] 
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(p—1)n+r+k 
=[€"]9(¢) i) =|" let) (Eyer 


=dyntr, (p—1)n+r+k: 


Particularly, if p = 1 and r = 0, then ek = dy. If p= 2 and r = 0, then 
dn.k = donn+tk, the (n,k) entry of the HHRA of (g, f), and consequently, 


(dn,k)n,k>0 = (t9"(t)9(b)/o, F(O)) with = t?/f(t). 

Let A(t) be the generating function of the A-sequence of the given Riordan 
array (g,f). Then A(f(t)) = f(t)/t. Let A,(t) be the generating function 
of the A-sequence of the one-pth horizontal Riordan array in (4.192). Then 


A,(f(¢)) = fe) Substituting t = @(t) into the last equation yields 


_f®__ f®  _ (fO)? _ p 
AD = 50 agape (ae) = An 


i.e., Ap(t) = (A(£))? completing the proof. 


We now show a half Riordan array approach in the construction of the 
Lagrange inversion formula (4.178). This new argument is not only simple 
but also stimulates a new form of the Lagrange inversion formula. 


Theorem 4.3.14 Let f € F1, and let f be the compositional inverse of f. 
Then we have the following two Lagrange inversion formulas derived from 
VHRA and HHRA of Riordan array (1, f), respectively. 


t n 


Ere)" = a] (=) = Kem-¥(A())”, (4.193) 


ra —n—k 
[é”] (tf (t)?)* = en (@) — Ae. (4.194) 


where A(t) = t/f(t) is the generating function of the A-sequence of (1, f), and 
(4.193) is (4.178) shown in Corollary 4.3.2. 


Proof. From equations (4.187) and (4.190) with g = 1, p = 2, and r = 0, we 
have 


ety = ey ot = eee oo") 
arto) = Sere, 


where ¢ = t?/f. We substitute f > t?/f into the leftmost and rightmost sides 
of the equations and use the fact 


t2 
p(t) = P/F = f(t) 
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to obtain 


2n— a PAs, _— Nan 
era (S) = Reet = Fes, 


which implies (4.178) and (4.193). 
Similarly, from equations (4.188) and (4.192) with g = 1, p= 2, andr =0, 
we have 
to'(t) 


as Fey", 


where ¢ = ¢?/f. Substituting f > t?/f into the above equation and noting 
g(t) = f(t), we have 


1 


: d n+k 
aie potk—1 ae 2k — 
va laf 2k 


which implies (4.194). 


Fae aa 


Corollary 4.3.15 Let d?,, d?,, and Ge be the (n,k) entries of the 


hitting-time Riordan array (tf'(t)/f(t), f(t)), the derivative Riordan array 
(f'(t), f()), and the associated Riordan array (1, f(t)), respectively. Then, 


k; 


k+1 
=i, = dh, — 


natn = he ss ads (4.195) 


which implies an obvious relation ay = a? Rep %& = 0. 


Proof. From the proof of Theorem 4.3.14 (or the proof of Corollary 4.3.2), we 
obtain the first formula of (4.195). The second formula can be proved similarly 
as follows. 


a, =U OLOF = TOMY = 


n+1 


n+1 k+1 
met fyht, 


which implies the desired result. 


a 

We may use Theorems 4.3.12 and 4.3.13 and Faa di Bruno’s formula to 
establish a class of summation formulas. 

Faa di Bruno’s formula is an identity generating the chain rule to higher 

derivatives. Though it is named after Francesco Fad di Bruno (1855, 1857), 

he was not the first to state or prove the formula. In 1800, more than 50 years 
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before Faa di Bruno, the French mathematician Louis Francois Antoine Ar- 
bogast had stated the formula in a calculus textbook [12], which is considered 
to be the first published reference on the subject. 

Perhaps the most well-known form of Faa di Bruno’s formula says that (cf. 
Section 3.4 of [44]) 


n 


= salt)) = oe - f*(g(t))-]] (s(n) 


a(n) , j=l 


where the sum is over the set o(n) of all partitions of n, that is, over the 
set of all non-negative integral solutions (ky, k2,..., kn) of the equations ky + 
2kg+-+-+nk, =nand ky +ko+-:-+kyn =k, k =1,2,...,n. Each solution 
(ki, k,...,kn) of the equations is called a partition of n with k parts and 
is denoted by o(n,k). Hence, the set a(n) is the union of all subsets a(n, k), 
ee ——hal We ree 

Sometimes, to give it a memorable pattern, it is written in a way in which 
the coefficients that have the combinatorial interpretation discussed below are 
less explicit: 


is ; - (9) 
PG) => param oO TT (2 


Combining the terms with the same value of kj +k2+---+k, = k and noticing 
that k; has to be zero for 7 > n—k +1 leads to a somewhat simpler formula 
expressed in terms of incomplete exponential Bell polynomials: 


kj 
o) _ (4.196) 


a >> fH (g : By i (s'().9"), . gD (4)) : (4.197) 


Here, the incomplete exponential Bell polynomials By, ,(t1, t2,...,tn—k+1) are 
defined by (cf. Section 3.3 [44]) 


By, x(t, to, ..-,tn—k4+1) 


n! t t tah: oat 
=. ———, ( " ( a atts taran , (4.198) 
jrlja! +++ jn—ngi! \1 2! (n—k+1)! 


where the sum is taken over all sequences j1, j2,..-, Jn—k+1 Of non-negative 
integers such that these two conditions are satisfied: 


BR 


at + Ja t+es+ + Jn—k+1 =k, ji + Qj +373 + +--+ (n-—k+1)jn—k41 =n. 
The sum 


Br(ti,.--, = Yo Balt tote 


is called the nth complete ret Bell polynomial. 
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Clearly, By4(t1, t2,...,tn—n+1) can also be written as 


n! t t 
Bn,k (ti, t2,---,tn—k4+1) ee hieb= a ei vee (4.199) 


o(n,k) 
and a(n, k) as shown before is the set of the solution of the partition equations 
fora given k (1<k <n). 

For the exponential formal power series f(t) = ))j39 fjt?/j! and g(t) = 
> j>1 git" /j!, the Faa di Bruno’s formula (4.197) for the composition f(g(t)) = 
h(t) = Yo js0 hyt?/J! at t = 0 can be written as 

a 


n! ” (9) 
ZO) =D oe fo TT (4 
=> (910) - Bar (9,90), --- 9-0) , 


ae rae 


or equivalently, 
ie . 
tn = |S] $0) = DeBoor gas---sdronss)s ho = fo, (4200) 
, k=1 


where we use the facts 45 f(g(0)) = hn = n![t"| f(g), Ff (g(0)) = f (0) = 
fe = Re*]F@), and g(0) = g; = j![P]g(t) for j = 1,2,....n-—k +1. 
Particularly, for f(¢) = t*/k! and g(t) = 3,5, gjt?/j! we have 


“Ds Bn = Bar, 


which implies By, = [t"/n!](g(t))*/k!. Hence, Bn.~ = Bn4(ti,t2,-..) can be 
defined by (cf. Section 3.3 of [44]): 


[t”| 


ile 


=s. Bn, eo (4.201) 


n=k 


which implies that the matrix B,,;, is the exponential Riordan array (1, f(t)). 
In [44], a matrix with the form of (1, f(t)) is called a iteration matriz. 

The following important property of iteration matrices (cf. Theorem A on 
p. 145 of Comtet [44], Roman [186], and Roman and Rota [187] ) 


is trivial in the context of the theory of Riordan arrays, i.e., 


(1, fg())) = 1. 9), FO); 


Methods of Using Special Function Sequences 255 


and the Faa di Bruno formula derived from the above property of the iteration 
matrix is an application of the FTRA. 

Likewise, the partial ordinary Bell polynomial, in contrast to the usual 
incomplete exponential Bell polynomial defined before, is given by 


Bugis tiene = SS, es ost. (208) 
n,k 9 2,22 e yg bn— = a ) : 
Filgal > Jones re 
where the sum runs over all sequences ji, j2,.--, jn—k+1 Of non-negative inte- 
gers such that 
fi tigate + onaker =, fi + 2jates + (n—k +1) ine = T. 


Clearly, the ordinary Bell polynomials can be expressed in the terms of in- 
complete exponential Bell polynomials: 


: k! 
Br x(t, te, oes wtn—k+1) = ay ona(L! ‘ti, 2!. 95,8 5 (n —k+ 1)! : tn—k+1)- 


In general, Bell polynomial refers to the incomplete exponential Bell polyno- 
mial, unless otherwise explicitly stated. ; . 

For the ordinary formal power series f(t) = 530 f;t? and g(t) 
yd g;t?, the Faa di Bruno’s formula (4.197) for the composition f(g(t)) = 
h(t) = Sk hjt) at t = 0 can be written as 


qd” , “(gD (0)\” 
(k) (a 
aa =). Thal Fal a kp! or (g(0) (2 j! ) 
j=l 
nl ws : 5 (FO. G0) 9-0) 
ms (k) B12 g go NS) 
maa! (9(0)) Bax ( i? 2!’ (@—k+D! 
io a a a : 
= DL Bie Bn.k (G1, 92,+-+;Gn—k41) ; 
* k=1 


where we use f(*)(g(0)) = f®(0) = kf, and g9(0) = j!g; for j = 
1,2,...,2-—k+ 1. Noting (d"/dt”) f(g(0)) = (d"/dt”)h(0) = nlhn, we may 
rewrite the last expression as 


n 


lin = \~ feBuiz (G1, 2, - ++) Gn—b41) - (4.203) 
k=1 


Since hy = hy/n, fr = fe/k!, and 9; = 9;/j! for 7 = 1,2,...,n —k+1, one 
may see the equivalence between (4.200) and (4.203). 

Let h(t) = 472.9 ant” be a formal power series in R with the case h(0) = 
ao =a #0. Assume that f(t) has a ordinary formal power series expansion 
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in t. Then the composition of f and h still possesses a formal series expansion 
in t, namely, 


=fla)+ D_ (elf 0 h)(é)) t”. (4.204) 


Let f(a) denote the kth derivative of f(t) at t =a, i.e., 
f(a) = (d*/dt") f Olea. 


Applying Faa di Bruno’s formula (cf. FDB-1) to (foh)(t) and noting that the 
kth derivative of f(t) at t= 0, f( (0), is k![t*] f(t), we have 


[e"\(foh)= > 7 (nO) a ([e7Jn)", (4.205) 


o(n) sd 
where the summation ranges over the set a(n) of all partitions of n as we 
present in (4.196). 

Let 6, = [t"|(f o h)(t) and h(0) = ao = a. Then there exists a pair of 
reciprocal relations 


ky Le. kn 
n= So fH (a) a (4.206) 
a ky!---k,! 
ch pe Lo. Bkn 


a(n) 


where f denotes the compositional inverse of f. In fact, from (4.204) the given 
conditions ensure that there holds the pair of formal series expansions 


fl a+ > ont” | = f(a)+ >— Bat”, (4.208) 
n>1 n>1 

Fl f(a)+ >) Bat® | =a+ >> ont”. (4.209) 
n>1 n>1 


Thus, an application of Fad di Bruno’s formula (4.205) to (f o h)(t), on the 
LHS of (4.208) yields the expression (4.206) with [t]h = aj, [t"|(foh) = Bn, 
and h(0) = a. Note that the LHS of (4.209) may be expressed as h(t) = 
((fo f)oh)(t) = (fo(foh))(t) so that in a like manner an application of Faa 
di Bruno’s formula to the LHS of (4.209) gives precisely the equality (4.207). 
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Replacing a, by z,/n! and 8, by yn/n!, we see that (4.206) and (4.207) 
can be expressed in terms of the incomplete exponential Bell polynomials (cf. 
(4.198)), namely, 


n 


an = >) £ (@)Bn,w (#1, 22, +++, 2n—K41)s (4.210) 
k=1 

Un = 5 fF (a) Br (yrs Yas «+1 Yn—K+1)s (4.211) 
k=1 


where B,,;,(...) are defined by (4.199). 

Let f(x) = 2? (p £0). Then f(x) = x1/? with f)(1) = (p), and f®(1) = 
(1/p)x, where (p), = p(p —1)...(p —k +1) and (p)o = 1. Hence, we obtain 
the special cases of (4.206) and (4.207): 


ky k 
- ay ae a,” 
Bn = Oe (4.212) 
a(n) 
pm ime Bkn 


a(n) 
The above Faa di Bruno’s relations have the associated relations 


co 2 lo) 
(: +S¢ ont) =i+ 5” Bt", (4.214) 
n=1 


n=1 
oo 1/p io) 
(: +> at") =14+ 5) ant”. (4.215) 
n=1 n=1 


As example, if h = a9 + ait and f(t) = t?, then f(h(t)) = af(14+ ait)?, 
where ay = a1/ao. From (4.214) we have 


(ao + ait)? = ah (1+ ait)? = a5 1+ > Bt? |, 


j=l 

where : ; ; 
S- Oy On” or (") j 
By ( )ie ky!--+ ky! (Pp); 4! j 1 


(3) 
which presents the obvious expression (ap + ait)? = a§ + Doty (*) ab Fait, 
Similarly, if h = ap + ayt + agt?, ap #0, then 


P Pp 

a a , 

(ao + art + aat?)? = ap ( hat ae) = af (1+) Bie" |, 
j=l 
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where 


a= Donna (@) (2) -E OG) (GY (a) ~ 


(3) Ji=0 


Theorem 4.3.16 Let A(t) = 0,59 ant” (ao #0) be the generating function 
of the A-sequence of the given Riordan array (dn,x)n,k>0 = (9, f), and let 


(dnjk = dpntr,(p—1)ntr+k)n,k>0 be the one-pth Riordan array of (g, f) with 
respect tor. Then from (4.204) there exists the following summation formula: 


n—-k 
CEC RGh tes mec sheers ees) = > Bebonin i atrehap (4.216) 
j=0 


where by denoting (p); = p(p—1)...(p—j+1), Bo =a}, and a; = a;/ao, for 
n>1 


ky a 
By =ap[t")(A(Q)? = 2); ae 
“2 C)marcotente aan 


Particularly, for A(t) = ao + ait and A(t) = ao + ait + agt?, we have 


By = (") a-ak and 
a) 


J 3 
= (5) (faba at, 
i=0 


respectively. 


The proof is left as Exercise 4.11. 
Using (4.216) in Theorem 4.3.16, one may obtain many identities. 


Example 4.3.17 For Pascal matrix (1/(1—t),t/(1—t)), from Example 4.8.6, 
its A-sequence generating function is A(t) =1+t. Applying (4.216), we have 


@ = ea k+ 1) = oc. (") (,, a see k+ ‘ 


j=0 
(4.218) 
Ifp = 1 andr = 0, the above identity reduces to the well-known identity 


(ett) = Ce) + (ea) 
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The Riordan array (1/(1—t—t?),tC(t)) was considered in Example 4.3.7, 
where O(t) = Wg Ct" /(n +: 1) = (1— V1 — 48)/(2t) is the Catalan func- 
tion. It was also shown in Example 4.3.7 that the A-sequence of the Riordan 
array (1/(1—t—t?),tC(t)) is (1,1,1,...), i.e., the generating function of the 
A-sequence is A(t) =1/(1—t). From [79, 109] we have 


c(t)* = DD — 7 (°" ‘3 ‘) £” (4.219) 


Thus, the (n,k) entry of the Riordan array (1/(1 —t — t?),tC(t)) is 


= 1 
dnk =[t a mttcoy" 


Since 


aor -E (PoE (Me 


From (4.216) there holds the identity 


n—-k 


SF — =-linti+r+k+1 
a Te y= Del) ee ee | 


. —— am, 


n—k—-i 
~ (pti (p—l1)n+r+k+t+i 
= oe i- a oe 
oD ae ‘) dy Fak 795+ (p—Int+r+kt+i 


j=0 
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Similarly, for the Riordan array (C(t),tC(t)), its (n,k) entry is 
dnk =[E"]t* (C(O) 


z k+1 2j+k+1)\.. 
1 ( gtk+ je 
027 tk +1 j 


_ k+l (2n-k4+1 
~In—k+1 n—k : 


Hence, from (4.216) we may derive the identity 


(p rier On ‘) 
(p> Dg 1l)br=k 
Sl r+k+j ‘ae (laa eae 
? 


Ae n-k-gj 


iM 


j=0 


Faa di Bruno’s relations (4.206) and (4.207) and their special cases such as 
(4.212) and (4.213) are also applicable rules to construct numerous identities. 
For instance, for the Catalan numbers, c, = (7”) /(n+1), and their generating 
function, C(t) = (1 — V1 — 4t)/(2t), we have the identity 


1 /2n 1 1 (—4)"—-* 
Cy = = — Se) = Oo 4.220 
—(*") ee 3) oS ( ) 


In fact, let f(t) = t-1/? and ¢(t) = 1—4¢t. Then (f o¢)(t) can be expanded as 


(fo d)(t) = 7 6 igte (4.221) 


Thus, substituting 6, = ear a, = 1, and a2 = —4 into the Fada di Bruno’s 
relation (4.212) and noting ky = 2k —n and kp = n—k, we obtain (4.220). 

Catalan numbers provide solutions to many counting problems. The same 
is true for Motzkin numbers. For each non-negative integer n, the Motzkin 
number m,, is defined to be the counting number of all possible ways of 
connecting any subset of n points on a circle by nonintersecting chords. Let 
M(t) = 37-9 mnt” be the generating function of the Motzkin numbers. It is 
known (cf. [18]) that M(t) satisfies t?(M(t))? + (¢ -— 1)M(t) +1 =0. In fact, 
M(t) is of the form 


1—t—v1— 2t— 3¢ 


2t? 


Write V1 — 2t — 3t? = 1+ 90°, ent” and take aj = —2 and ag = —3. From 
(4.212) and noting 


M(t) = (4.222) 


dP si = (-1)! (2k — 2)! 
dx* a=1 22k-1(k — 1)! 
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for all k > 1, we have, after simplification, 


: 2k — 2)! ak} Lee qykn 
1 = —1 z-1__(2k—2)! ajt--- ay 


[n/2] _ ie eek 
1 (2n— 2k —2)13* sasn4s 
Qn-l om (n —k—1)!(n — 2k)!k! 


From (4.222), we have 


oo oo [(n+2)/2] 
—e" +2 1 (2n — 2k + 3)!3* 

M(t)= —— ft” = — —_ t”. 

() d 2 ae , (n—2k+2)\(n—k+1)Ikl 


So, 


[(n-+2)/2] 
1 2n—2k+2\/(n+1)\., 
ee s- 4.224 
mr Rn tt ( n ) k )s an 


for n > 0. It is known (cf. [18]) that 


as 1 (n\ (2k 
we e+ 1 2k) \k}° 


Jointing the last equation and equation 4.224 gives a new identity 


1 — Qn — 2k +2 n+l) oe _ 5 L (n\ (2k 
Qn+2(n +1) n k RHR RS 


k=0 


For any non-negative integer n, the Riordan number r,, can be viewed as 
the number of plane tree of order n + 2 in which the root has degree one and 
no vertex has degree two (cf. [18]). Let R(t) = 07°, 7nt” be the generating 
function of Riordan numbers. It is known (cf. [18]) that R(t) satisfies (t + 
t’)(R(t))? — (1+ 4) R(t) +1=0. So, 


1¢—+/1— 2 3 
2t(1 + t) 


From the above example of Motzkin numbers, using V1 — 2t— 3t? = 1+ 
yr ent”, where ey, are in (4.223), we have 


ik pr m [(m+1)/2] 2m — 2k\ (m 
= n k 
are oe yy ee Pe) (mae 


n=2 m=2 k=0 


R(t) = 


Therefore rp = 1, 7; = 0, and 


—— m—1 k 


m=2 k=0 
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for all n > 2. It is known (cf. [18]) that 


te nt+l1\ (2n-—2m 
ih —1)” ’ 
7 mare a ) ( ‘a ee 


m=0 


which implies the following new identity 


Qn+lm m—1 k 
m=2 k=0 
1 < m{rtl)\ (2n-—2m 
re ae! ( m yer), 


m=0 


For each non-negative integer n, the Fine number f,, is considered to be 
the number of rooted trees of order n with root of even degree (cf. [56]). Let 
F(t) = oP. fnt” be the generating function of the Fine numbers. It is known 


(cf. [56]) that 
9 4/1 —4 
= 
2t? + At 
From (4.214), 


22n-l(n—1)! nl 


(24 S14 S (: i Sey gee Pe) 


n=1 


2 (2(n —1) 
=At + 2t? = Hae 
+28 + 3 ) 


n—1 
So the expression of F(t) can be written as 


44 2t 2 (Ao) at 
F t) A+ 2+ Vina Cm JE 


n=3 n n-1 
4+ 2t 
Liew 1 (2m =f Sy" 
— i ¢” ea 4r 
(Samal) (EG) *) 


jee 


St ey 1 2k 
n=2 k=2 
So, Finn numbers fo = 1, fi = 0, and 
beme (eI? (op 
In = pe (k+1)2"-k (7) 


for all n > 2. This formula was considered in [53] using a different approach. 
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4.3.3. Various row sums of Riordan arrays 
From FTRA, for a Riordan array (g, f) = (dn,k)n,k>0, 9 € Fo, f € Fi, and 
any formal power series h = >). hat* in F = K[Z], we have 
Yo dn che = (t"]9(HA(F(O), (4.225) 
k>0 


which can be written in short as 


(9, f)h = g(ho f). (4.226) 


By choosing different h in (4.225) such as h(t) = 1/(1— t), 1/4 + 2), 
t/(1 —t)?, etc., we obtain the summation formula rules listed as follows: 


a dine = [E"| at) (row sums RT) 


k>0 1— f(t) 
Se = nm (alternating row sums R7) 


Ss kdnk = in ee (weighted row sums).... 
k>0 


More precisely, if h = 1/(1—t), then (4.226) presents the generating func- 
tion, called the sum function, of the row sum sequence of the Riordan array 
(g(t), f(t)). We denote the sum function by R*(t). Hence, 


1 
R(t) = (9(t), Fl) TG = an (4.227) 
More briefly this can be written as 
_ g 
i = 1-7 (4.228) 


Similarly, the generating function, denoted by R~, of the alternating sum se- 
quence of the Riordan array (g(t), f(t)) is called the alternating sum function, 
namely, defined as 


7 1 gt). yp _ g 
R(t) := (g(t), f(t)) —— = ———~. ie. =———. 4.229 
= OLOTG = ft. (4.228) 
It is easy to see that we have, reminiscent of Pythagorean triples, 
2R*R- Rr - k- 
= — = —_____, 4.230 
9=RryR SO REE oy 


Thus we can use the sum function Rt and the alternating sum function R7~ 
to characterize Riordan arrays. 

Here is a list of several subgroups of R together with their Rt and R7~ 
functions 
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e For the Appell subgroup (which is a normal subgroup of the Riordan group), 
A = {(g(t), t): 9 © Fo}, we have 


=t i n 
Rt =——R , i =74 and g=Rk'-tR'=R +tR . 
(4.231) 


e For the Associate subgroup (or Lagrange subgroup), L ={(1, f(t)): f € Fi}, 
we have 


R- Rt Raa iF 
2R-—1’ peer et Ie R- 
(4.232) 


e For the Bell subgroup, B = {(g(t), tg(t)) : g © Fo}, we have 


R- R* Rt Re 
Re 8, ed, Bee es ed gS 
ton © ifuRe OY 2" TRE 1a 
(4.233) 
e For the checkerboard subgroup, C = {(g(t), f(t)): 9 © Fo is even, 
f € Fi is odd} , we have 
Rt(t) = R (-2). (4.234) 


e For the stochastic subgroup, S = {(g(t), f(t))}, which row sums are one, we 
have 


2 ae ops) 


Rt =1/(1-t), a Seer (1—t#)4+f) 


e For the hitting-time subgroup , H = {(tf'(t)/ (f(t), f(t): f © Fi}, we 
have 


tf’ 7 bye 
Rt =—-—. and R= ———., 4.236 
7a) Fa+A) acide 
which implies 
Dae ¢  DaP 4. 
t = = t——_ - . 
Rt a R- a 
e For the derivative subgroup, D = {(f’(t), f(t) : f € Fi}, we have 
+__f' ‘A 
(4.237) 


This implies that 
2— et RY (t)at 4 el BR (t)dt. 


We survey the above characterizations of subgroups of Riordan group as 
follows. 
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Proposition 4.3.18 Let R*(t) and R~(t) be the sum and alternating sum 
functions of a Riordan array (d(t), h(t)). If (d(t), h(t)) is an element of the 
subgroups of Appell, associate, Bell, checkboard, stochastic, hitting-time, and 
derivative, then the characterizations of R*(t) and R~(t) of (d(t),h(t)) are 
shown in (4.231), (4.232), (4.233), (4.234), (4.235), (4.236), and (4.237), re- 
spectively. 


As a heuristic principle two pieces of information will determine an element 
in the Riordan group. As examples we have: d(t) and h(t), Rt and R~, A(t) 
and Z(t). Next are some examples where given a subgroup and R* gives a 
unique element. For all these examples 


1— V1-—-4t 
Rt =O (t) =C =1+10? = —~ 
1 2 
= (or) abe ne +e tae, 
sje n 


where [¢"]C(t) = (7”) /(n+1) are the Catalan numbers. Formula (4.219) shows 


In the Appell subgroup, the element is 


100 0 00 
0 10 0 00 
101 0 00 

(C(1-2)t)=] 3 10 1 00 
¢ 3.1 0 10 
8 9 2 1 0 4 


In the Lagrange subgroup, the element is 


10 0 0 00 
01 0 000 
01 1 000 

(1,tc)=|0 2 2 1 00 
05 5 3 10 
014149 41 


Similarly, in the Bell subgroup, the element is (F,tF), where F = Se 


is the generating function for the Fine numbers. In the Checkerboard sub- 
group, the element is en a . In the Derivative subgroup, 
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1-C 
the element is a fet) . In the Hitting time subgroup, the 


element is (C?e~*#°, 1 — Ce~#7), 

The Riordan arrays (B,tC) and (2, tC) have row sum generating func- 
tions BC and B, respectively. These are of combinatorial significance since 
B is the generating function for ordered trees with a marked vertex while = 
is the generating function for marked leaves. Similar results hold for other 
kinds of ordered tress which have the same possibilities for updegrees at every 
vertex. 

From the above Riordan arrays and the FTRA, some summation formulas 
can be found. For instance, one may consider the generic terms or the entries 
of the Riordan array (C(t)*,tC(t)”), which includes its special cases of the 
Appell Riordan array (C(t)‘,t) and the Lagrange Riordan array (1,tC(t)"). 
The (n,k) entry of (C(t)*, tC(t)’) is 


dik =[é"|C*(tC7)* = Ee ea 
=ie-¥ 3 rk+é€ © +rk+ ‘\e 
rr 2jt+rk+ j 
7 rk + Qnt+(r—AWk+ée 
 8n+(r—WDk+z n—k ; 
From (4.226), 
i. 
1-t 1-tCr 


Particularly, if 2 = 0 and r = 1, noting 1 — tC = 1/C' we may use (4.225) to 
obtain 


(C*,tC") 
Y dealoay = Eee = BIC) 
en 1 —tC(t) 
k=0 
where dy,x|(0,1) Stands for the (n, k) entry of the Riordan array (1,tC’). Thus, 


3 k  (In-k\ 1 (2n 
In-k\n-k}) n+i\n/) 


k=0 


Similarly, if r = 2 and @ € Z, then 


L 
1 (04 40°) 5 = ae 
spe =a LI" (§) 
j20 


Get an G+ n : 
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By using (4.225) we get 


n s 1 
do ntl er) =(e,2) = [e"] (C8 tC?) —, 
k=0 


which implies 
(mt ey 1 j+é a) 
fp ont e\n-k Sor eet gt n ; 


The above summation formula yields many identities. For instance, if 2 = 0, 
then the above summation formula is specified as 


Dales)" Leeraeal a) 


k=0 j>0 


which implies some summations such as 
a Ho Ss) 
gai oh Ss apres 
j20 


etc. for the cases of n = 1,2,..., respectively. 

Finally, if h(t) =t/(1 —t)?, then (4.226) presents the generating function, 
RE, called the weighted row sum function, of the weighted row sum sequence 
of the Riordan array (g(t), f(t)) with the weights {0,1,2,...}. Hence, R® is 
also called the expected value sum function of (g(t), f(t)). More precisely, R? 
is defined by 


j20 


RP = RE(t) = (g(t), f(t) ay = LOM, (4.238) 


It is easy to see that 
(Rt)? RE 
9= B+ RE and f= py RE RE’ (4.240) 


Thus we can use its sum function Rt and the expected value sum function 
RF to characterize a Riordan array. 
We also have the following inverse relationship between (Rt, R~) and 
(A dt). 
be (ae)? BE (Rt)? — Rt+R- 


= ——______ = 4.241 
R++2R# 2R- ( ) 
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Therefore, from the characterizations of subgroups of Riordan group char- 
acterized by (Rt, R7), we may obtain the characterizations of the subgroups 
with respect to (R*+, R”) by busing the relationship (4.241) (cf. examples in 
Exercise 4.12). 

Using the summation formula (4.238), one may establish numerous sum- 
mation formulas and identities. For instance, for the Riordan array (1,t¢C), 
from (4.238) we have 


and 


we obtain the identity 
> hk? (2n—-k\ 3 f2n+1 
In—-k\n—-k/ Qn+1\n-1/° 
k=0 
We will give two different views to the Bernoulli polynomials and Euler 
polynomial sequences with the help of the row sums and alternating sums 
of Riordan arrays. First, the concepts of sum function and alternating sum 
function of a Riordan array can be extended to any array (g(t), f(t)) = 


([e"]g (4) F(t)*),, ps9 Where it is not necessary to have g(t) € Fo and f(t) € F1. 
We still define sum function and alternating sum function of (g(t), f(t)) as 


a pt _ g(t) Se _ g(t) 
RT =R'(t):= T-f® and R’=R (t):= T+iO (4.242) 
This extension allow us to reconsider some well-known polynomial sequences 
and number sequences in a different way. Here, we show some examples related 
to the Bernoulli polynomial and the Euler polynomial sequences. 
It is well-known that Bernoulli polynomials B,,(a) and Euler polynomials 
E, (x), n € No, are defined by the power series 


= 3 Bi Ake: 3 E, (2) (4.243) 
— n\£)— an = n\L)—. . 
o=t n! eel 2 n! 
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Hence, we may consider the function 


R*(t;2):= S~ Bp(x)— and 
n=0 
_ i— ee i” 
Ro (a) = —5 > E,(2)— = > —gEn-1(8) 5 (4.244) 
n=0 cs n=1 . 


as the sum function and the alternating sum function of the array (—te*‘, e), 
respectively. Therefore, B,,(x) is nth row sum of the array, while —nE,_1(x)/2 
is the nth alternating row sum of the array. 

The definition of the sum functions shown in (4.242) provides 


+_ R*(t}2)- (G2) 
Rt (t,x) + R-(t; 2x) 
or equivalently, 
Rt (t;2) — R-(t;2) =e" (Rt (t,x) + R-(t;2)). 


The last equation yields the identity 


S (?) Bute ) = nEn-1( ore =(; Je neta). (4.245) 


k=1 


More investigation on this approach to Bernoulli and Euler polynomials is left 
for the interested readers. 

Secondly, we may introduce proper Riordan arrays for Bernoulli and Euler 
polynomial sequences by using sum functions. In order to do it, we re-write 
(4.243) as 


tet ett co ag 
aq = [CHEZ = ~ B(x) and (4.246) 
t n=0 
ext ext 3 e fe (4 247) 
SC n\vt)—. . 
+1 1-He a n! 


Hence, >>? B(x) 5 is the generating function of the row sums (i.e., the 
sum function) of the exponential Riordan array (e*’, (1 +t — e‘)/t). The cor- 
responding generating function of the alternating sums (i.e., the alternating 


sum function) is 


17 Hz = Bal) —, (4.248) 
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where (Br)n>o is called conjugate Bernoulli polynomial sequence, and its first 
few terms can be represented as 


Bo(«) = i 

~ 1 

By(a) =z“+ >? 

= 2 5 

Bo(x) =“L2°+2+ 6’ 

~ 3 5 

B(x) = a7? + a aa 5% +2, 

191 

Ba(x) = ot + 203 + 5a? + 84 + 30° 

~ 5 25 191 67 
Bs(x) = x? + al F ll + 20a? + ad oF 3° etc. 


Similarly, 7° 9 En (x) 4 is the generating function of the sums of the ex- 
ponential Riordan array (e*’, (1 — e’)/2). The corresponding generating func- 
tion of the alternating sums is 

ev 


t Cee ms, #r 
——— =S°B,(«)— (4.249) 
2 n=0 


ioe nl? 
where (En)n>0 is called the conjugate Euler polynomial sequence, and its first 
few terms are 


Eo(2) = 1, 

~ 1 

E\(a) SS 

(a) =2’+2+1, 

= 3 11 

E3(2) = 2° + <2? +32+—, 

2 4 

(x) 


~ 5 55 91 
Es(x) = 2° + an + 10x? + sr + 50x + > etc. 


Some properties of the conjugate Bernoulli and conjugate Euler polynomial 
sequences similar as those of Bernoulli and Euler polynomial sequences can 
be found easily such as 


Bi (2) =nBn-1(x) and E! (2) =nEn_1(2). 


In addition, from the definitions of sum functions R* and R~, we may find 
the relationship between Bernoulli polynomial sequence and (B,(x))n>o0 and 
the relationship between Euler polynomial sequence and (E;,)n>o0. From the 


first equation of (4.230), there holds 


er + By(2) + S- By (a) 


n>0 “— n>0 
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(xt)* ay ee 
k>0 n>0 n>0 
7 prtk 
= 20 By (x) Br(2) ralph? 
n>0k>0 


n>0 \k=0 n>0 
n a yr 
= zy. ( @ By-x(09Bu()) nl 
n>0 \k=0 


Comparing the coefficients on the two sides of the above equation, we have 
the identities 


3 (7) (Bo w(t) + Br—x( a) = 20 (;) Bas x)B,(x) (4.250) 


k=0 


for all n > 0. 
Similarly, applying the first equation of (4.230) to Euler polynomial se- 
quence and (E;,())n>0, we have 


» 4 at (By_1(2) + Byx(2)) = > (;) By-x(x)Eig(x) (4.251) 


for alln > 0. 
From the second equation of (4.230), there holds 


(14+t-e') | S© B, (2) — +>) Bla) =t ¥ Bal) B,(x)— 


n>0 . n>0 . n>0 . n>0 


or equivalently, 


> (Bala) + Bala) 5 + Yn (Brae) + Bn-1(2)) 5 
n>0 n>1 
-¥ (5 (f) (@ae+ Ave) $ 
n>0 \k=0 
=) a (Bn-1(2) - Bn-1(2)) x 
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Comparing the coefficients on both sides of the above equation yields 


2nBn—1(x) aS & ee ze (2) + Ba—n(x )) (4.252) 


for alln > 1. 
Similarly, we may applying the second equation of (4.230) to the Euler 
polynomial sequence and (£;,(2))n>o0 to obtain the identity 


2, (x) Pals) +90 ( ) (Bmu (x) + Enx(2)) (4.253) 


for all n > 1. More results on the conjugate Bernoulli polynomials and conju- 
gate Euler polynomials can be found in [92]. 


4.3.4 Identities generated by using improper or non-regular 
Riordan arrays 


The idea on the various row sums of Riordan arrays shown in the previ- 
ous subsection can be extended to an improper Riordan array (g, f) with 
f(0) £0, or an non-regular Riordan array (g, f) with f(0) = f’(0) = 0. The 
FTRA, (g, f)h = gh(f), remains valid for the improper Riordan array (g, f) 
with f(0) # 0, under more restrictive conditions such as when the sequence 
(he)e>o is actually finite and hence its generating function h(t) reduces to a 
polynomial. For instance, for a Riordan array (g, f), (g,tf) is an non-regular 
Riordan array because [t]t f = 0. The rows of (g, tf) are the diagonals of (g, f). 
Hence, from (4.225) we have a summation rule 


[n/2] 


y On = teste = [0"] eat 7 (diagonal sums). (4.254) 


The diagonal sums can be extended to the slope k row sums of a Riordan 
array (g(t), f(t)) = (dn,n)n,n>0 defined by 


[n/(k+1)] 


ea See eee (4.255) 
j=0 


for n > 0, ie., 
Sk = dno + dn—ka + dn—2k,2 +°*- 


The slop k row sums of (g, f) are the row sums of the non-regular Riordan 
array (g,t* f). Particularly, if k = 1, the slope 1 row sums of (g, f) are its 


Methods of Using Special Function Sequences 273 


diagonal sums and the row sums of the non-regular Riordan array (g,tf). For 
an example, the slope | sums of the Pascal array 


10 0 0 00 
110 0 00 
12 1 0 00 
{32 2 24 
14 6 4 10 
15 10 10 5 1 
are 
1 
1 
1+1=2 
142=3 
14+34+1=5 
14+44+3=8 
14526 1S 13,006; 


which give the Fibonacci number sequence. In general, for the diagonal sums 
of (1/(1 —t),¢/(1 — t)) or the row sums of (1/(1 — t), t?/(1 — t)) we have 


[oe} 


n—k jad 1 . 1 a 
| k )- eited —t?/(1-t) =p aoe 


k=0 
We now present an alternative view of cag in the following theorem. 
Theorem 4.3.19 Let S* be the slope k row sums defined by (4.255). Then 
their ordinary generating function >>.) Skt”, denoted by Ri (t), is the sum 
function of the non-regular Riordan array (g(t), t* f(t), i-e., 


g 


(4.256) 


Tf (g(t), f(t)) is a Bell-type Riordan array with f = tg, then for a given Rf 
there exists a unique 


(4.257) 


— 14+thtiRt 


such that R; is the sum function of (g,t*f) or the slope k sum function of 
(9, tg). 


Proof. Since 


S dik =e ‘ig ff = [e” be (t* f) 


j20 20 j>0 
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and 
dn—kj,j =90 


when j > n/(k +1), we immediately obtain 


RO=>) sr= Tey oe zy le 


n>0 n>0 j>0 


If (g, f) is a Bell-type Riordan array and its slope k sum function R} is given, 
then f =tg and from (4.256) there holds 


g + 


eT 
1 — t*(tg) 
which has the unique solution g as 
__ 
I= ts tet RE 


We complete the proof. 
| 


Example 4.3.20 As an example, let k = 1 and R} = 1/(1—t — #?), the 
generating function of Fibonacci sequence, then from (4.257) we have g = 
1/(1—t). Hence, the Pascal array 


1 t 
1-t’1-t 


is the unique Riordan array that has slope 1 sum function Rt = —- 


From the above various row sums, one may see the summation rule (4.225) 
makes an important role in the construction of identities related to Riordan 
arrays. The key in using this rule to find the sum > k>0 dn.nh is to recognize 
the generating function of the sequence (hj,),>0 and the generating functions 
g and f satisfying dy, = [t"]gf*. Theorem 2.1 of [201] gives a basic theorem 
on this topic, which can be represented as follows. 


Theorem 4.3.21 Let ) be the (n,k) entry with a parameter m of an 


infinity array denoted by CC an ue Ifb > a and b—a is an integer, 
then D= (anes is a Riordan array. If b < 0 is an integer, then 
D= Ciao is a Riordan array. Furthermore, 


(4.258) 
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Proof. From the well-known properties of binomial coefficients, for b > a and 
b—a is an integer we have 


n+ak\ _ n+ak 
m+bk)  \n—m-+ak—bk 
= —n—-—ak+n—m-+ak—bk—- 1 (jee ts 
n—m + ak — bk 


~ @ : ew an ae 


m — a k; 
eam dl 1 _ (é"] t tf . 
(1 — t)mt1+0e (1—ty*41 (a2) 
For an integer b < 0 we find 


k; 
or bY) = emer + eto = fey + ye? +). 
m + bk 
Thus, the theorem is a consequence of Newton’s rule. 
fi 


For m = a = 0 and b = 1, the Riordan array is the Pascal triangle. For 
b =a, D is an improper Riordan array, while so D is for b= 0. 


Example 4.3.22 We use Theorem 4.3.19 fora = —1 andb=0 and FTRA 
to find the sum 


(a8) = igen =the = (24) 


k>0 
(nea) = aie (ae) 


eo) = wet VJI+4 _ (-1)4 (*), 


Since 


and 


—2t ~ k+1 


& (tan) (e) eer = rane? (THR) 


l 
= 

| 
= 


II 

a 
i 
3 
= 

|) 
mas 

3 

II 
fo oS 
3.3 
1 | 
me 
So 
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Similarly, from (7) = [¢|(1/(1 — t))(t/( — t))* and the Stirling number 
of the second kind 


we have 
m\ (BY em 1 (i — 9)” 
©) at iG Wp — 2/08) a mi 8) 


n+1 i =~ bite 
= ges ay =e TH Ln} 


In the sum Yih.50 (oe) (1) k(—1)4~! we have that the generating function 
of the sequence ((7)k(—1)*~")g>0 is A(t) = nt(1—-t)"~", which is a polynomial. 
Hence, the FTRA remains valid for the improper Riordan array ((1+t)", 1+), 


“en ea ey"(1 40% = (" i ‘) = (" : ") 


Hence, we have 


Deyete(2) (" : *) =[e"\(1 + t)"a( +8) 


k>0 
=nft"|( +e) (1) 
=(-1)""'nfj +)" = (-1)""n(n + 1). 


Let A(t) = ops Aat® and 


with H(0) = 0. It is clear that 


n—k\ n-—kf(n-k-1 = BaF ay t? 
k ok k-1 Ok 1-t/)’ 
except for k = 0, when the LHS of the last equation is 1 and the RHS is 
undefined. Hence, by FTRA 


n n—k S (n—k—-1\ hp t? 
> ( k Jem ho tnd” ( | ) 5 = ho + nl a(S). 


(4.259) 
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Formula (4.259) gives an immediately proof of Hardy’s identity: 


(—1)"2/n, if 3|n, 
~ | (-1)""1/n, otherwise. 


Similarly, one may prove a generalization of Hardy’s identity 


(yee rar tay = a + 8% (4.260) 
= 


k>0 


or equivalently, 


where a = (a + Va? — 4)/2 and b = (a — Va? — 4)/2. 

Let d(t) = a do,t?*, hy(t) = ae hy opaate and ho(t) = 
reo h22n41t?*t!. Then the double Riordan matrix in terms of d(t), hi(t), 
and h(t), denoted by (d;h1,h2), is defined by the generating function of its 
columns as (cf. [49, 93]) 


(d, dhy, dhyh, dh2h, dh2h2....). 


There two cases of the first fundamental theorem of double Riordan arrays 
(FTDRA) (cf. [49]): 

(d; hy, ho) A(t) = B(t), (4.261) 
where for A(t) = ae agyt?® and A(t) = S7p59 @2n4it?**", we have B(t) = 
dA(Vhihz) and B(t) = dV/hi/h2A(Vhih2), respectively. Based on the fun- 


damental theorem ie double Riordan arrays, we may define a multiplication 
of two double Riordan arrays as 


(d; hi, h2)(9; fi, fo) = (dg(V hiha); Vhi/hafi(V hih2), Vho/h1 fo(V Aihe2)) 
(4. an 

where g(t) = Spo gant, filt) = Do fizetit*t*, and felt) = 
peo f2,2n41 t?*t". The collection of all double Riordan arrays associated 
with the multiplication defined above forms a group, which is called double 
Riordan group and is denoted by DR, where the identity of the group is 
(1;t,t). 

Let n (or m) be a variable, and let m (resp. n), a, and b be parameters. 
Then the following result may provides many pairs of sums. 
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Proposition 4.3.23 Suppose b >a, c>dandb—a and c-—d are integers, 


then the double Riordan array (or improper double Riordan array when m 4 0) 
(due) noo = (02 /(1—#2)™42, 22-2041 /(1—42)P, Pe-24+1 /(1—12)4) possesses 
its entries as follows: 


nt+(ate—-1)k n+a(k+1)+(ce—-1)k 
dana = ( ( .) and davssansa = ( ( ) ( *) 


m+(b+d)k m+ b(k +1)+dk 
(4.263) 


for n,k =0,1,,2,..., and 0 otherwise. Particularly, if b= a= 0, then 


Ct ie= -) 


2n,2k 2n+1,2k+1 ( m+dk 


Proof. We first give dzn.2, of (4.263). From the definition of double Riordan 
array, we have 


dan2k = gat (i= {2)b+d 


po terse bret 1)k) i 
(1 — 2) m +1 +k 


= ete Se ( m—1 (b “ (a) 
j20 d 


== La (b + d)k (ie ee 
n—-m+(a—b+c—d-1)k 


_ n+(a+e-—1)k _ {rt+(ate—1)k 

~ \n-m+(a-—b+e-d-1)k) \ m+(b+dk ] 
We now derive dn41,2%41 of (4.263) using a similar argument. From the def- 
inition of double Riordan array, 


= pam p2b-2a+1 / 42b—2a+2d—2c+2 k 
Th 
t (1 — ¢2)™+1 (1 — #2) ( (1 — #2 )o+d ) 


ee 2m+2a—2b+2(a—b+c—d te) 1 
(1 = {2)\m+1—b+(b+a)k 


= ae 2m+2a—2b+2(a—b+c—d “>t m—1 (b t °*) (—42)9 
jE0 e 
m 1 b (b d)k (<1) m+a—b+(a—b+c—d—1)k 
n—-m+a—b+(a—b+c—d-1)k 


7 ( n+at+(at+c-—Il1)k eo 
~  \n-m+a—b+(a—b+c—d—-l)k) © m+b(kK+1)+dk /’ 


pam — k 


don+1,2k+1 = [ 


which completes the proof. 
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Example 4.3.24 Suppose a = b=c=d=1, Proposition 4.8.23 gives the 
following entries of (t?™/(1 — t?7)™*!,t/(1 — #7), t/(1 — t?)): 


n+k n+k+1 
don,2k = ( a i” and don41,2k41 = ( fea a (4.264) 


From the generating function of Catalan numbers 


Ss 1 ——— 
k>0 k 


k+1 2t 


we have 

3 (—1)* (2k pak V¥1+4t2-1 soi % (—1)* (2k pk+t V¥1+4t2-1 
 k+1\k a 212 k+1\k = ot , 
7 (4.265) 


Hence, 


( t2™ t t —— 


(1—2#2)m+1? 1-227 1-# 21? 


g2m JI + 4y? —1 


(1 = t2)m+1 Qy? 


y=t/(1-t) 
141? 
p2m | 1 r pom 
~ (1 — #2 )mtt _2P ~ G- 8)" 


c-eP 


The above equations imply 


(—1)* 2k 2n ee 
Sonera) = ga 


k>0 


eeu(a)(nt) 


W635 


II 
a 
3 3 
1 | 
me 
SK” 


4.3.5 Identities related to recursive sequences of order 2 and 
Girard-Waring identities 


We now use the summation formula rules shown in the last part of the previous 
subsection to establish some identities. We start from the following consider- 
ation: What can be done by generalizing the ring of integers Z to the ring 
of polynomials Z [a] or Z[x,y] or Z[a1,x2,--+ , an]? There is a survey paper 
of Henry Gould giving the history on Girard- Waring identities in the rings of 
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polynomials Z [x,y] and Z |x, y, z] that appeared in [75]. As an example, we 
consider the venerable identity of Girard-Waring. 


n—k grt ae yrtt 


ES cor, \entery == (4266 
0<k<n/2 


where zy # 0 and « & y. This can be put into standard triangular form 


ntk 
by reversing and aerating the rows by replacing ari by eis) when n = 
a 


k (mod 2) and 0 otherwise. 
We now look at the Riordan arrays (1/(1 + at”), bt/(1 + at?)) with b? 
4a > 0. Then, its entries 


be tk 
(1 + at2)F+T 


= 1d q ; *) (—at2) ike 
15 (cape 


(F2,) (HL) O-B/2g(n—¥)/268, when n= k (mod 2) 


IV 


dn~ = [t"] 


n—k 
=z 


(4.267) 
0, when n £ k (mod 2), 


where the last step is from that 7 = (n — k)/2 when n = k(mod 2). Hence, 
the row sum of (1/(1 + at?), bt/(1 + at?)) = (dn,k)n,K>0 is 


me ntk 
Sa (221) (—1)(0-)/2g(n—h)/2 5k 
k=0 2 


O<k<n 
n=k (mod 2) 
n/2 a 
= wens 7 Jaton, (4.268) 
k=0 


where the last step is from the transform (n — k)/2 — k and the assumption 
of n= k (mod 2). 

The generating function of the row sums of (1/(1 + at”), bt/(1 + at?)) can 
be represented as 


1 bt 1 ewe 1 
eg SP 4.269 
(eee) 1-,4, at? bt +1 ( ) 


Since b? > da > 0, we have 
at? — bt +1 = a(t — t1)(¢ — te), 


where 
b+ Vb? —4 b— Vb? —4 
ty = a and to = — (4.270) 
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Hence, (4.269) can be written as 


1 bt i 1 
1+at?’?1+at2?/1—t  a(t—t,)(t—te) 


_ 1 1 1 
 @—b)\t-h t-b 


— ata(ti—t)1-2  ati(t.—t) 1- = 


mae) a 


n=0 


1 i 1 
= So—— (5-5 }”. 4.271 
a(t, — ta) (an zt) eee) 


n>0 


From the last expression of the sum function and the row sums given in (4.268), 
we obtain the identity 


n/2 


_k 1 1 1 
ert )atonm _ (as . =) 4.272 
ae ( k a(t: —t2) (iY — 


k=0 


where t; and ¢2 are given in (4.270). 
Specifically, we consider the case of a = xy and b = x+y, where b? — 4a = 
(2 — y)? > 0. Then the corresponding Riordan array is 


1 (w@ty)t\ _ 
1+ ayt?2’ 1+ ayt? 


1 0 0 0 0 0 
0 1(@+y) 0 0 0 0 
—1 (ay) 0 l(@+y)? 0 0 0 
0 —2(xy)(a+y) 0 l(a+y)? 0 0 
(xy)? 0 —3 (ay) («+y)? 0 1(a+y)* 0 
0 = 3(xy)? (a@+y) 0 —4 (ay) («+y)° 0 1(e@+y) 


Thus, Girard-Waring identity (4.266) holds in the ring of polynomials Z [2, y, | 
since it is a special case of (4.272) for t; = 1/y and tg = 1/2. 

Another special case is setting a = 1 and b = 2z, then, using (4.269), the 
row sum generating function of (1/(1 + t?), 2at/(1+4 #?)) is 


1 ow \ 1-. ae 1 
14+2°14+8# 1-t 1-23? -2at+1 


Thus, the row sums of (1/(1+¢#?), 2t/(1+¢?)) are the Chebyshev polynomials 
of the second kind, (Un(x)) = (1,22, 4x? — 1,823 — 4z,...). Let x > 1 or 
x < —1. Then the roots of t? — 27t + 1 are 


fi =e2+Va22-1 and tf=2-Va22-1. 
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Thus, ¢] | = te, tg’ =t1, and 
(a + fz? —1)"*1 - (2 ge —1)r*1 

2V/x? -1 , 


Similarly, if we set b = —2x, a = —1 and 2, then the corresponding row sum 
sequences are the Pell polynomial sequence, (Pr+1(2))n>0, and the Fermat 
polynomial sequence of the first kind, (Fr+1(X))n>0, respectively: 


Un (x) = 


(2 + Va? +:1)"t1 — (@ — Vx? +:1)"*1 

oo eee 
2J/a2+1 

at vVa2 —2)rt! x v2 — 2)rtt 

pape eee 


2/22 — 2 


The above polynomials can be sorted into the class of the generalized 
Gegenbauer-Humbert polynomials (cf. for example, [72, 76], and [106]). Their 
expressions can be constructed by using the Binet formula (cf. [111]). 
Identity (4.272) can be extended to the case of the ring of polynomials 
Z|x,y, 2] or higher dimensional cases by using a similar argument. 
Let polynomial at® + ct? — bt +1 has three distinct roots t,, tz, and t3. 
Then 


1 
at? + ct? — bt +1 
ol ( 1 m 1 
~ a \(t—ti)(ti —te)(t1 — ts) — (t — te) (te — th) (te — ts) 


(4.273) 


Considering Riordan array (1/(1 + ct? + at?), bt/(1 + ct? + at®)), if c £0, 
its entries may be written as 


be ek 
el (1 + ct? + at3)R+t 


nels (ct? + at®)*b*e* 


p> me) (3) ia Oph iE faith +E 
j>0 2=0 


a n—k—£ fate i KE 
ee ‘ ( ; Jou z £ afb%e k ao 
2 


when n =k + & (mod 2), 
0, otherwise. 


£>0, 
l=n—k (mod 2) 
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Therefore, the row sums of the Riordan array (1/(1+4 ct? + at?), bt/(1 + ct? + 
at?)) are 


k=0 
n—k—e : 
-S Yb ChE ote 
0<k<n e>0 2 é 


l=n—k (mod 2) 


(4.274) 


If c = 0, ie., t) + t2 +t3 = 0, the entires of the Riordan array (1/(1 + 
at®), bt/(1 + at?)) can be represented as 


beth 
(1 + at3)FA 


iy (74) cayere 


dnb = [t”] 


j20 
n+2k HK 
- ( coe \(-a) >" BF, when n= k (mod 3), 
= = 
0, otherwise. 


Therefore, the row sums of the Riordan array (1/(1 + at®), bt/(1 + at)) are 


n+2k at 
> dnk = S- ( ey )(-aysok 
O<k<n, O<k<n, 3 
k=n (mod 3) k=n (mod 3) 
- + (" a (—a)Fon— 3k, (4.275) 
0<k<n/3 


Using the FTRA, the generating function of the row sums of (1/(1 + 
at®), bt/(1 + at?)) can be written as 


1 bi Lee. 
1+ at?’ 1+ at8 1-t 1-;4,  at—bt+1 


If at? — bt +1 has distinct roots t;, t2, and tg with t; +t2 +t3 = 0, then from 
the above equations and (4.273), there holds 


1 bt 1 
(<= a) 1-t 
a 
a (t — ti) (ti — ta) (tr —t3) (t _ tz) (te —t1)(t2 — ts) (t — t3)(t3 — ti) (ts — ta) 


1 -1 é -1 - -1 re 
a 44 \ (tr — tata — tat? (a — ta) (ta — ty )tGF? (tg — ta) (ts — ta) 
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From the rightmost expression of the generating function of the row sums of 
(1/(1 + at3), bt/(1 + at?)) and the formula (4.275), we obtain the identity 


n — 2k —a)kpn-3k 
ees! k ) ! 
1 -1 =| Sy 
(4.276) 
for all at? — bt + 1 = a(t — t1)(t — te)(t — t3) with t) + te +t3 = 0. Denote 


1 1 1 
t=-, tg =-, and t3=- 
Yy z 


with cyz £0 and zy + yz + zz =0. Then 


at® — b+ 1=a(t-—t)(¢— &)¢—ts) = rye (t *) (:-*) (+), 


where a = —xyz and b= 2x+y+4 2. Additionally, (4.276) leads the Girard- 
Waring identity in the ring of polynomials Z [x, y, z] as follows: 


es .) (wyz)*(a + y + 2)" 


0<k<n/3 
gnt2 yrt gnt2 
= ts oo OY Or: (4.277) 
(w@—-y)(@—z)  (y-a)(y—z) (2-a)(z—-y) 
where x,y,z are distinct with zyz £ 0 and ry + yz + zx = 0. 
Similarly, we may have the Girard-Waring identity in the ring of polyno- 
mials Z [x1, x2, @3, £4]: 


— 3k : 
» @ , ) (coreacses)*(e +29 +23 +24)" 


0<k<n/4 
_ cr ed rn a 
(a1 — £2)(%1 — @3)(t1— 24) — (@2 — 21) (2 — 3) (LQ — wa) 
ger? z a? 
(x3 — a1)(%3 — %2)(t3— 24) (wg — 21)(Z4 — T2)(T4 — Zs)’ 


(4.278) 


where £1, %2,%3, and x4 are distinct real numbers satisfying 


11120324 4 O, ) Lj,x;LR =O, and ) £2; = 0. 
O<i<j<k<4 0<i<j<4 


Remark 4.3.25 From the above condition for the identity (4.277), z = 
—(ay)/(a + y), we may know that the identity holds when x,y,z 4 0 and 
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x/y,y/z,z/% # —2 and —1/2. From the above conditions for the identity 
(4.278), we also know that the identity holds when «1224324 4 0 and 


deh xix2 — ©x3 Sata? — Qx3x3 — 322xh 
0 
2(at + 2122 + x2) 
1 
2 2 
La = (—a129(x} + 2xt x2 + 22125 + x) 


2(a} + x12 + x3)? 


+(a7 + 2122 + £3),/—3ata2 — 2x3x3 auted). 


In general, we have the following result. 


Theorem 4.3.26 For integer € > 2, we have identities 


n—Lk 
EO ent tas (Sx) 
O0<k<n/e 
£ n+l-1 
- LE “i (4.279) 


i Lei (Fi — a3)’ 
where x; (1,2,...,0) are distinct and satisfy If_,2; 40 and 


Lj, Lig’ “Lig; =0 
O<i1 <ig<---<ig_j<l 


,£—2. Obviously, when ¢ = 2,3, and 4, we obtain identities 


for = 1,2 9 
(4. 277), and (4.278), respectively. 


j 
(4.266), 


4.3.6 Summation formulas related to Fuss-Catalan numbers 


A Dyck path of length 2n is a path in the plane lattice Z x Z from the origin 
(0,0) to (2n,0) using the steps (1,1) and (1,—1). The other requirement is 
that a path can never go below the x-axis. We refer to n as the semilength 
of the path. It is well-known that the number of Dyck paths of semilength n 
is the n-th Catalan number C;,. A partial Dyck path is a Dyck path without 
requiring that end point is on the x-axis. Hence, = r aaa is the number of 
the partial Dyck paths from (0,0) to (2n + k,k). 

For a positive integer m, an m-Dyck path is a path from the origin to 
(mn,0) using the steps (1,1) and (1,1 —m) and again not going below the 
x-axis. We refer to mn as the length of the path. A partial m-Dyck path 
is defined as an m-partial Dyck path. It is well-known that the number of 
m-Dyck paths of length mn is (cf. for example, [79, 109]) 


eee 1 ("" + s) 


mn+1 n 
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which are the Fuss-Catalan numbers. For m = 2, the Fuss-Catalan numbers 
are the Catalan numbers F2(n,1) = cn. More generally, the Fuss-Catalan 


numbers are 
Fn(nr) = (ME), 


mn+r n 


which are named after N. I. Fuss and E. C. Catalan (cf. [64, 79, 149, 166, 
176]). The Fuss-Catalan numbers have many combinatorial applications (cf. 
for example, [109]). 

The generating function F,,(¢) of the mth order Fuss-Catalan numbers 
(Fin(n, 1))n>o0 is called the generalized binomial series in [79]. Hence from 
Lambert’s formula for the Taylor expansion of the powers of F(t) (cf. P. 201 
of [79]), we have 


Ff, = Fi,(t)” = > — a ") t” (4.280) 


for allr € R. A closed form of F” for r € N is given by (4.182) in Example 
4.3.3. For r = 1, Fin(t) has the expression 


(mk)! ce = 1 mk 
Fa(t) =) Ga DRED 2 cereal i ie (4.281) 


k>0 


Example 4.3.3 gives 


Fo(t) =1+t, 
1 
= ke 
F(t) = 2: =r ae! 
k>0 


The key case (4.280) leads the following formula for F,,,(t), which has been 
established in Example 4.3.3: 


F(t) =1+tF™(t). (4.282) 


Equation (4.282) can also be used to define the function F,,,(t). Actually, for- 
mula (4.282) can be proved directly by using the definition (4.280) as follows. 


1+tF™(t) = 1+ s ee + as 


t 
a 
S|. 
S 
a 
: 
as 
— 
Se 
hy 
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For the cases m = 1 and 2, Fy = 1/(1—t) and Fh = C(t) satisfy 
14+t/(1—t) =1/(1—-t) and 1+ tC(t)? = C(t), respectively. When m = 3, 
the Fuss-Catalan number sequence (F3(n,1)),, is the sequence A001764 (cf. 
[197]), (1,1,3, 12,55, 273, 1428,...), which is called the ternary number se- 
quence. The ternary numbers count the number of 3-Dyck paths or ternary 
paths. The generating function T(t) of the ternary number sequence (T;,) is 
T(t) => gy inl", where 7, = TT () It can be seen that the function 
T(t) satisfies the equation T(t) = 1+ tT (t)?. 

Now, we assume that m is arbitrarily fixed. Unless there is a special 
need to indicate its subscript, we will represent F,,, as F’. We say a Rior- 
dan array (g,f) is an involution if (g, f)~' = (g,f), or (g, f) has order 2. 
Several important Riordan arrays such as the Pascal triangle, the RNA ar- 
ray, and the directed animal array are almost involutions in the sense that 
(g(t), f(t)? = (g(t), f (—8)) or equivalently (g(t) , f (t)) (1, —£) is an in- 
volution. We call such arrays pseudo involutions. The pseudo involution can 
be more “combinatorial” in the sense of having non-negative terms. 


Theorem 4.3.27 Let f(t) =—tF(t)". Then f is an involution, i.e., the com- 


positional inverse of f(t) satisfies f(t) = f(t) if and only ifr = 2m—1. There- 
fore, (F',tF") is a pseudo (Riordan) involution, if and only if r = 2m —1. 


Proof. Let f(t) = —tF(t)", and let f be its compositional inverse. Using the 
Lagrange inversion formula(4.175), from (4.280) we have 


nt+1] ¢ = 1 n t ss 
eo = 11 (Fa) 


= Reicreny™ 
_. aan —r mn—r(n+1) 
= i) mn—r(n+1) ( n ) 


S “a —m) - ; 


—n(r—m)—r 
2 —r n(r—m+1)+r—-1 
al n ) 
(n(r —m+1)+r-—1)! 
ni(n(r —m) +r)! 


= (-r) 
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On the other hand, from (4.280) 
[en (-t) F(t)" = — [FO 
=f mn +r 
mn +r n 
= fee (mn +r —1)! 
7 ni(n(m—1) +r)! 


Hence, if r = 2m — 1, then 


(mn + 2m)! 


tama Eyre, 


[er] F@) = (-1) 


ft) = err. 
Conversely, if the above result holds, then we must have 


irsm lara i 


(mn +r —1)! 
ni(n(r —m) +r)! =) 


ni(n(m—1) +r)! 


(=) 


for all integers n > 0. When n = 2, the left-hand side and the right-hand side 
of the above equation are 3r — 2m +1 and r+ 2m — 1, respectively, which 
implies that 3r —2m+1=r—-2m—-1,ie., r= 2m—1. 

Since 


(F',-tF") (F', -tF’) 
= (F(t)! F(t")! tr’ (F (-4FO"))’), 

and 

tF(t)" (F (-tF(t)"))" =t 
if and only if r = 2m — 1, we have 

F(t)F (-tF()") =1 

and 

(F',-tF") (F',-tF") =I 
if and only if r = 2m — 1. This completes the proof of the theorem. 


a 
From Theorems 4.3.1 and 4.3.4, we immediately know that the generating 
functions of the A-sequence and the Z-sequence of (F‘,—tF?"~') are (cf. 
Exercise 4.13) 
A=-F -™(¢) (4.283) 
and : 
1-F 
7 IFW) 


nat (4.284) 
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Theorem 4.3.28 The (n,k) entry dn, of (F°,tF*) is given by 


sk+é oe 


m(n—k)+sk+é n—k ee 


dnk = 


and dy, counts the number of partial m-Dyck paths from the origin to (mn — 
mk+sk+é—1,sk+é@-1). 
Particularly, if s =m, then the (n,k) entry of (F°,tF™) is 


= ment) 


nk 4.2 
fe mn+e —k ) 


Proof. From (4.280) we have that the (n,k) entry dn, of (F“,tF®) is 


disk =|t"|F*(tR*)* = eer 


= k i+ sk 
=r“ EE _ (eee 
ri ae 4 


_ sk+é m(n—k)+sk+é 
~m(n—k)+sk+2é n—k : 


The combinatorial interpretation follows. 


i 

We now come to a collection of odd and interesting facts. For instance 
(C, tC?) + rae = = 1/(1 — 5t) which links the Catalan numbers, the alternate 
Lucas numbers and the powers of 5. The common theme is that we use ar- 
rays in the Fuss-Catalan family, input sequences given by second order linear 
recursions and end up with geometric sequences or other second order se- 
quences. In other words, we may consider the sequence transformations by 
using Fuss-Catalan matrices or other Riordan arrays. First we establish the 


following result. 


Theorem 4.3.29 Let Fi,(t) be defined by (4.282), and let fi(t) = tF7,(t) and 
fo(t) =—-tF" (t), r € Z. Denote by fi(t) and fo(t), the compositional inverse 
of fi and fo, respectively. Then 


filt) =tFm—o(t), (4.287) 
fa(t) = —tFin_r(—t)"? = fat), (4.288) 
Fim—r(t¥im(t)") = Fim(t), (4.289) 
(hale cay eG) tal) ey ee), 94.290) 
(Fin (t)’, tFin(t)")* = (Fra-e(t)* oe Ome (4.291) 
(Falta) = (Toe (4.292) 


290 
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Proof. Similar to the initial steps of the proof of Theorem 4.3.27, we use the 


Lagrange inversion formula(4.178) and expression (4.280) to obtain 


n+l) ¢ 1 n t ‘ea 
AW = 11 (=a) 


= Sie enon 
= —r mn—r(n+1) 
~  mn—r(n+1) ) 


ae. oa ae ~*) = EO, 


(m—r)n—r 
which implies (4.287). Noting fo(t) = —tF,(t)” = —fi(t), we have 


t= folfalt)) = fa(-Ald), 
which implies f(t) = f;(—t). Hence, we get (4.288). Since 


t= fi(fi(t)) a tFin(t)’ Fin—r(tFim (t)"), 
we have 
F(t)” = Far (tlm, (t)")", 
which is equivalent to (4.289). Hence, 


(Fin(t)!, tFin(t)")(Ein—r (t)?, tFin—r(t)%) 
=(Fin(t)! Fin 1 (tFin (t)"), tin (t)” Fin-r(tEin(#)")4) 
=(FLFP iF" F%), 


mom? 


which gives (4.290). Since 


(Fim (t)*, tm (t)")(Fim—r (t)*, tFim—r(t)-") = (Fins tFm ") = (1,4), 


we obtain (4.291). For Fo(t) = 1/(1+4+ #), (4.292) is obtained because it is a 


special case of (4.291) for r =m. 


Now we can take any target sequence such as (1, k, k?,k®,---) with its gen- 


ul 


erating function 7, compute (ay he) —, and have the generating 


function for the sequence to input. 


Example 4.3.30 Here are a few examples. If m = 2 then 


1 
2 2 _ 
(C*,tC*) M(t) = Tp 
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1.€., 
[ i ©. 0 0 0 | 1 1 
2 1 0 00 3 5 
5 4 1 00 8 25 
14 14 6 10 21 | ~ | 125 
8 1 55 625 


42 48 27 


We suspect that the mystery sequence and generating function, M (t), repre- 
sents the even Fibonacci numbers, viz. 


M(t By.gt” 4.2 
(f) = a3 -> ont? (4.293) 
while 
a -> Pat" (4.294) 
Lae pear 


represents the odd Fibonacci numbers. 
Since (4.292) shows that 


1 
(CC = — , 
(1+t)” (+t) 
which derives the following from (C?,tC?)M(t) = 1/(1 — 5t) 


M(t) = 1 t i. a 1 7 1 
(1+4)?? (1407/ 1-56 +8)? 1-5 (qe) 13h 


By using (4.285), (C2, tC2)M(t) = 1/(1—5t) and (1/(1+#)2,t/(1+2)2)/(1— 


5t) = M(t) can be written as the pair of inversion identities as follows: 


" k+1/2n+2 
S- a a (4.295) 
n+1i\n—-—k 
k=0 
” k+1 
Socaaytsk ("7 + ) = Fins (4.296) 
n—k 
k=0 
Similarly 
i 
tC?) M (t) = 
(C, tC”) M (t) er 
1.€., 
1 0 0 00 1 1 
1 1 000 3 4 
2 3 1 00 5 | | 16 
5 9 5 10 7 |" | 64 
14 28 20 71 9 256 
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The inverting gives 
( 1 t a 1 _ ltt 
Tee (ae: tan re gaat). =)” 


which is the generating function for the odd numbers. Hence, we obtain the 
following pair of inversion identities. 


“. (2k +1)? (2n4+1 
ye =e (4.297) 
= m+ n= 
Socata (2 2) = an (4.298) 
es 


k=0 
Using Theorem 4.3.29, we have the following result. 
Theorem 4.3.31 Let F(t) be defined by (4.282). Then 


1+t 1 
PO —— i 4,299 
( , 7 +t)m—(Qm+1)t 1-—(2m+1)t’ ( ) 
Particularly, form =1, and 2, we have 
t 14+t 1 
{= = 4. 
Oo) 1 — 3t’ peau 
and Lit 1 
iC) —___ —. = 4.301 
(C00) 3B 1—5t’ oUt) 
respectively. 


The coefficient set (a,) of the denominator polynomial (1+¢t)” —(2m+1)t 
shown in Theorem 4.3.31 satisfies the relation 


y(-1)Fa, = 2m. 


> 
Il 
un 


For instance, for m = 2, (ax)k>0 is 
(1,4, 11, 29, 76, 199, 521, 1364, 3571, 9349, . ..), 


which is the bisection of the Lucas sequence D241, 4002878 (cf. [197]). 
For m = 3, we have the sequence 


(1,5, 17, 52, 152, 435, 1232, 3471, 9753, ....), 


which is a new sequence not be found in the OEIS [197]. 
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Many identities involving Catalan numbers can be obtained from Theorem 
4.3.31. 


We have established (4.301) and 


1 1 
CO) —————— er 4.302 
(CC Tae 1—5t (4.802) 


Denote by dyx and en, the (n,k) entries of (C,tC?) and (C?, tC”), respec- 
tively. 


The first five rows of these matrices are 


1 0 0 00 
ii @ 0 0 
(CIC) =Ga)=|.2 8 1 OO and 
2 &. 31. ie 
14 28 20 7 1 
1 0 0 00 
2 10 0 @ 
(AC) =@a)= 1.65 4 2 Oo 
14 14 6 1 0 
42 48 27 8 1 
Then (4.301) and (4.295) imply the following corollary. 
Corollary 4.3.32 
So dneLorsi = 8" = > ena Forse, (4.303) 
k=0 k=0 
or 
“.2k+1/ 2n+1 “k+1f In4+2 
Long = 5" = §* —— Fopig. (4.304 
oe CE ce ° ta) ane) 


where (Ly) and (F,,) are the Lucas and Fibonacci numbers, respectively. Fur- 
thermore, we have 


eer J1—-4& 
tC?) —____ = © 
(CAT eee Io 
1 1 
2 ee 
CO) TEP (1 — 5t)C”’ 


and 


or equivalently, 


7 "2k +1/ Wnt 

Ine Porti = “(, a1) =H mee 
k=0 k=0 

” “.2k+1/ In+1 ee 
2, took Fata es 24 Sree (, aa :) Fopyo = 5" — » 5°" Ch_4, 
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where (Un) = (1,3,13,61,295,...), the row sum sequence of (se cz): 
which is the integer sequence A046748. Similarly, 


1% 2-C 
2 472 = 
(te Tae ine, 
1+t C 


C?, tc?) ——___.. = ——.. 
oe T3648 1— 5¢ 
We now discuss transformations via Fuss-Catalan matrices to produce 
identities connecting some well-known sequences. We omit the similar proofs 
for the sake of brevity. We note that the generating functions shown above 
such as 
1 1+t 1-¢t 1 
a. ee gD? 7 oO, ) 42? 7... 92. ¢ 4D? and 7 ex 
1—3t4+??’ 1—3t4+#?’? 1-3t+ 1—5t 
are generating functions of recursive sequences. More precisely, the first three 
of the above generating functions yield recursive sequences of order 2 generated 
by the recursive relation 
An = 3an_—1 — An—2 (4.305) 


for n > 2 with the initial pairs (ao, a1) = (1,3), (1,4), and (1, 2), respectively. 
The last function generates a recursive sequence of order 1, a, = 5an—1 with 
the initial ag = 1. Therefore, Corollary 4.3.32 can be viewed as a transforma- 
tion of recursive sequences. Two questions arise naturally: (1) Can we find a 
recursive sequence such that (C,tC) transfers it to the generating function 
1/(1—kt)? (2) Given two recursive sequences (a,,) and (b,,) of order 2, can we 
always find a Riordan array to transfer one from another one? The answers 
for both questions are “yes”. In addition, we will see that the results can be 
extended to higher order cases. 


Theorem 4.3.33 Let (an)n>o0 be a recursive sequence of order 2 defined by 


An =Tomas a 
1—(k-2)t+e 


n>0 
Then Qn41 = (kK—2)an — Gn-1, n > 1 with the initial pair (ap,a1) = 
(1,k-—1). Thus we have 
1+t 1 
(Gio) de (4.306) 


1—(k—2)t+# 1-kt 


Theorem 4.3.34 Let (a,,) be a recursive sequence of order 3 defined by 


ie _ 2 3° 
os, ~ 1-(k-3)t4+3t2 +t 


Then an4i = (k — 3) ay, — 34n-1 + Gn—2 with the initial triple (ao,ai1,a2) = 
(1,k—2,k? —5k+3). Thus, we have 
1+t 1 


T? ¢73) ——_____ Es — _ 
a ) T= 3a Ps 1—kt 
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Theorem 4.3.35 Let (a,) be a recursive sequence of order m satisfying 
an = So Prank (4.307) 
k=1 


forn > m with initial terms ag, a1,..-,@m, and letm > € > 1 be integers. 
Then (an) can be transferred by Riordan array operator (F™~',tT™) to1/(1- 
kt) if and only if the characteristic polynomial of (4.307) is pm(t) = (1+t)™— 


r—-1 


kt, and the initial conditions are ag = 1 and So) (an — a Pjan—j) = 


din. Thus we have 


1+t 1 


pe ee 
( : aH" et 1—kt 


(4.308) 

The above results on the transformations via Fuss-Catalan matrices 
(F™—1!, tF™) can be extended to the transformations via general Fuss-Catalan 
matrices (F“,tF™) by using similar arguments. 


4.3.7 One-pth Riordan arrays and Andrews’ identities 


We now apply the procedure described before and Theorem 4.3.13 on the 
one-pth Riordan arrays to provide a new proof of some identities obtained by 
Andrews in [7], namely 


Fy, = aoe (stn is) (4.309) 
and 7 
i= 2 (ate a sa) (4.310) 


where (F;,) is the sequence of Fibonacci numbers, defined by Fo = 0, Fi = 1, 
and Frio = Fr4i+ Fr. Different proofs of (4.309) and (4.310) were given 
by Gupta in [81], Hirschhorn in [115, 117], and Brietzke in [25], respectively. 
The first three papers are rather involved, though elementary, and they are 
specifically designed to deal with the case of Pascal’s triangle. The last paper 
makes use of Riordan array, which will be introduced in this subsection. As 
indicated in [81, 115], identities (4.309) and (4.310) are equivalent to 


Co 


roe S(C)-G2e) oom 


j=-00 


ne E (8) Aa woe 


j=—00 
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and 
o In+1 In+1 
Fonsi = ee , 4.31 
me Gea] 8) 
o In+2 In+2 
Fonte = Sie , 4.314 
me Gag a)] 9 


respectively. In [8] Andrews proves these identities in the context of identities 
of the Rogers-Ramanujan type. In [47], identities (4.311) through (4.314), as 
well as several other similar identities for trinomial coefficients and Catalan’s 
triangle, have been proved in an elementary and direct way. 

Brietzke proved (4.314) by using a Riordan array approach, which illus- 
trates how identities (4.311) through (4.313) can be obtained similarly by this 
Riordan array technique. This subsection gives a modification of his proof by 
using the one-pth Riordan arrays. Replacing n by n — 1 in (4.314), we may 


write it as 
o 2n 2n 
Fon = ; _ : ; 4.31 
m= [sa G-sj—a)] 


j=-o 


Identity (4.315) corresponds to adding in each row the elements marked with 
a plus sign and subtracting the ones marked with a minus. By symmetry, we 


can represent this sum using the following Riordan array (dy._. = (le k>0 


with marked plus and minus entries, where dn, x are found by using Theorem 
4.3.13 when p= 2 and r= 0. 


1 0 0 0 
2 1 0 0 
6 4 -1 0 


20 15 -6 -1l 
70 56 —28 —8 


eg a a ea 


In order to prove (4.315), we wish to evaluate the sum (4.315), ie., 


aly 2n _ 2n 2n 2 2n 
te: n+5k+1 n+5k+2 n+5k+3 n+5k+4/]- 


In terms of the Riordan array (dn,¢)n,n>0 = (g, f), we have 


where 


co 
h(t) = hat® =t-P —B +t +--+ Ot. 
k=0 
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_t-P-B +e t(1 — t)(1 - t?) 
= 1-6 ~ (1-41 4+t+2?4+84#) 
tit 


~F2 oe 41 4ts+e 


It is obvious that g(t) = >) js5 (ie? = 1/V/1 —4t, ie., the generating func- 
tion for the central binomial coefficients, which is usually denoted by B(t). 
From Theorem 4.3.13 and noting ¢ = t?/(t/(1— t)) = t(1—t) = tC(t), we 


have 
tC(t i~2-—71-@ 
f@) = eee tC(t)? = ——.—_.. 
to 170g) Ot 
Hence, (dn,k)n,n>0 = (1/V1 — 4, (1 — 2t— V1 — 4f)/(2t)). By using FTRA to 
the Riordan array, we get 


fistf 


Sn = [ea )A FO) = We aay ts aL 


Since 
4 1-2t+J71-—4t 1-2t-v1—-4t vV1—-4t 
fl f= _ ——_ = ; 
2t 2t t 
1-—-2t+/1-—4¢ 1-2t 1—4t 1-—2t 
-1 ag I ee Say ee ee eee 
f +f= a + oF ; 3 and 
= _ 1 — 4t + 2¢? 
pet pPa(f tt fe -2=—S—, 
we may write S', as 
1 1—4t t 
Sn = ee = [t" rie Fn, 
J1—4t 2 —— +t + 1—3t4+¢ 


where the last step holds because of (4.293) in Example 4.3.30. From the last 
expression, (4.315) and (4.314) follow. 

Identities (4.311)—(4.313) can be obtained in a similar way, which are left 
as Exercise 4.14. 

In Subsection 4.3.1, we have presented some identities constructed by using 
Theorem 4.3.13. We now give more identities by using this Riordan approach. 
Some of these identities are well known, while others are new. We need one 
more property of Riordan arrays, which generalizes a well-known property of 
Pascal’s triangle. 


Theorem 4.3.36 Let (dn&)n,c>0 = (9g, f) be a Riordan array. Then for any 
integers k > s > 1 we have 


dye = » dn—jn—sl{t?|(F(t))*. (4.316) 


Particularly, for s=1, dn, = ye fjdn—j,n-1, where f; = [P| fF). 
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Proof. The (n,k) entry of the Riordan array (g, f) can be written as 
dnc =[E"]9(t)(F(O)* = [eo (FOQ)Y* (FO)? 
(fe Jo((FO)**) (PVF O)*) 


. 


& 
Il 
w 


dn—j,e—s[t?]((F(4))°- 


io. 


& 
Il 
w 


Example 4.3.37 Jf (g, f) = (1/(1—#),t/(1—-1)), then f; = [P](t/(1—-t)) =1 
for all j > 1. We have the well-known identity 


“(n-j _ fn 
3 ee ') = (;): (4.317) 
j=1 
More generally, for the Pascal triangle (g, f) = (1/(1 — t),t/(1 — t)), we have 


POY =e = waa =e (Fe = (27. 


i= i>0 


Consequently, (4.316) becomes the Chu- Vandermonde identity (4.79), 


¥Go)67)-@) 


a 


which contains (4.317) as a special case. 


We now give more examples of Theorem 4.3.13 related to Fuss-Catalan 
numbers. First, we establish the relation between _the Fuss-Catalan numbers 
and the Riordan array (9, f) = (dn,k)n,k>0, Where dnjk = dpntr,(p—1)n+r+k and 
dn, is the (n,k) entry of the Pascal’s triangle (g, f) = (1/(1 —t),t/(1 — #)). 
Theorem 4.3.38 Let (dn&)n,z>0 = (1/(1—t), t/(1—-t)) be the Pascal triangle, 


for any integers p > 2 andr > 0 and a given Riordan array (g, f) let (dn.n = 


dontr,(p—1)ntr+k)ne>o = (9, f) be the one-pth Riordan array of (g, f) with 
respect tor. Then 


1 r+1 
ao=>- e + ") yp tw) (4.318) 
Sn JP GT hese 

~ = 1 pnt+1 
t)= t” = F,(t) -—1=tkP(t 4.319 
FO= (PaO 1a 0, 819) 

where F,,(t) is the pth order Fuss-Catalan function satisfying 
1 

F, (t(1— t)?"*) = —_. (4.320) 


1-t 
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Proof. For expression (4.318), we find 


[t” |g =dn,o — Chee ae eee = oe ") 
=[e"](1 + eyPrr" = [er](1 + e)((1 + t)P)” 
(1+ w)" 


~ ajay (Fw) 


w=t(1l+w)P 


which implies (4.318). 
From (4.192) of Theorem 4.3.13 we know that 


= eee 
= grt 


where $(t) = qqyy=t, the compositional inverse of t?/(f(t))?~'. Moreover, 


ee .f(0)) (4.321) 


the generating function of the A-sequence of the new array (9, f) is (A(t))? , 
where A(t) is the generating function of the A-sequence of the original Riordan 
array (g, f). By using the Lagrange Inversion Formula (4.174), we have 


[ef = = VAD? = Siena + ey _ =( pn ) 


n-1 


Therefore, 


Co 


= 1 pn+i1 
f=) 4 SESE area n ) p(t) 
Since F, =1+tF? (cf. (4.282)), we obtain (4.319). From (4.321), 


f(9) =f = tO: 
Therefore, noting f(t) = ¢/(1 —t) and the last equation, we get 


t — tP 4P 
—— — f(t) — OF? ee See 3) :)) eee 
Tar = 38) = ase (GE) 

=s(1-7) PP Gay"). 
Consequently, (4.320) follows from the comparison of the leftmost side and 
the rightmost side of the last equation. 


Oo 
For example, if p= 2 and r > 0, then 


7 = tP2() = CW). 
Since w = t(1 + w)? has a solution 


_1-%-VI-& 
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we have 
. (l+w)rt* (oy _ (wy _ ; 
a l-—w wat(1-+w)? ~ 2 Ca) Ale ee) , 


where B(t) is the generating function for the central binomial coefficients. 


Thus, (dnjk)n,k>0 = (don4rntr+k)n,k>o is the Riordan array 


Gf) = (BOC 4CHy). 


Example 4.3.39 For fixed integers p > 2 andr > 0, starting with the Pascal 
triangle and using Theorems 4.3.13 and 4.3.38, we obtain the Riordan array 
(9, f) with its (n,k) entry as 


ae pn+r — (prn+rr 
ie (p—l1)nt+r+k) \n-k 
possesses the formal power series f(t) =tF P(t). Thus, 


FO)? =O LER = (r”") 


=gogem eas) 


From the expression (4.316) in Theorem 4.3.36, we obtain the identity 


SPA) =<. ane 


jas 


Particularly, if s = 1, then (4.322) becomes 


Sy 1 pjt+l\ fp(in-—j7)+r\_ fpntr 
“nj +1 j n-j—-k+1 ~\n-k 


j=1 


and, finally, adding to the both sides (as we have 


3 1 pit+l\(epm—p+r\ (patrol 
fs nj+1l\ j m—-g—-k+1/ \n-k+1/° 


j=0 


Setting j =i+s,c=ps,y =pk—ps+r, and replacing n byn+k, we 
find that identity (4.322) becomes formula (5.62) of [79]: 


ya (*") Ga, 7 Co) 


i=0 
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Substituting p = —q, x = Tr, and y+pn =p, we may know that the above 
identity is equivalent to Gould identity: 


3 r r—qi\(p+q\ — (rt+p 
ram i n-i}) \n J 


More identities can be found from the source formula (4.322). 
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Exercises 

4.1. Use the expansion formula (4.1) or (4.2) to present the summation 
(4.7). 

Hint: See Hsu and Shiue [133]. 

4.2. Prove the summation formula (4.8). 

Hint: See Wang and Hsu [210]. 

4.3. Prove the summation formulas (4.31)—(4.55). 

4.4. Prove Corollaries 4.2.15—4.2.17 

4.5. Prove the implication (4.85) => (4.86) in Theorem 4.2.6. 

4.6. Show that the following six subsets of the Riordan group are subgroups 
of the Riordan group. 


e the Appell subgroup {(g(t), t)}. 
e the Lagrange (associated) subgroup {(1, f(t))}. 


e the k-Bell subgroup {(g(t), t(g(t))*)}, where k is a fixed positive integer. 


e the hitting-time subgroup {(tf'(t)/f(t), f(t))}. 
e the derivative subgroup {(f'(t), f(t))}. 


e the checkerboard subgroup {(g(t), f(t))}, where g is an even function and f 
is an odd function, 


where g € Fo and f € Fi. 

4.7. Prove Theorem 4.3.4. Hint: cf. [158] 

4.8. Prove Theorem 4.3.8. Hint: cf. [113]. 

4.9. Prove Theorem 4.3.9. Hint: cf. [113]. 

4.10. Prove Theorem 4.3.10. Hint: cf. [113]. 

4.11 Prove Theorem 4.3.16. 7 

Hint: Since (f(¢))? is the generating function of the A-sequence of (dy,x), 
where dnb = dyn+r,(p—1)n+r+k; We may obtain (4.216) from the definition of 
A-sequence, where 6; can be found from (4.204) and (4.212). 

4.12. For g € Fo and f € Fi, show that the following statements are true. 


e The Appell subgroup, a normal subgroup of the Riordan group, defined by 
A = {(g(t), t)}, has the characterization: 


aa : as (4.323) 


= ——R*, Be rl and g = Rt(1—t) = R® 


e The Associate subgroup (or Lagrange subgroup), defined by L = {(1, f(t))}, 
has the characterization: 


Rot 2 


(R*y-R*-RF=0, and f= = TRIP (4.324) 
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e The Bell subgroup, defined by B = {(g(t), tg(t))}, has the characterization: 


nr ie 


HRT)? — E_ SOO Ee 
ee ene =a ee 


(4.325) 


4.13. Prove the generating functions of the A-sequence and the Z-sequence 
of (F*, -tF?™—") are (4.283) and (4.284), respectively. 

4.14. Prove the formulas (4.311)—(4.313)._ 

Hint: One may use the same Riordan array (dn,k)n,k>0 = (1/1 — 4f, (1— 
2t — V1 —4t)/(2t)) in the proof of (4.314) to prove (4.313) while use the 
Riordan array 


pone (3 (ria) 


dn c)n = la 
(dnt Jnazo = | oF | FR 2t 


to prove the formulas (4.311) and (4.312). Both Riordan arrays are from The- 
orem 4.3.13. 


Taylor & Francis 
Taylor & Francis Group 


http://taylorandfrancis.com 
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In this chapter, we shall present the methods extended from the previous 
chapters for constructing various identities and inversion relations. The iden- 
tities constructed in this chapter include the identities of high dimensions, 
convolution-type, Abel-type, and those related Bernoulli polynomials and 
numbers, Euler polynomials and numbers, etc. The methods represented in 
this chapter are related to generalized Riordan arrays and groups with dif- 
ferent bases and their analogs, Sheffer polynomial sequences and the Sheffer 
group. Some identities and inversion relations are constructed by using dual 
sequences with Riordan array representation, pseudo-Riordan involutions. Fi- 
nally, an extensions of W-Z algorithm and Zeilberger’s creative telescoping 
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algorithm is represented and used to construct and prove the identities for 
Bernoulli polynomials and numbers. 


TE 


5.1 Identities and Inverse Relations Related to 
Generalized Riordan Arrays and Sheffer 
Polynomial Sequences 


The concepts of Riordan arrays and the Riordan group have been introduced in 
Section 4.3. In this section, we will study their extensions, generalized Riordan 
arrays and the generalized Riordan group, as well as their analogs, Sheffer 
polynomial sequences and the Sheffer group. Several recurrence relations of 
the entries of the generalized Riordan arrays will be represented in the first 
subsection, which make important roles in the construction of identities. 

A composition operator performed on the set of all Sheffer polynomial 
sequences is introduced so it forms a group called the Sheffer group, which 
gives a general pattern consisting of various special Sheffer-type polynomial 
sequences as elements. We will show that every element of the group and its 
inverse are the potential polynomials of a pair of generalized Stirling numbers 
(GSN’s) (cf. Corollary 5.1.35), and we also show the isomorphism between 
the Sheffer group and the Riordan group (cf. Theorem 5.1.20). Hence, the es- 
tablished results of the Sheffer group connect the Riordan group, GSN pairs, 
and Riordan arrays so that all those subjects can be fully studied comprehen- 
sively. For instance, the Sheffer group and the related GSN-pairs and their 
inverse relationships can be used to derive combinatorial identities and alge- 
braic identities involving the Sheffer-type polynomials. 

The problem of finding inverse relationships is one of the most interesting 
subjects in combinatorics, and there is a vast literature on it including vari- 
ous methods for constructing inversion formulas. The inversion formulas for 
sequences appear in pairs, which two formulas give the mutual expressions of 
two sequences. More preciously, by the so-called inverse series transform we 
mean a pair of inverse formulas of the form 


n n 


fa = ot neGe > Gn = Dorr aefes (5.1) 


k k 


where rp, and r* , are called the kernels of series transformation, and (f;) 
and (gj) are any two sequences of real or complex numbers connected by 
the inverse relations. If r,,, = r* ,, the transformation is said to be a self- 
inverse relation. For a fundamental discussion, the reader is referred to the 
Riordan’s books [182, 183]. In 1958, Riordan [182] had been proposed the 
general problem of inverting combinatorial sums shown in (5.1). 
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The following known as Gould-Hsu inverse relation (cf. [77]) has sparked 
numerous follow-up research work and was used to generalize many special 
combinatorial inversion formulas. 


Theorem 5.1.1 Let (a;) and (b;) be two sequences of numbers such that 
v(x, n) = jz (aj + bjx) £0 (5.2) 
for all non-negative integers x and n with w(z,0) = 1. Then we have the 


following inversion formulas 


n 


fn) = S(-ay() ole ndglh) and (53) 
k=0 


ato) = S82) nes + Roar Onb + 1)V), (5) 


k=0 


which is a generalization of Gould inverse relation 


f(n) =Scn'(;) (C7) 08) and (55) 
a(n) “eo e(* rin (ae Gy. 8) 


Gould-Hsu inverse relation can be proved by using difference of polynomials. 
Substitution of (5.4) into (5.3) gives 


Nas + 3500)(") Vue amet ea +1 
j=0 IS 40 


which will reduce to f(n) if we ca show that 


Sh" 7) eae =jo ep 


k—=0 (k Ay ge 1) Qn4titnbn+1’ SJ: 


What happens for n = j is obvious. We note H(k + j,n)W(k + 9,7 +1)71 = 
Tp j49(ae + (k + j)be) is a polynomial of degree n — j — 1 and (5.7) is an 
(n — j)-th difference of the polynomial, which is therefore zero for n > j > 0. 
The Gould inverse relation follows at once when we choose a; = a—j +1 and 
b; =b, ie., b(h,n) = nl(*tP*). 

Taking a; = 1 and b; = 0, then y(a,n) = 1, the inverse relation in 
Theorem 5.1.1 reduces to a self-inverse relation, and (f,) = (gn) is a self- 
dual sequence that will be studied in Subsection 5.1.4. If w(k,n) = (a+ bk)”, 
w(k,n) = nl(*t"?*) | ete. the corresponding Gould inverse relations can be 
found in [70, 71]. 
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In this section, we will focus on a special matrix method, Riordan array 
method, in the construction of inverse relationships for number sequences and 
polynomial sequences. The Riordan array method will also be used to find the 
series summations of number series and function series. A matrix represen- 
tation f = Rg where f = (fo, fi,.--)’; 9 = (90,91,-.)? and R = (rn,k)n,k>0 
of these combinatorial sums is useful for inverting the sums. For example, 
the combinatorial sums involving binomial coefficients can be represented by 
Riordan arrays. Sprugnoli [201] showed that the sums involving the rows of 
a Riordan array can be performed by operating a suitable transformation on 
a generating function and then by extracting a coefficient from the result- 
ing function. In the view of the isomorphism between the Riordan group and 
the Sheffer group, the inverse relations can be constructed for Sheffer-type 
polynomials. All of these results will be shown in the second subsection. 

The results of subsection 5.1.2 will be extended to high dimensional case 
in the subsection5.1.3. The final subsection of this section diverts to dual 
sequences. 


5.1.1 Generalized Riordan arrays and the recurrence rela- 
tions of their entries 


We start from the definition of generalized Riordan arrays. 


Definition 5.1.2 Let g(t) and f(t) be any given formal power series over the 
real number field R or complex number field C with g(0) = 1, f(0) = 0 and 
f'(0) 4 0, and let (Cn)nen, be a non-zero number sequence with co = 1. We 
call the infinite matriz D = (dnik)y p> With real entries or complex entries 
a generalized Riordan array with respect to the sequence (Cn)nen, if its kth 
column satisfies 


Yang h = (LOX, (5.8) 


n>0 Ck 
that is, , 
i= =| a(t) - (5.9) 


The generalized Riordan array is still denoted by (dn,x) or (g(t), f(t)) without 
causing confusion. 


As what mentioned in [171] (see also in [21]), “The concept of representing 
columns of infinite matrices by formal power series is not new and goes back 
to Schur’s paper on Faber polynomials in 1945 (cf. [192])”. For a given se- 
quence (bn )n>o, a formal power series in auxiliary variable t of the form with 
a sequence (c, #0) (n € No) with co = 1 represented as 


b(t) =b reas are ile = 0 
_ YBa * me = n 
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is called (c)- generating function of the sequence (b,,). If cn = 1 for n > 0, 
then the generating function b(t) = 0,5 Ont” is called the ordinary gener- 
ating function of the sequence (b,,), while a formal power series of the form 
b(t) = Yo, so ont” /n! with c, = n! (n € No) is called the exponential gen- 
erating function of the sequence (b,). As usual, the notation {t”] stands for 
the “coefficient of” operator, and if f(t) = P29 fat”, then [t"] f(t) = fn. 
Similarly, if f(t) = [P29 fat*/cx, then [t”/cn] f(t) = fn. It is easy to see that 
ft" /enl f(t) = cal” F(t). 

Hence, by the definition, the classical Riordan arrays introduced in Section 
4.3 correspond to the case of c, = 1, and the exponential Riordan arrays 
represented in Wang and Wang [209] and Zhao and Wang [227] correspond 
to the case of c, = n!. In Gould and He’s paper [76], the generalized Riordan 
arrays are referred to as (c)-Riordan arrays including the special case of c, = 
n! (n > 0). 

As we have seen in Section 4.3, one of the most important applications 
of the theory of Riordan arrays is to deal with summations of the form 
cee dn,«he. In the context of the generalized Riordan arrays, we have the 
following theorem on the summation. 


Theorem 5.1.3 Let D = (g(t), f(t)) = (dn,k)n,nren, be a Riordan array with 
respect to (Cn)neny and let h(t) = op hat” /ci, be the generating function of 
the sequence (hn)neno- Then we have 


Yash = [=] anise), (6.10) 
k=0 


nr 


or equivalently, (g(t), f(£))h(t) = g(t)h(f() . 


Proof. Based on the definition, we have 


n k es CO k 
Stn Khe = 3 E | g(r, = =| OD (f(t)) 


(& 
k=0 n k=0 7 


= |=] otoncre). 


Cn 
This completes the proof. 


Oo 

Similarly to the classical case [201, Theorem 1.2], we can prove the converse 

of Theorem 5.1.3: For an infinite triangle D = (dn.x)o<k<n<oo such that for 

every sequence (hx)ken,, we have 37) 9 dnehe = [t"/cnlg(t)h(f(t)), where 

A(t) = eo het*/ce, and g(t), f(t) are two formal power series not depending 

on h(t). Then the triangle defined by the Riordan array (g(t), f(t)) coincides 
with (dn,k)n,kENo « 

With Theorem 5.1.3, we can further compute the product of two Rior- 

dan arrays (g(t), f(#))(A(t), 1(t)). In fact, the column generating function of 
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(h(t), U(t)) is h(t)(U(t))*/cy. Thus, by matrix multiplication, the column gen- 
erating function of the product (g(t), f(t))(d(#), h(t)) is 


which means that the product is also a Riordan array, i.e., 


(g(t), F(t)) (a(t), h(t) = (g@)a(F()), A(F(4))) - (5.11) 
Similarly to the classical case, the next theorem holds. 


Theorem 5.1.4 For any fixed sequence (Cn)nen, defined above, the set of 
all Riordan arrays (g(t), f(t)), with g(t) an invertible series and f(t) a delta 
series, is a group under matrix multiplication. Moreover, the identity of this 


group is (1,t) and the inverse of the array (g(t), f(t)) is (1/g(f(t)), F(), 
where f(t) is the compositional inverse of f(t). 


Proof. Denote the set by @. Then & is closed under matrix multiplication 
according to (5.11), and the multiplication is associative. The array (1,¢t) is 
an element of #, and for each array (g(t), f(t)) € &, there exists an array 
(1/9(f(t)), f(t)) € &, for which we have 


(g(t), F())G 4) = (9%), Ft) = Hg), F), 


1 = 1 _ 
(a(t), £0) (5. fo) =Ho= (7 fo) (9(t), (0). 


Thus, # is a group and the proof is complete. 


ia} 

The group introduced in Theorem 5.1.4 is called the Riordan group with 

respect to (Cn)neNny- It should be noticed that, for a sequence (Cn )nen, defined 

above, the identity (1,t) of the Riordan group R is the usual infinite identity 
matrix I. Actually, by Eq. (5.9), the (n,&) entry of (1, ¢) is 


where dp,x is the Kronecker delta defined by 6,;,, = 1 and 6p, =0 for n 4 k. 


Theorem 5.1.5 The quantity dy, is the (n,k) entry of the generalized Ri- 
ordan array (g(t), f(t)) with respect to (Cn)nen, if and only if cpdn,n/Cn is the 
(n,k) entry of the classical Riordan array (g(t), f(t)). 


Proof. By Definition 5.1.2, we have 


¢ 


Cn 


dan = |*] (Q LOE — Simancrey*, 


Extension Methods 311 


which is equivalent to the fact that cxdn,¢/¢n = [t"]g(t)(f(t))*. This completes 
the proof. 


| 

Despite its simple proof, Theorem 5.1.5 is an important result, because 

it shows that the generalized Riordan arrays can always be reduced to the 

classical case. By Theorem 5.1.5, the next two theorems can be obtained 
without difficulty. 


Theorem 5.1.6 For any generalized Riordan array (g(t), f(t)) = (dn k)n,keNos 
every element dn+i,n+1, where n,k € No, can be expressed as follows: 


love) 
Cnt1Ck+j 

dn+1,k+1 = s —$—$—=ajdn +5; (5.12) 
j=0 Ck+1€n 


where the sum is actually finite and the sequence A = (ax)keNy ts fixed. It is 
called the A-sequence of the generalized Riordan array and it only depends on 
f(t). Particularly, let A(t) = TP axt®, then 


t 
F(t) 
Proof. We have shown that for the classical Riordan array (g(t), f(t)) = 


(d*, ;.)n,kEN, there exists a unique sequence A = (ax) ren, Satisfying the state- 
ments of the theorem. Then 


f(t) =tA(f(t)) and A(t) = (5.13) 


q+, k+1 = 3 gue n eae, 


and f(t) =tA(f(t)). By Theorem 5.1.5, d? , = ckdn,z/Cn, 80 we have 


Ck+ Ld 
dn+1, k+1 = a a" dy k+7 3 


Cn+1 


which yields the recurrence relation (5.12) at once. 
| 


Theorem 5.1.7 Let (Cn)nen, be a sequence of non-zero constants with co = 
1, and let D := (dnb )o<k<n<co be an infinite triangle such that dn» #0, Vn € 
No, and for which the relation (5.12) holds for some sequence A = (Gk) Keno: 
ayo #0. Then D is a generalized Riordan array (g(t), f(t)) with respect to (cn), 
where g(t) = rp--9 drot*/cx and f(t) is the unique solution of f(t) = tA(f(t)) 
with A(t) =  y9 axt®. 
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Proof. Define dj}, = Cedn,k/Cn, then d;, 4 0, Vn € No and Grates = 
jz 474%, 44;- In view of [184, 201], the infinite triangle D* = (df, .)n,Keno 
is the classical Riordan array (g(t), f(t)), where g(t) = 7729 di, ot® and f(t) 
is the unique solution of f(t) = tA(f(t)). Thus, g(t) = 7729 codzot*/ch = 
reo dkot*/cx, and by Theorem 5.1.5, D = (dn,&)n,neNy is the generalized 
Riordan array (g(t), f(t)) with respect to cp. 


| 
Next, we demonstrate another three recurrences related to the entries of 
the generalized Riordan arrays. 


Theorem 5.1.8 For any generalized Riordan array (g(t), f(t) = 
(dnb) n,kENy, We have 


n 


e Cn n—-Il+1 kep—1 
dn—1,k = y fn ttt di-ik-1, ,k > 1, 
=k Cl—-1€n—I41 nr Ck 


dnJk— 
NCy—1 


; (5.14) 
where dy, 1s the (n,k) entry of the Riordan array (g'(t), f(t)), g/(t) is the 
derivative of g(t), and fx are the coefficients of the delta series f(t) = 
aa frt*/cy, where a delta series is a series in Fy. 


Proof. The column generating function is 


Sanam = (FOr, (5.15) 


Ch 
n=k k 


Differentiating (5.15) with respect to t gives 


Sdn = gi LOW 4, Boeat gry pry FOE” 


n=k Cn Ck Ck Ck-1 
Co co 
rae 4: kep—1 
= s dnjk— + s di,k—-1— S G+Diaa— 
Ge Ch i 4 
n=k =k-1 j=0 


Co n 


= dae — + — Ss» —* (mn —i4+ 1) fist . 


CiCn—i 
aa=k—iigk-1 OOO 


Identifying the coefficients of t’~1/cp_1 in the last equation yields 


n—-1 


i Cn— . kep— 
dn k = dn—1,k + » ri _ i) fn—i 2 


CiCn-~i Ck 
j=R—1 “Ar-t k 


NCn—1 


dik-1; 
Cn 


which, after some transformations, leads (5.14) finally. 
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For the iteration matrix with respect to (cn), we have g’(t) = 0. This fact 
indicates that dy_1,, = 0. Thus, (5.14) reduces to 


us on n—-l+1 ke 
i= UG a 41 di—1,k-1 (5.16) 


Cl-1€n—I41 nr 


which has been given in [209, Lemma 3.1]. 


Theorem 5.1.9 For any generalized Riordan array (g(t), f(t)) = (dnk)n,keNos 
we have 


nm 


: on 
dnb = S ——— fr-t4di-tp-1, nk >1, (5.17) 
Ck-1 =k Cl—-1€n—I41 


where f, are the coefficients of the delta series f(t) = vp, frt®/cx- 


Proof. From (5.15), we have 


Ck e f< 
a dn,k— = spo LO -> i YS dia v 
—7, Ck-1 Cn 
n=k Cee k-1 
n—-1 Cn ve 
= ay. x faa —Jj dy, k-1 
n=k j=k-1 epost en 


By equating the coefficients of t"/c,, we obtain the desired result. 


a 
Theorem 5.1.10 For any generalized Riordan array (g(t), f(t)) = 
(dn.k)n,kENo, We have 
Cn it Cc = 
dn, = > — — fisakdntaidis (5.18) 


Cc Cc —kC. 
n l=k I1+1—kCk 


where f; are the coefficients of the delta series f(t) = et fjti/cj, and f(t) 


is the compositional inverse of f(t). 


Proof. Based on (5.9), we have 


ix d > fit K C41 t” 
+1 oF n+1,I4+1 _ I+1—kCl+1 4 
Saat ee n+, +17 

l= 


hak. ake Cl4+1—kCk n+1 Cl+1-k =, 


108. hy OOo Be. : 
= LOL S* fic payter-t = _sauu Liga! 


Cc 
l=k j=l 7 
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which is coincident with the generating function of dy,4/cn. Therefore, the 
recurrence relation (5.18) is established. 


a 
For convenience, we give the specializations of the recurrence relations 
(5.12), (5.14), (5.17), and (5.18) for the cases c, = 1 and cy, = n!, respectively. 


Corollary 5.1.11 For any classical Riordan array (g(t), f(t)) = (dn.t)n,KeNo: 
we have 


dn+1, k4+1 = > aj;d n,k+j (5.19) 
d Sta: dea od (5.20) 
nk = an a. n—1+141-1,k-1 7 nm—1,k 5 B 
dnb = yy fn—14141-1,k-15 (5.21) 
l=k 
dn k = ys Frca—ednad 141; (5.22) 
l=k 


where (5.21) is the special case of (4.316) of Theorem 4.8.86 for 7 =n—1+1 
ands =1. 


Corollary 5.1.12 For any exponential Riordan array (g(t), f(t)) = 
(dn.k)n,kENo, We have 


Sv tied fet 
An4ikt1 = j PlOsOn, i435 (5.23) 
K~k+l1\ j 
j=0 
oS sass fn—14141-1,k itdn 1k (5.24) 
, i i-1 ' 
= nm 
Kdn i = (, , fn—14141-1,k-1 5 (5.25) 
l=k 
[+1 
(n+ 1)dne = 3 i fciadyeiger. (5.26) 
l=k 


According to Theorem 5.1.5, the recurrence relations represented in Corol- 
laries 5.1.11 and 5.1.12 are in fact equivalent to the general recurrence relations 
(5.12), (5.14), (5.17) and (5.18). 


Theorem 5.1.13 /56] Let (dn,n)n>%>0 = (g(t), f(t)) be an exponential Rior- 
dan array and let 


c(t) =coteyttegt? +++», r(x) =rotrnttret?t+--: (5.27) 
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be two formal power series such that 


eft) =9'()/9t), rf) = FC). 


Then 
dn+1,0 = 3 tleidn i; (5.28) 
i=0 
dntik = Todn,r—1 + ~ Sil Ck + kins) dni, (5.29) 
ixk 


or, defining c_; = 0, 
1 
dn+1.kb = ra s ick + kri-ngi)dn,i (5.30) 


for all k > 0. 
Conversely, starting from the sequence defined by (5.27), the infinite array 
(dn,k)n>k>0 defined by (5.80) is an exponential Riordan array. 


Proof. Let (g(t), f(t)) be an exponential Riordan array, and let g(t) = 
nso gnt”/n! and f(t) = do,3, fnt”/n!. Then, we may write the LHS of 


(5.28) as 
zrrl 
red 
oe Pea 


and simplify the RHS of (5.28) as 


\itled.a=>_ ile i att) oh = Fi g(t) > af) = Fi g(t)c(F(t)) 


| g(t) = 9n41 


i>0 i>0 i>0 
= = (0 = Filo ‘( -|- a oo = = Gnt1), 


which presents the equality of the LHS and RHS of (5.28). 
Similarly, the RHS of (5.29) becomes to 


1 ; 1 
i s tleoj-Kdn i + aI ys kri-ks+i1dn,i 


i>k “4>k-1 


gs f(t)! 1 
7 Bi a(t) ) tea + Ey 


i>k 


| g(t) ~ Origa ae 


i>k-1 
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-[4 soit g(t) Ff 


=dn, é +E — =a ol a Ng Ve ee, 


where dp,x is the (n, k) entry of the exponential Riordan array (g'(t), f(t)) and 
g'(t) is the derivative of g(t). Since £ < k, the second term of the rightmost 
side of the last equation can be written as 


1 n+1 


&-D! Yo mle No QF er FO) 
l=k 


>» Oe ol WORT (esr: ie Daa 


Thus the RHS of (5.29) can be written as 


n+1 

~ n 

dnik + ) & ‘ fn—e+2d0—1,k-1- 
l=k 


Using (5.24) and replacing its n by n+1, the last expression yields dn+1,, and 
(5.29) is proved. 


Example 5.1.14 Consider the classical Riordan array (<4, ~4), where its 
(n,k) entry is 


then (<4, <4) 
erating functions are (x+1)", which form the Sheffer sequence for (ce: TH): 
Since f(t) = t/(1 +t), then A(t) = t/f(t) =1+t, and (5.19) gives the 


relation 
n+1 _ (n a n 
k+1) \k k+1)° 


Next, because g'(t) = 1/(1—t)?, we have 


is the well-known Pascal matrix. The corresponding row gen- 


dara =P OEM) =a - = (7). 


Extension Methods 317 


Thus, in view of f, =1, we deduce from (5.20) and (5.21) that 


Finally, since the coefficient of t) in f(t) is f; = (—1)9~1, then by Eg. (5.22), 
the following recurrence relation holds: 


& = aa ey ; (5.31) 


Example 5.1.15 As we present in Chapter 4, the (n,k) entry of the expo- 
nential Riordan array (1,log(1+t)), the Stirling matrix of the first kind, is 


t™ | 1 n 
[=| gow ay =e | 
where ((—1)"~*|?]) are the Stirling numbers of the first kind. The row gener- 
ating functions are yy _9(—1)"-* [2] a* = (x)n, which are the falling factorials 
defined by (x)o = 1 and (x), = x(a —1)---(a@—n+1) forn =1,2,.... The 
sequence (Y-p—9(—1)"*[F]a*)n>0 is associated to e' — 1 (ef. Section 4.1.2, 


[186]). 
By (5.13), the generating function of the A-sequence of (1,log(1 + t)) is 


t t 5 
A(t eo = = By, 
(t) f(t) e-1 » el 


where B; are the Bernoulli numbers (cf. for example, P. 48, [44]). Then Eq. 
(5.23) reduces to 


end -orme (yak) 


J= 


Additionally, using fy = (—1)*~1(k — 1)!, we obtain from (5.24) and (5.25) 
that 
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Finally, since f(t) =e' —1, then f; =1, and by Eq. (5.26) we have 
n ” ; +1\|n+1 
=) (-1)** 
rol =o ea] 


The inverse of the array (1,log(1+t)) is (1,e'— 1), which is called the 
Stirling matrix of the second kind, and its (n,k) entry is 


i] o-oo 


which is the Stirling number of the second kind. The row generating functions 
are a= (rue which are called the exponential polynomials and denoted by 
gn(x). The sequence (on(X))nen, ts associated to log(1+t) (cf. Section 4.1.8, 


[186]). 


The generating function of the A-sequence of the array (1,e' — 1) is 
f t . t 
() f(t) log(1+t) » i Fi 
where b;(0) are the Bernoulli numbers of the second kind [186, p. 114], and 


they are also called the Cauchy numbers of the first kind (cf. P. 294, [44] and 
[159]). Thus, we have 


n+1 = eT (Rg n 
a b; : 
esi Zee (5)oe} 
j=0 
Next, because f;, = 1, equations (5.24) and (5.25) yields at once 
n "fn-1\[é-1 
ep atme tants 
l=k 
n ” n £=1 
k = : 
tdi 


Now, f(t) = log(1+t), so f; = (—1)2-1(j-1)!, and (5.26) gives the recurrence 


relation wrn{?h =-ya-ay('t?) vee 


l=k 


5.1.2 The Sheffer group and the Riordan group 


The generalized Riordan arrays and the Riordan group are tightly related 
to the Sheffer polynomial sequences and the Sheffer group. We first give the 
definition of the Sheffer-type polynomials. 
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Definition 5.1.16 Let g(t) and f(t) be any given formal power series over 
the real number field R or complex number field C with g © Fo and f € Fy. 
Then the polynomials p,(x) (n = 0,1, 2,---) defined by the generating function 
(GF) 
gO => palace” (5.32) 
n>0 


are called Sheffer-type polynomials with po(a) = 1. Accordingly, pp(D) with 
D = d/dt is called Sheffer-type differential operator of degree n associated with 
g(t) and f(t). In particular, po(D) =I is the identity operator. 


The set of all Sheffer-type polynomial sequences (ppn(x) = [t"]g(t)e?!™) 
with an operation, “umbral composition” (cf. [186] and [187]), shown later 
forms a group called the Sheffer group. We will also see that the Riordan 
group and the Sheffer group are isomorphic. 

In Roman’s book [186], (Sp, = n!p,(x)) is called Sheffer sequence (also cf. 
[187]-[188]). Certain recurrence relations of p,,(a) can be found in Hsu-Shiue’s 
paper [134] . There are two special kinds of weighted Stirling numbers defined 
by Carlitz [32] (see also [26, 119]). We now give the following definition of the 
generalized Stirling numbers. 


Definition 5.1.17 Let g(t) and f(t) be defined as 5.1.16, and let 


FIFO’ = Yo on, BS. pe 


Then o(n,k) is called the generalized Stirling number with respect to g(t) and 
F(t). 


The special case of g(t) = 1 was studied in [126], and a more generalized 
case was studied in [87, 88]. 

As having been commonly employed in the Calculus of Finite Differences 
as well as in Combinatorial Analysis, the operators E, A, D are defined in 
Chapter 2. For the sake of readers’ convenience, we recall them briefly below: 


Ef(t/=ft+), Af@)=ft+HD-f@), DIO= < f(b) 


Powers of these operators are defined in the usual way. In particular, for any 
real numbers 2, one may define E” f(t) = f(t+<). Also, the number 1 may be 
used as an identity operator, viz. 1f(t) = f(t). It is easy to verify that these 
operators satisfy the formal relations (cf. [141]) 


B=i+Ase?, A=B-1=5e"-1, D=log(1+A). 
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From Definitions 5.1.16 and 5.1.17 we have 


Pn(t) = ole! = WI Borys" 


k>0 
= ye dn kT = x a(n, kx”, (5.34) 
k=0 k=0 


where we use dy, = o(n,k) = 0 for all k > n. Therefore, with a constant mul- 
tiple, 1/(k!), of the kth column, the rows of the Riordan array represent the co- 
efficients of the Sheffer-type polynomial sequences. As an example, the rows of 
the Riordan array (1/(1—t), t/(¢—1)) = [(—1)* ({) lo<k<n give the coefficients 
of the Laguerre polynomial sequences (pp (x) = )yp_9(—1)* (7) 2*/k!)o<n- 

Let (Pn(t) = opeo Prjkt”) and (n(x) = Dopo Gn,e@") be two Sheffer-type 
polynomial sequences. Then we define an operation, #, of (pn (x)) and (qn(x)), 
called the (polynomial) sequence multiplication (or the “umbral composition” 
see [18,19]), as 


(pala) (Gn (e)) = (ale) = > taae’), (5.35) 
k=0 
where . 
Tnrik = So lpneders n>l>k. (5.36) 
(=k 


It is clear that the defined operation is not commutative. Sheffer group under 
the “umbral composition” was defined with the n!-umbral calculus in Roman 
[186]. We now give a formulation with the matrix form of the 1-umbral calculus 
(cf. Sprugnoli [201)). 


Theorem 5.1.18 The set of all Sheffer-type polynomial sequences defined by 
Definition 5.1.16 with the operation # defined by (5.86) forms a group called 
the Sheffer group and denoted by {(pn(x)),#}. The identity of the group is 
(=). The inverse of (pn(x)) in the group, denoted by (pn(x))—), is the 
Sheffer-type polynomial sequence generated by 1/g(f(t))exp(af(t)), where f 
is the compositional inverse of f. 


Proof. We now give a sketch of the proof. Some obvious details are omitted. Let 


(Pn (x) = Ys Pn,px*), (Qn(2) — ee Gn,kx*), and (Tn (2) = a nee") 
be three Sheffer-type polynomial sequences. It can also be found the operation 
of the sequence multiplication satisfies the associative law, namely, 


(pn (2))# ((dn(0))#(ra(@))) = 3 (323 Aeon vacaren) a} 


k=0 \u=k =u 


((Pn(@))# (Gn (2))) # (Tn (2). 
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It is clear that (pn (x))#(2" /n!) = (a@” /n!)#-(pn(x)) = (pn(#)). Hence, the set 
of all Sheffer-type polynomial sequences forms a group. 


From (5.34) we can establish the mapping 0: (dyn) > (Pn(x)) or 0: 
(g(t), f(t)) 4 (pn()) as follows. 


O((dn,k)n>k>0) “> dn gH) /[j) = (dn,k)n>K>0X (5.37) 


for fixed n, where X = (1,2, 2?/2!,...)", or equivalently, 


A((9(t), F(t) == [Elg(Her™™. (5.38) 


It is clear that (1,t), the identity Riordan array, maps to the identity Sheffer- 
type polynomial sequence (p,(z) = «”/(n!))n>o0. From the definitions 5.1.16 
we immediately know that 


Pn() = [t"]g(t)e"! af and only if dn.x = [t"]9(t) (F()*- (5.39) 


Hence, the mapping @ is one-to-one and onto. From the mapping defined by 
(5.37), we understand that the operation # defined in the Sheffer group is 
equivalent to the matrix multiplication of two Riordan arrays in the Riordan 
group. In [170], the connection between usual matrix multiplication and Rior- 
dan array multiplication is given. Hence, a connection between usual matrix 
multiplication and the Sheffer-type sequence multiplication can be established 
similarly. Using symbolic calculus with operators D and EF, we find via (5.38) 
or Definition 5.1.16 


g(t)h(F(é) = g(Q) EF ORO) = gt)elO?PRO) = So t*pe(D)h(0). (5.40) 
k>0 


This is the desired expression given in [103] to expand the composite function 
g(t)h(f(t)). Hence, we have p,(D)h(0) = [t"]g(t)h(f(t)), which, from (5.39) 
and the multiplication in the Riordan group, is equivalent to 


So dn whe = [elo R(FO), (5.41) 


where (ho, hi,...) has the generating function h(t). The last expression was 
used to find the Riordan subgroup by Shapiro (cf. Section 4.3 or [195]). Equa- 
tion (5.41) can also be considered as a linear transform to h(t) or (ho, hi,...) 
represented by Riordan array (g(t), f(t)). Thus, (5.38) is the linear transform 
of e**. With the aid of (5.41), we may transfer a property of the Riordan group 
to the Sheffer group. 
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pe ee 
Tt? #1 


group (cf. [28]), that possesses the matrix form 


Example 5.1.19 We now consider ( i. an involution in the Riordan 


1 
1 -1 
1 —2 1 
(dnkn>e>o = | 1 -—3 3 -1 , (5.42) 
1-4 6-4 1 


It is easy to find that 


Consequently, 
= k[ Tm ak 
Pn(x) = O(dn,n) = pare) i) a (5.43) 


which is the Laguerre polynomial of order zero. Conversely, for the given poly- 
nomials (5.43), we obtain the matrix (5.42), which entries satisfy 


—dnk-1 + dn k = dn+1,k- 
Hence, its generating functions satisfy 


—tg(t)(F())* + ta(t)(FOQ)* = oF O)*. 


It follows that f(t) =t/(t—1). From the first column of matrix (5.42) we also 
obtain g(t) =1/(1—#). 


If the sequences (p,(x)) and (q,(x)) are mapped from the Riordan arrays 
(dn.~) and (Cn,4), respectively, then from the defined operation of the poly- 
nomial sequence multiplication in (5.36), the coefficients of the polynomials 
Pn(x) and q(x) are respectively png = dn,x/(k!) and gn,k = Cn,n/(k!), and 
hence, we have 

(klrnk)n>k>0 = (dnb) (Cn,k)s 


where ry, are obtained in (5.36). Consequently, the Sheffer-type polynomial 
sequence (1,(a)) is mapped from the Riordan array 


(€n,k) = (dnb) (Cn,k); 


where €n,k = pao dn,ece,k (n > £> k). 


Similarly, (L®~? (x))-! = (L®~ (zy) because of 


(apis) =e) 
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Theorem 5.1.20 The Sheffer group and the Riordan group are isomorphic. 


Proof. Let (pn(x) = Spo Pr,kv") and (gn(x) = Yeo Gn,bv") be two Sheffer- 
type polynomial sequences mapped by 6 from (g(t), f(t)) and (d(t), h(€)), re- 
spectively, i-e., O(g(t), f(t)) = (pn(x)) and O(d(t), h(t)) = (dn(#)) we have 
(Pn ())#(Gn(x)) = 8 (Colt), F(t))) #0 (a(t), h(E) 
= A((9(t), fO)(a(t), h(t). (5.44) 
Since mapping @ : (dn.~) + (pn(#)) or equivalently, 6: (g(t), f(t)) > (pn(2)) 


is one-to-one and onto and satisfies (5.44), we obtain the theorem. 


a 
It is clear that the identity Sheffer polynomial sequence, (a”/n!), is the 


igen: from the Riordan array (1,t). Hence, the inverse of a Sheffer- 


pe polynomial sequence (p,(«)), denoted by (pn(x))~', is defined as 


HG (f(t))), f(Q), where (pn(x)) = 6 (g(t), f(t) and f(t) is the compo- 


sitional inverse of f(t). 


Example 5.1.21 We now consider an exponential Riordan array (=, t). 


=] t 

Since 0 — r t) — (4B, (2)) and (=t +t) = (: =1,t), we have 

1 a et —1 
(men) = (4) 
gn—k 
reste 
Len) -1 _ 7 (e-1) 
Similarly, (Ln (x))~* = (Ln (x)) because of 


(ees) =e): 


Example 5.1.22 We now consider the sequence multiplication of the (p—1)st 
order Laguerre polynomial sequences generated by involution ( in 


the Riordan group (cf. [28]), 


(Re) HEE) = (Ge) (Ga) = 


or equivalently 


II 
Wg OS 
—_ 
3 
a 
3 


ni 
k=0 


1 t 
Gai t-1) 


= = x” 
Mower) = (S), 
which implies that (LP~\(x)) is self-invertible. Thus, the following identity 
holds: 


n 


(n+p-—1)! 
Ge n= IES A = 6n,k, (5.45) 


where On, is the Kronecker delta. 
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Example 5.1.23 Since the multiplication of two exponential Riordan arrays 


t \f 2 Vf 
ef — 1’ ee+1? ] \e%t— 1]? 


we can present the result of the sequence operation of the Bernoulli polynomial 
sequence and the Euler polynomial sequence as 


(Lo) «(d600) = (5 (8). 


Remark 5.1.24 Let p,(x) = ap + aya +--+ an", a7 CR, n =0,1,..., with 
the corresponding lower triangular array 


do,o 
dio dy 
d2,9 do. d2,2 
A= ; Fi Ei E 
dno dnt dn2 Sie dnin 


Then the Sheffer polynomial sequence (pp(x)) can be regarded as the matrix 
transformation @ defined by 


wh, Se 
ras BEC 


es eae (5.46) 


app: 


By using (5.46), we may find subgroups of the Sheffer group from the 
corresponding subgroups of the Riordan group. In addition, the above consid- 
eration can be extended to the higher dimensional setting. 

Furthermore, let 04X = (pn(x)) and 0gX = (q,(x)), and X = 

- 


2 n 


LS eee , , where (pp(xz)) and (qn(x)) are two sequence elements 
in the Sheffer group with respect to the corresponding Riordan arrays A and 


B, respectively. Then the operation defined by (5.35) and (5.36) can be written 
as 


bo 


ya & 
I a 


(Pr(x))#(Gn(@)) = (Gaz) | : =(AB)|: |, 


‘sia 
="s 
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where AB is the regular matrix multiplication of A and B. Based on this 
point of view, ((py(x)), #, +) can be considered as a ring, where + is a used 
addition of matrices. 


Definition 5.1.25 Let (pp(x)) and (dn(x)) be two Sheffer polynomial se- 
quences. We say (pn(x)) and (qn(x)) are combinatorial orthogonal if they 
satisfy 


— 


(p n nl 


itd) alee pata = (=) 


and we denote (pn(x%)) Leom (n(2))- 


Example 5.1.26 Laguerre polynomial sequence is combinatorial orthogonal, 
1.€., 


Les (x)) Leer (L-1) (x) 


n 


WN 


Although Laguerre polynomials are also analytic orthogonal, t.e., orthogonal 
in an inner product sense, it is not necessary that the analytic orthogonality 
implies the combinatorial orthogonality and vice versa. For instance, 0(1/(1— 
t),t)=(1,l+2,1+2+27/2,...) and 0(1—-t,t) = (1,-1+2,-2+27/2,...) 
are combinatoric orthogonal, but not analytic orthogonal. 


— 


Dn(x) Name of polynomials 


~ me) Bernoulli 


& 


oH 
Sy 
— 
fay) 
ch 
| 
— 
WV 
7 
sh | se ae 
Ww 
| 
& 


= Hn(Z) Euler 


et log(1 + t) (PC) n(x) Poisson-Charlier 
e~ (a £0) log(1 + t) CL (x) Charlier 
1 log(1 + t) / (1—t)] (WZ), (2) Mittag-Leffler 
@=2)-* log(1 + t) /(1—8#)] — pn(z) Pidduck 
(1 — t)-») (p > 0) t/(t—1) LP) (2) Laguerre 
e(\ £0) 1 —et (Tos) (a) Toscano 
1 e'—1 T(x) Touchard 
1/(1 + t) t/(t— 1) An(x) Angelescu 
(1—#)/(14+t) t/(t—1) (De) n(x) Denisyuk 


(1 —t)-?(p > 0) eb —1 Ti?) (x) Weighted-Touchard 
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At the end of this subsection, we give the above list of some Sheffer poly- 
nomials for the interested readers. In the table, we can see many array com- 
ponents are exponential Riordan array components. 

We now consider the definition of the Riordan pairs. 


Definition 5.1.27 Let g(t) and f(t) be given as in Definition 5.1.16. Then 
we have a Riordan pair {dn7,dn,~} defined by 


gt) (F(O))" = Yonma dnat” 
(a Of) HF) = Deeg Un xt (5.47) 


where f is the compositional inverse of f with f(0) = 0, [4 ft) 40 (ie., 
f € Fi), and do,o = do,o = 1. 


We also need the following definition of generalized Stirling number pairs 
(cf. [126] for the case of A = 1, and a special example has been also studied 
in [201])) 


Definition 5.1.28 Let g(t) and f(t) be given as in Definition 5.1.16. Then 
we have a generalized Stirling number pair {o(n,k), a(n, k)} as defined by 


Aolt)(F()* =O, (0, b)S, 
PaUFO)) FO) = oe alk), (5.48) 


where g = g\—!) is the compositional inverse of g with f(0) = 0, [t]f(t) 40 
(i.e., f € Fi), and o(0,0) = a(0,0) = 1. 


Remark 5.1.29 A closed connection between (5.47) and (5.48) is apparent. 
A special case of pair (5.48) for g(t) = 1 was established in [125], which were 
later applied to derive some combinatorial identities (cf. [227]). 


Remark 5.1.30 If in (5.48) let g(t) and f(t) be defined by 
g(t) =(1+a#)/*, FQ) = (1+ at)°/* - 1) /8, 
where a, 8, andy are real or complex numbers with a8 £0, then 
oF) = (1+ 60)", Fe) = (0+ 80)*/? -1) fa, 


so that o(n,k) = S(n,k;a, 8,7) and a(n,k) = S(n,k; B,a,—y) just form a 
pair of GSN’s with three parameters a, 3, and y. Note that such a class of 
GSN-pairs includes various useful special number-pairs. A detailed investi- 
gation of GSNs was given in [132] in 1998. For a very recent development 
relating to this subject, see [181]. Many of these results have been surveyed in 
Chapters 2 and 3. 
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Note that (5.47) and (5.48) imply the orthogonality relations 
~ a = *. dena dec = Om,k 
k<n<m k<n<m 
and 
s a(m, n)o (n, k) = Ly a(m,n)ao(n, k) = Om,k 
k<n<m k<n<m 


with dm,, denoting the Kronecker delta, and it follows that there hold the 
inverse relations 


Tn = Gk Gn = a tr 
a = dank —=> Ft) = ane (5.49) 
k=0 k=0 
and h . 
fn => o(n, k) gn => gn = 9_ a(n, k) fr (5.50) 


=0 
For an element (p,,(2)) in the Sheffer group {(pn(x)), #}, it is easy to write 
its inverse (DP, (x)) = (pr(x))~! as 


= 


n 


which are generated by 


g(F(t) —1 BOO = S Dal a)t”, 


n>0 


with po(x) = 1. 
We shall give an application of the inverse relations (5.49) and (5.50) based 
on the following result. 


Theorem 5.1.31 The Sheffe-type operator p,(D) has an expression of the 
form 
1 n i 
pn(D) = = S/ a(n, k)D*, (5.51) 


k=0 
where a(n, k) (associated with g(t) and f(t)) may be written in the form 


a(n,k) = % (") On—rBre(a1,2,°--), (5.52) 


r=k 


where B,, are incomplete exponential Bell polynomials (cf. (4.198) in Subsec- 


tion 4.3.2), provided that g(t) = o> @mt™/m! and f(t) = Vas amt” /m! 
with ag =1,a, £0. - ~ 
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Proof. Note that (5.52) follows from (5.34). Moreover, recall a known expres- 
sion for potential polynomials (cf. e.g., Comtet [44, § 3.5, Theorem B, etc.]). 
We have 


1 =a 
ait)’ = », ay Bre (ar, a2,°"° ). 
: r>k - 
Substituting this into (5.48) and comparing the resulting expression with the 
RHS of (5.48), we see that (5.52) is true. 


a 
Corollary 5.1.32 Formula (5.89) may be rewritten in the form 
co ¢r n 
gth(F®) = do = om a(n, k) f (0)) 
n=0 k=0 
= n = dn k 
= Veg l@o): (5.53) 
n=0 k=0 
where a(n,k)’s are defined by (5.47) and represented by (5.52). 
Corollary 5.1.33 For the case g(t) = 1, equation (5.52) gives 
a(n, k) = Bn,- (a1, a2,---) 
and 
k! 
dn k = = Bnk(a1, a2,°°° ), 
n! 
where the incomplete Bell polynomial By ,x(a1,42,---) has an explicit expres- 
sion (cf. (4.198) in Subsection 4.3.2 or Comtet [44]) 
n! ay ag 
Powlaran = 3 ear Gr) (Fe 
where the summation extends over all integers c1,C2,:-: > 0, such that cy + 


2c + 3¢e3 +++ =n, Cr +egt-:- =k. 


Corollary 5.1.34 The generalized exponential polynomials related to the gen- 
eralized Stirling numbers o(n,k) and a(n,k) are given respectively by the fol- 
lowing 


n!pn (a) = > a(n, k)a* (5.54) 


and 


mPn(2) = S° a(n, k)a*, (5.55) 


where pn(x) and py (a x) are Sheffer-type polynomials associated with {g(t), 
f(O)} and {g(f(t))*, FO}, respectively 
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Applying the reciprocal relations (5.50) to (5.54) and (5.55) we get 
Corollary 5.1.35 There hold the relations 


n 


S > a(n, k)klp,(2) = 2” (5.56) 
k=0 

and 7 
S/ a(n, k)k!py (a) = 2”. (5.57) 
k=0 


These may be used as the recurrence relations for py(x) and py(a), respec- 
tively. 
Equations (5.56) and (5.57) are equivalently 


n 


{ dk=0 dn, kPa (az) = Fr, (5.58) 


ne 


Sho dake (x) = F. 


Evidently (5.50) and (5.53) imply a higher derivative formula for 
g(t)h(f(t)) at t = 0, namely 


(2) (G(OALO)Vleaa = (7, 4) f (0) = nbpa(D)A(0) 


k=0 


Certainly, this will reduce to the Faa di Bruno formula when g(t) = 1. 


Example 5.1.36 As a simple instance, take {a(n,k),a(n,k)} to be the or- 
dinary Stirling numbers {(—1)"—*[7], {Z}} of the 1st and 2nd kinds. Then 
(5.55) yields the Bell number W(n) at x = 1, namely, 


"fn 
W(n) = n!lp,(1) = : 
(x) = nlpa(t) = > 
k=0 
Consequently, (5.57) gives the simple identity 
sey A W(k) =1. 
k=0 
More examples could be constructed using Sheffer polynomials listed in the 
table shown above. 


5.1.3. Higher dimensional extension of the Riordan group 


We now extend the Riordan group to the higher dimensional setting. In what 
follows we shall adopt the multi-index notational system. Denote 


f= (t1,--- sels & = (a1,°°- ite) 
#+@= (4 +21,---,t->+27), 
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An 


0 = (0,--- ,0), D=(D,,-:: ,D,), 
a(t) = (gi(tr),+++ + Gr(tr)): 


#-D= «Di, #- g(t) = S~ xigi(ti), 
i=1 i=1 
where we define D; = 0/0t;. Also, EF; means the shift operator acting on ¢;, 
namely for 1 <i<r, 
Ex f(-++ jtis-++) = fC: ti t1,...), 
Ex’ f(-++ ,ti-++) = f+ tit vi,-+-). 


Formally we may denote E; = e’' = exp (0/0t;). Moreover, we write 
a a tr with A := \= (A1,°:+,Ar),7 being positive integer. Also, 
A > 0 means A; > 0 (i = 1,---,r), and A > w means \; > py; for all 
7 = 1,---,r. Since we assume that all series expansions are formal so that 
the symbolic calculus with formal differentiation operator D and shift opera- 
tor E = (E\,--- ,E,) can be applied to all formal series, where E* (4 € C”) 
is defined by 


E* f(t) = E?'... Bf) =fi+s) 2eC’, 
and satisfies the formal relations 


D geEC’, (5.59) 


We first give an analog of Definition 5.1.16 


Definition 5.1.37 Let t = (t1, ta, a ste) g(t), f(t) = (fi(ti), fo(ta),: "9 
fr(tr)) and h(t) be any given formal power series over the complex number 
field C’ with g(0) = 1, f;(0) = 0 and f/(0) £0 (i = 1,2,--- ,r). Then the 
polynomials pa(&) (a € N’ UO) as defined by the generating function 


g(t)e* FO = S pala)e (5.60) 


are called Sheffer-type polynomials with po(&) = 1. Accordingly, pa(D) with 
D = (Di, D2---,D,) is called Sheffer-type differential operator of degree nh 


associated with g(t) and f(t). In particular, pg(D) = I is the identity operator. 
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For the formal pewe: series h(t), the coefficient of t* = (t}", t2?,--- ,t2”) is 
usually nee by [t al (¢). Accordingly, (5.60) is equivalent to the expression 
py(&) = [t]g(t)e* F( . Also, we shall frequently use the notation 

pr(D)h(0) = [pr(D) he (5.61) 


and A! = A! = Ay!Ag!- ++ Ap! 


Definition 5.1.38 Let g(t) and F(t) be any formal power series defined on 
C’, with g(0) = 1, fi(0) = 0 and f{(0) £0 (i = 1,2,--- ,r). Then we have a 
riullivariae weighted Stirling-type pair {o(n, k),o* (A, k)} as defined by 


= 9) (filt))" = SO oA, (5.62) 
: Aadk 
SIF) Ma (Alb) = Dot aie, (5.63) 
. A>k : 


tlt tr)), fi is the compositional inverse of fi 
, [tlAlti) 40, and o(0,0) =0*(0,0) =1. We 
nd 


vice versa. We will also call 


here F() = (fult), Fale), 
(i =1,2,--- vr) with f,(0) = 0 
call o(f, i) the dual of o* (fi, ae 


a 
dsj = Ao (ts k) 
2k k (A 
dig c= ae (A, k) 


the multivariate Riordan arrays and denote them by (9, FO) and 
(1/9(F), f(t) , respectively. 


Example 5.1.39 As an example, considering g(t) = 1 and F(t) ) = t, we 
obtain the py(&) defined by (5.60), namely, 


> 


Thus, the multivariate weighted Stirling-type pair {o(A, k),o* (A, k)} defined 
as (5.62) and (5.63) is (o(n,k),o* (i, k)), where 
a(t, k) = 0* (a, k) = 4, >. 


n, 


d* .), where 


The corresponding multivariate Riordan array pair is (d, ;, at 
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A similar argument as (5.37) and (5.38) can be established as follows. 


Theorem 5.1.40 The equations (5.62) and (5.63) imply the biorthogonality 
relations 


Salta njo*(A,k) = SY > ot (mr, A)o(h,k) = 6, @ (5.64) 
m>n>k m>n>k 
with On. denoting the Kronecker delta, i.e., 6,7 =1 if m= k and 0 other- 
wise, and it follows that there hold the inverse relations 
fa= YO ot Dg SoS oa= D> oA. (5.65) 
A<k<O A<k<O 


= —\-l 
Proof. Transforming t; by f;(t;) in (5.62) and multiplying A (7) (k!) on 
the both sides of the resulting equation yields 


2 . ae 
= Salih) o* (rn, A) et 


l| 
M 
| cos 
mH 
3 
M 
yy 
> 
2: 
> 
= 


Equating the coefficients of the terms t™ on the leftmost side and the rightmost 
side of the above equation leads (5.64) and (5.65). This completes the proof. 


| 
Remark 5.1.41 [o(7,/)] and [o*(A,k)] are a pair of inverse r-dimensional 
matrices, which may be useful in the higher dimensional matria theory. 


From (5.64), we can see that the 2r dimensional infinite matrices o(A, k) 


and o*(f, k) are invertible for each other, i.e., their product is the identity 

matrix [6 - f : 
UK| a> E>G 

By introducing group multiplication 


(9, FO) * (d®,hO) = (Ga FO), KFO)), (6.67) 


where h(f(b) = (hi (gi(ti)),-++ , Rr(gr(tr))), from Theorem 5.1.40, we imme- 


ene — 


diately see that the inverse of (s@, f(b) is (1/9(FO), F(t) because their 


multiplication result is the identity J = (1,4). Hence, similar to [196], we 
obtain the following corollary. 
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— 


Corollary 5.1.42 Let g(t) and f(t) be any formal power series defined on 
C", with g(0) = 1,9;(0) = 0 and gi(0) 4 0 (i = 1,2,---,r). Then with 


respect to the multiplication defined by (5.67), {(9(é),F)} forms a group 
with the identity I = (1,t) and for any element (s@. 70) in the group, its 
inverse is (1/9(f(4)), FO), where Fl) = (filtr), falta), «++ 5 Frltr)), fi ts 
the compositional inverse of f; (i =1,2,---, r) with f;(0) = 0, [ti] fi(0) 4 0. 


Proof. This proof is an analog of the proof on the one variable Riordan group 
(cf. [196]). Indeed, from (5.67) we have 


and 


= (1,é) =I. 


This completes the proof of the corollary. 


|_| 
From Definition 5.1.37, we have 
a) _ ATP) 5@- F(t) _ Tp 1 Na Me Ai d x 
pr(t) = [tlge =[t IDA 96 jai (gilti))™ 2p" = ae 
k>6 ADkDO 


Therefore, we establish a one-to-one and onto mapping 6” from (d, ;) to 
pa(£), where 6' = @ shown in (5.43). By defining the operation, denoted 
as #, to two higher dimensional Sheffer type polynomial sequences, (pp (a) = 


Abadd Pare”) and (ga(@) = Vasaso da,»x*), as follows, the set {(pa), #} 
forms a group, called the higher dimensional Sheffer group. 


(pa)#(qa)=( >> mare”), 
AD>A>0 


where F 
TAX = x Llp, 9%),y- 
ADl>r 
Similar to Theorem 5.1.20, we can establish the following result. 
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Theorem 5.1.43 The set {(pa),#} with the operation # is a group, called 
the higher dimensional Sheffer group that is isomorphic to the higher dimen- 
stonal Riordan group defined in Corollary 5.1.42. 


Example 5.1.44 As an example of (5.60), we set g(t) =1 and exp(&- f(t) = 


exp(x1(e — 1) + xo(e? — 1) +--+ +2,(e' —1)) in (5.60) and obtain 
exp(&- f(t) = > *(€)t*, (5.68) 
A>0 
where 


(4) = Wait, (25) 
and T(t) is the Touchard polynomial of degree wu. Hence, we may call 7)(#) 
the higher dimensional Touchard polynomial of order X. 
Example 5.1.45 Sheffer-type expansion (5.60) also includes the following 
two special cases as shown in [148]. Let g(t) = 2™/(exp>>;_, ti + 1)™ and 
exp (a : f(b) = exp(>>;_, ziti). Then the corresponding Sheffer-type expan- 
sion of (5.60) shown in [148] has the form 


seen (m) g 
giexp (#- FH) = Bw, 


\! 
A>0 


where EL” (4 ) (A> 0) is the mth order r-variable Euler’s polynomial defined 
in [148]. 

Similarly, substituting g(t) = (7), ti)" /(expXi_, ti; — 1)™ and 
exp (a . F() =exrp(>>;_, viti) into (5.60) yields 


A>0 


where Be (@) (\ > 0) is called in [148] the mth order r-variable Bernoulli 


polynomial. Some basic properties of Ew” (2) and B&) (Z) were studied in 


[148]. 
Since 
( 2” i ( os aa i 
(exp ist t+ ae (exp 2 t+ iD a 
a 
(exp >>), 2t; +1)" J’ 
we have 


(26 @) # (BO) = (Bea). 
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Example 5.1.46 For the case g(t) =1 and Fo = as iy 1) am U/(m)!, 


where Am = a ia vee ae it follows that e@ F( can be written in the form 


2 See, i tem 
exp(&- f(t)) = Up, exp {xe x 0 me 
me>l 
teke Be 
=. yey | 1+ >» ae 20" Bryj (a1, a 9,-++)} (5.69) 
kez " je=1 
80 that 
es 1 re 
pr(@) = [P]e7 FM = M154 » te! Byj ip (a, a\).,---), 
al Je=1 
where By, 4, (a ,,a9,---) is the Bell polynomial. Consequently, we have 


re 
ae » fl cook 
[e*]h( f(t) = Mem Ty SS Breje(a 1, a 2,-++)De?*h(0). 
* je=1 
This is precisely the multivariate extension of the univariate Faa di Bruno 
formula (cf. [46] for another type extension.) 


k 
[(d/dt)"h(f(t))]=0 = os Br3(9'(0), 9" (0),---)f (0). (5.70) 


In this subsection, examples seems not so enough to illustrate the merit 
of the theoretical results obtained. Interested reader might do something in- 
cluding more applications subsequently. 


Remark 5.1.47 The properties of the higher dimensional Sheffer group such 
as construction of the subgroup with certain orders, application to the multi- 
variate expansions, combinatorial identities, etc., remain much to be investi- 
gated while some application results in this topic can be referred to [103]. 


The last part of this subsection diverts to the following expansion problem. 


Problem. Let t= (ti, te, ae itr), g(t), f(t) — (fi(tr), fo(t2), — i Fr(tr)), 
and h(t) be any given formal power series over the complex number field C” 
with g(0) = 1, fi(0) = 0, and f/(0) 4 0 (i = 1,2,--- ,r). We wish to find the 
power series expansion in ¢ of the composite function g(t)h(f(t)). 

For this problem, there is a significant body of relevant work in terms 
of the choices of univariate functions g(t) and f(t) (cf. for example, Comtet 
[44]). Certainly, such the problem is of fundamental importance in combina- 
torial analysis as well as in the special function theory, inasmuch as various 
generating functions often used or required of the form g(t)h(f(t)). In the case 
of r = 1, it is known that [44] has dealt with various explicit expansions of 
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h(f(t)) using either Fad di Bruno’s formula or Bell polynomials. In addition, 
for r = 1, such a problem also gives a general extension of the row sums of 
Riordan arrays. In the following, we will show that a power series expansion of 
g(@)A(F(O) could quite readily be obtained via the use of Sheffer-type differ- 
ential operators. Also it will be shown that some generalized weighted Stirling 
numbers would be naturally entering into the coefficients of the general ex- 
pansion formula developed. We shall frequently use the notation (5.61), 


pr(B) £(0) = [p(B FO]. 


?=0 


? 


where p(t) is defined in Definition 5.1.37. 
As may be observed, the following theorem contains a constructive solution 
to the problem shown before. 


Theorem 5.1.48 (First Expansion Theorem) Let g(t), f(t), and components 
of h(t) each be a formal power series over C", which satisfy g(0) = 1, f;(0) = 0, 
and fi(0) £0 (i = 1,--- ,r). Then there holds an expansion formula of the 
form 

= S>Ppy(D)f (0), (5.71) 


ADO 


where py(D) are called Sheffer-type r-variate differential operators of degree 
associated with g(t) and whf(t), and 


AL on (6) 0 
AOKOSi (F +) eS 


t=0 


Proof. Clearly, the conditions imposed on F(t) ensure that the method of 
formal power series applies to the composite formal power series g(t)h(f (t)). 
Thus, using symbolic calculus with operators D and E, we find via (5.59) 


This is the desired expression given by (5.71). 


Remark 5.1.49 For dimension r = 1, pg(D) (k = 0,1,2,...) satisfy the 
recurrence relation 


k 
(k + U)prsia(D) = S$ >(aj + Bj D)pr—5(D) (5.72) 
j=0 


with po(D) =I, where a; and B; are given by 


ag = (GF +1) Flog g(t) and B= G+) FM, (5.73) 
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respectively. Accordingly we have 


(K+ 1)pr41 (2 = Sdn ©)pr—j(2), (5.74) 


where A;+41(x) are given by 


Ajaa(e) =F + De og (g(Her!) . (5.75) 


Thus, from (5.74) and (5.75) we may infer that the differential operators 
pr(D)’s satisfy the relations (5.72) with a; and 8; being defined by (5.73). 


Remark 5.1.50 Jf h(x) = eo hnx” be a formal power series and dnp = 
[e"]9(t)(F(t))*, then 


=D hea lt)(FO)F = S5 YO edn 


k>0 n>0 k>0 


yields the generating function of the column of (g, f)h. Thus, g(t)h(f(t)) is an 
infinite linear combination of column sums gf* of the Riordan array (g, f), 
i.e., the FTRA. 


Several immediate consequences of Theorem 2.1 may be stated as examples 
as follows. 


1 and f(t) ) = t we see that (5.71) yields the 


Example 5.1.51 For g(t) = 
= spt D*hO )/A!, where A! = (Ai)! + (Ar)E. 


Maclaurin expansion h(t) 


Example 5.1.52 If (2), f(z), and h(2) are entire functions with g(0) = 1, 
fi(0) =0, f/(0) #0 fori i=1,2,---,r, then the equation (5.71) holds for the 


entire function g(Z)h(f F(z )). 


? 


Example 5.1.53 For j7 = 0,1,---,m, let f;(t) be a formal power series 
satisfying the conditions f;(0) = 0 and fi(0) 4 0. Denote (fj o fj-1)(t) = 
fi(fj-1(t)) (G = 1), then the power series expansion of (fm fm—1°:-+° fo)(t) 
(m > 2) can be obtained recursively via the implicative relations 


Djk (2) = [tP]e® Fie-ofo) ©) 
=>pjx(D) fi41(0) = [t*](fj41 0 fy o-+ 0 fo) (t), (5.76) 
where 1< j <m—1, and pjx(D) are Sheffer-type operators. 
Denote the compositional inverse of f; by f;. Suppose that fi,---,fm are 


given and that hyn(t) = (fm fm—1°-+:° fo)(t) is a known series, but fo(t) is 
unknown to be determined. Certainly one may get fo(t) via computing 


pe =fieps-s fot): (5.77) 
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Here it may be worth mentioning that the processes (5.76) and (5.77) suggest 
a kind of compositional power-series-techniques that could be used to devise a 
certain procedure for the modification of a sequence represented by the coeffi- 
cient sequence of fo(t). 


Example 5.1.54 For the case of r = 1, let B,(x), CM (2), and TW?) (x) be 
Bernoulli, Charlier, and Touchard polynomials, respectively. Then, for any 
given formal power series h(t) over C we have three weighted expansion for- 
mulas as follows. 


e~°*h(log(1 + t)) =e “(D)h(0) (a #0), 


co 


(1—t)Ph(eh —1) = SP e"T”(D)hO)  (p > 0), 
n=0 


where B,(D), ea (D), and T\”)(D) may be called Bernoulli, Charlier, and 
Touchard differential operators, respectively. The above formulae are just three 
instances drawn from the table of special Sheffer-type polynomials as shown in 
Subsection 5.1.2. 


More expansion examples have been shown in examples 5.1.44-5.1.46. 

As an application of Theorem 5.1.40, we now turn to the problem for find- 
ing an expansion of a multivariate analytic function f in terms of a sequence 
of higher Sheffer-type polynomials (p,,). 


Theorem 5.1.55 (Second Expansion Theorem) The Sheffe-type operator 
pa(D) defined in (5.71) has an expression of the form 


pilD) == So ofA, BB, (5.78) 


where a(n, k) is defined by (5.62) in Definition 5.1.38. 


Proof. Using the multivariate Taylor’s formula and (5.62) we have formally 


gh FO) =9(t) Yo HM FE ()B*AG) = JT (ofA, ) Ben 


Thus the rightmost expression, comparing with (5.71), leads us to (5.78). 


Extension Methods 339 


We now establish the following theorem. 


Theorem 5.1.56 Let h(Z) be a multivariate entire function defined on C, 
then we have the formal expansion of h in terms of a sequence of multivariate 
Sheffer-type polynomials (pj) as 


h(2) = S> agp, (2), (5.79) 


k>0 
where 
ki} *(S L\VRARb(A 
a= ae (A, k) D" (0) (5.80) 
A>k 
or . 
a; = A;(D)h(0) (5.81) 
with . 
= i — 
Ag(D) = ao (nr, k)D”. (5.82) 
A>k 


Proof. Let h(Z) be a multivariate analytic function defined on C”. Then, we 
can write its Taylor’s series expansion as 


h(2) = So BNO) i :> oa) SS o* (fi, k)klp, (2) 


n! n! 


Aa>0 Aa>0d AD>k>o 
A\T 1 (A T\ Th Ps a 
= So pl2)A I So" (A, D°nG) = V7 agp (2), 
k>6 Aadk k>6 


where a; can be written as the forms of (5.80) or (5.81)—(5.82), which com- 
pletes the proof of the theorem. 


Remark 5.1.57 The univariate setting of Theorem 5.1.56 can help us to find 
an expansion of a univariate analytic function f in terms of a sequence of 
Sheffer-type polynomials (py(X))neNy- From the expression of a, in Theorem 
5.1.56, it is easy to derive Boas-Buck formulas (7.3) and (7.4) (cf. [21]) of the 
coefficients of the series expansion of an entire function in terms of polynomial 
p(z). Indeed, for the fixed k, using the expression of a, in the univariate 
setting and (5.63) and Cauchy’s residue theorem yields 


an = Ya" RAM (0) = YoU] (Col FO) FO)) HO) 


n=k - n=k 


1 fS_GFOK pera 1 f FO! (SAMO 
. mab Or (at = se f CG (> par) 
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_ sf. (Fay = Rn ees (f 1@u 
Omi Ir (FO) ar: ami Sr otf 


where H(¢) is the Borel’s transform of (hn = h'")(0)/n!). 


We now give algorithms to derive the series expansion of f(z) in terms of 
a Sheffer type polynomial set (pp (2))neno- 


Algorithm 3.1 

Step 1 For given Sheffer type polynomial (pn(x))nen,, we determine its 
generating function pair (g(t), f(¢)) and the compositional inverse f(t) of f(t). 

Step 2 Use (5.63) to evaluate set (o*(n,k))n>x and substitute it into the 
corresponding expression (5.80) to find a; (k > 0). 
Algorithm 3.2 

Step 1 For given Sheffer type polynomial (p,(2))nen,, apply the first equa- 
tion in (5.62) to obtain set (a(n, k))n>k>0- 

Step 2 Use (5.63) to solve for set (o*(n,k))n>x~ and substitute it into the 
corresponding expression (5.80) to find a; (k > 0). 

It is easy to see the equivalence of the two algorithms. However, the first 
algorithm is more readily applied than the second one. 


Example 5.1.58 If pp(x) = x"/n!, then the corresponding generating func- 
tion pair is (g(t), f(t)) = (1,t). Hence, noting f(t) = t and g(f(t))"? = 1, 
from Definition 5.1.38 we have 


o* (fi, k) = On, 


the Kronecker delta. Therefore, 


CO 


k} 2k n 
an = D> a" (n, BH” (0) = (0) 


n=k 
and the expansion of f is its Maclaurin expansion. 


Example 5.1.59 We now use Algorithm 3.1 to find the expansion of an entire 
function in terms of Bernoulli polynomials. 

Since the generating function of the Bernoulli polynomials is g(t)exp(af (t)) 
with g(t) =t/(e’ —1) and f(t) =t, we have the compositional inverse of f(t) 


as f(t) =t and - 
g(F(t))~* = (e' -1)/t. 
Hence, from Definition 5.1.38 we can present 


Fo F(t) FO)" = Ale — ye! =F 
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Hence, o* (A, k) = ("ft") /(n +1) and 


ie = >, xo (A, k)h™ (0) = a a (" : ') hn’) (0). 


Noting h(t) =~?) h™ (0)t"/n! formally, for k =0, we can write ao as 


Co 


ay = yi war = i h(t)dt 


and fork > 0 we have 


>] 


= > hi) (0) DE-1g"| _, — AY (0) = hF-Y (a) — AY (0) 


which are exactly the expressions of the expansion coefficients obtain on Page 
29 of [26], which were derived by using contour integrals. 


Example 5.1.60 Let p,(a) be the Laguerre polynomial with its generating 


function pair (g(t), f(t)) = ((1—#)~”,t/(t—1)), p > 0, then f(t) = t/(t-1) 
and g(f(t))~! = (1-t)-”. Thus, using a similar argument of Example 5.1.59, 


we obtain ; 
ni (n+p 
o*(n,k) = (-1)F¥ — : 
(n,k)=(-1I" lp 
Hence, the coefficients of the corresponding expansion can be written as 


(k =0,1,---) 


Example 5.1.61 Jf expansion basis polynomials are Angelescu polynomial 
An(a) (n € No), then their generating function pair is (A(t), g(t)) = (A/A + 
t),t/(t—1)) and the dual o*(n,k) can be found as follows: 


o*(n,k) = (-1)**!n! 2 (" ; ‘) de @] 


Substituting the above expression of o*(n,k) into the corresponding formula 
in Theorem 11 yields the coefficients a, as 


a, = yy 2 ce ‘) Le @] ni) (0) 


n=k 
(K=0,1,---). 
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5.1.4 Dual sequences and pseudo-Riordan involutions 


Krattenthaler defines a class of matrix inverses in [147], which has numerous 
famous special cases represented by Gould and Hsu [77], Carlitz [29], Bressoud 
[24], Chu and Hsu [43], Ma[155], etc. We have presented some Riordan matrix 
inverses in subsection 5.1.2 (cf. also [105]). Let infinite low triangle matrices 
(dn,ko<k<n and (dnb )o<k<n be matrix inverses, i.e., (dn.&)(dn,k) = I. Then 
a sequence inverse relationship can be defined by 


fr= So dnege if and onlyif gn =~ dnxfes (5.83) 


k=0 k=0 


where the sequences (fin )n>0 and (gn)n>o are called the inverse sequences with 
respect to the inverse matrices (dn.~)o<k<n and (dink )O<k<n- If dnjk = hn. is 
then we say (dn&)o<k<n is self-inverse, and (fn)n>o0 and (gn)n>o0 are said to 
be a pair of dual sequences (or they are dual to each other) with respect to 
the self-inverse matrix (dn,x)o<k<n- In other words, {f,} and {gn} satisfy 


i :3 dnngk tf and onlyif gn = » dn kk: (5.84) 


k=0 k=0 


If there exists a sequence (fn)n>o that is dual to itself with respect to a self- 
inverse matrix (dnt )o<k<n, Le., 


= an (5.85) 


k=0 


then (fn)n>o is called a self-dual sequence with respect to the matrix 


(duke )O<ken+ 
Lette = C) (—1)*. Then (dn,k)o<k<n is a self-inverse matrix because 


55: (1) Gat =o 


where dn,; is the Kronecker delta. Let (an)n>0 be a sequence of complex 
numbers. Then (a*)n>0 defined by 


at = 3 @ (—1)*ax (5.86) 


is the dual sequence of (dn)n>o with respect to ((%)(—1)*) (cf. for example, 
Graham, Knuth, and Patashnik [79]). Hence, 


=> @ (—1)¥ at. (5.87) 
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Note that (an)n>0 and (a%)n>0 are a pair of inverse sequences with (a*)* = an. 
If a¥ = an, then (an)n>o is a self-dual sequence with respect to ((—1)*(7)) 
(cf. Sun [205]). For instance, the following number sequences are self-dual 
sequences with respect to the dual relationship (5.86) for (dn.z)n,cco = 
((—1)*(2)) (cf. for example, [205]): 


(a5) > (py) 9B.) ads Fa 


m 


where (B,,), (Zn), and (F;,) are the Bernoulli number sequence, Lucas number 
sequence, and Fibonacci number sequence, respectively. 

Bernoulli polynomials B,,(x) and Euler polynomials E,, (x) for n = 0,1,... 
are defined by (cf. (4.24) and (4.243)) 


et —1 BE ay Oe et +1 NET? : 
n>0 n>0 
respectively. Bernoulli numbers B,, and Euler numbers F,, for n = 0,1,... are 
defined by 
1 
B, = B,(0) and E, =2"E, (5) ; (5.89) 


respectively. Numerous literature scatters widely in combinatorics, number 
theory, approximation theory, etc. on Bernoulli and Euler numbers and poly- 
nomials. The following binomial expressions connect Bernoulli polynomials 
and numbers and Euler polynomials and numbers, respectively: 


B,(2) => (;) Bya™-*, n>0O, (5.90) 


k=0 
n n—-k 
nr 1 Ex 
k=0 
where E, = 2*E;,(1/2). There are numerous results of the identities of 


Bernoulli and Euler numbers and polynomials. Many well-known results can 
be found in Buijs, Carrasquel-Vera, and Murillo [27], Dilcher [57], Gessel [66], 
Pan and Sun [173], Miki [163], Sun [205], Sun [206], Sun and Pan [207], Zheng 
and the author [114], etc. Some applications of the dual Bernoulli and Euler 
numbers and polynomials shown below are inspired by those results, particu- 
larly, [114, 173, 205, 206]. 

This subsection will study the duals of Bernoulli number sequence and 
Euler number sequence with respect to ((7)(—1)*) and other self-inverse ma- 
trices by using Riordan arrays. The dual sequence of (Bn)n>o with respect 
to ((%)(—1)*) is denoted by (B*)n>0, and the corresponding dual Bernoulli 
polynomials denoted by (B*(x))n>0 is defined similarly to (5.90) by using 


n 


Be(«) => (;) Brx"*, n>0, (5.92) 
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where By are the dual Bernoulli numbers (By)n>o0, ie., 


ee 3 &@ (-1)'B,, n>0. (5.93) 


k=0 


Hence, there are three questions raised: (1) What is the self-inverse matrix 
with respect to which the Bernoulli number sequence (B,,) is self-dual? (2) 
What is the relationship between the self-inverse matrix found in (1) and the 
self-inverse matrix, ((7)(—1)*), for ((-1)”Bn)n>0? And (3) does there exist 
a unified approach to construct self-inverse matrices and self-duals? We will 
answer those questions by using the Riordan array theory. 

In this subsection, we shall present a unified approach to construct a class 
of self-inverse matrices and their applications to the construction of dual num- 
ber sequences and dual polynomial sequences. Then we shall discuss the alge- 
braic structure of dual number sequences with respect to the established dual 
relationships. Some identities of self-dual number sequences will be found ac- 
cordingly. Finally, advanced applications of the dual relationships in the con- 
struction of identities for dual number sequences will be given. 

We recall that a Riordan array (g(t), f(¢)) and its inverse 


=i 1 7 
(a, 0)" = (flo) 

is a pair of inverse matrices. If (g(t), f(t))~' = (g(t), f(), ie. (g(t), f(d) is 
an involution, or equivalently, it has an order of 2, then (g(t), f(t)) is a self- 
inverse matrix. Here, if g is an element of a group, then the smallest positive 
integer n such that g” equals to the identity e of the group, if it exists, is called 
the order of g. If no such integer exists, then g is said to have infinite order. 
It is well-known (see Shapiro [194]) that if we restrict all entries of a Riordan 
array to be integers, then any element of finite order in the Riordan group 
must have order 1 or 2, and each element of order 2 generates a subgroup 
of order 2. Sprugnoli and the author find the sequence characterization of 
Riordan arrays of order 2 in [113]. 

The Riordan arrays related to combinatorics often have non-negative inte- 
ger entries, and hence they can not have order 2. Therefore, we consider the 
possibility for an element R € R possessing a pseudo-order 2. Here, we say 
R has a pseudo-order 2 if RM has order 2 with M = (1,—t). Those R are 
called pseudo-Riordan involutions or briefly pseudo-involutions (see Cameron 
and Nkwanta [28] and [194]). We now present some sufficient and necessary 
conditions to identify pseudo-involutions. 


Theorem 5.1.62 Let (g(t), f(t)) be a pseudo-involution, and let A(t) and 
Z(t) be the generating functions of the A-sequence and Z-sequence of 
(g(t), f(t)), where A(t) and Z(t) are called the A-function and Z-function, 
respectively. Then the following statements are equivalent to the statement 
that the Riordan array (g(t), f(t)) is a pseudo-involution: 
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(i) £(9(t), FO), 


(ii) (1, —t)(g(t), F())(, —t) = (a(t), FO), the inverse of (g(t), (6) 
(iii) 4, Hale ), f(t) = (49(t), f(—t)) are involutions 
(iv) A(t) = qty and Z(t) = 29= 


Proof. Let (g(t), f(t)) be a pseudo-involution. Then (g(t), f(t))(1,-t) = 
(g(t), —f(t)) is an involution, ice., 


(9(t), —F(t)) (g(t), -F(t)) = (g@)9(-F@)), 
Additionally, —(g(t), f(t))(1, -—t) = (—g(t), —f(t)) satisfies 
(—g(t), -F())(-9(t), -F®) = (9), -FO)) (9, -F@) = G4), 
f(t 


which implies —(g(t), f(¢))(1,-t) = (—g(t),—f(t)) is also an involution. 
Hence, we have proven that (g(t), f(t)) is a pseudo-involution implies (i). 
Equation (ii) follows from (i) because 


= ((9t), Fé), -t)) (C94), FD), —t)) 
(t), F)) (1, -t)(9@), F(t), -#)) - 
From the above equations, we have 
(£(1, -t)(9(¢), F(t))) (EC, —t)(9@), F))) 

= ((1,-t)(9@), Fé), -t)) (9), F@)) = Ct) =F. 
Hence, we obtain (iii) from (ii). Similarly, (i) follows from (iii). 


To find the A-function and Z-function of a pseudo-involution (g(t), f(t)), 
we recall (see Theorem 3.3 of [113]) the A-sequence of 


(dg (t), ha(t)) = (di (é), ha (#)) (de), halt) 


has the A-function 


z= 
| 
Ss 
a 
a 
— 
nw 
Nay 
a 
o—™ 
= 
nw 
S 


I 
= G 


As(t) = Al (=>), 


where A;(t) and A(t) are the A-functions of (di(t), hi(t)) and (d(t), ha(t)), 
respectively. Since the A-functions of (g(t), f(¢)) and (1, —t) are respectively 
A(t) and —1, the A-function of (g(t), f(t))(1, —t) is 

A3(t) = —A(-t). (5.94) 


On the other hand, from Theorem 4.3 of [113] we know the A-function of the 
involution (g(t), f(t))(1,-t) = (g(t), f(t) is 


A3(t) = ———. (5.95) 
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Comparing (5.94) and (5.95) we have 


From Theorem 3.4 of [113], the Z-function of 


(ds(t), ha(t)) = (g(t), F())C, -t) = (g(t), -F (4) 


is Z3(t) = Z(—t) because the Z-functions of (g(t), f(¢)) and (1, —t) are Z(t) 
and 0, respectively. Since (d3(t), h3(¢)) is an involution, from Theorem 4.3 of 
[113] we also have 


23(t) = zw) 


—f(t) 
Comparing the last two equations, we immediately know 
aol 
Z(t) = 
O= FH 


From the definitions of A-sequence and Z-sequence, a Riordan array 
(g(t), f(t)) that possesses the above A-function and Z-function is a pseudo- 
involution. 


Corollary 5.1.63 Let nonzero g(t) € Fo and f(t) € Fi. Then the infinite 
lower triangle matria (g(t), f(t)) is @ pseudo-involution if and only if 


FOQ=-1-) and g() =, 


where the denominator is assumed not to be zero. 


Proof. Equation f(t) = —f(—t) holds if and only if 


t —t 


ft) f(t)’ 


or equivalently, there exists the function A(t) such that 


which implies that (g(t), f(t)) has an A-function (cf. for example, [113]) sat- 
isfying (iv) of Theorem 5.1.62. 
Note that g(t) = f(—t)/(f(—t) — tg(—t) + t) if and only if 
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or equivalently, there exists the function Z(t) such that 


2H T os _ g(-t)=1 
Bg: I a 


which implies that (g(t), f(¢)) has a Z-function (cf. for example, [113]) satisfy- 
ing (iv) of Theorem 5.1.62. Combining all above statements together we know 
that (g(t), f(t)) is a pseudo-involution, which completes the proof of Corollary 
5.1.63. 


a 

Corollary 5.1.63 also provides an algorithm for finding pseudo-involutions. 
Generally, one can accomplish this by carrying through the procedure demon- 
strated by the following example. For instance, it is clear that f(t) = t/(1—t) 
(or t/(1 + t)) has the compositional inverse f(t) = t/(1 +t) (or t/(1 — t)) 
and satisfies f(t) = —f(—t). From Corollary 5.1.63, we may also find that 
g(t) = 1/(1— 8) (or 1/(1 +2) satisfies g(t) = f(—t)/(f(—t) — to(—t) + 2). 
Therefore (1/(1—t),t/(1—#)) (or (1/(1+1), t/(1+1))) is a pseudo-involution. 


Remark 5.1.64 It can be seen that (g(t), f(t)) is a pseudo-involution if and 
only if there exist A-function and Z-function satisfying four relationships 


t 2 ee _g@)-1 _ g(-t)-1 
Be peat agg a 


which give not only the formulas as shown in Corollary 5.1.68 but also the 
following useful formulas in the construction of pseudo-involutions: 


tZ(t) f£()Z(-t) 
Z(—H(1 — t2(b) 1Z(t) 


f= and g(t) = 


The proof is straightforward from the above four relationships. 
From (i) and (iii) of Theorem 5.1.62 we obtain the following results. 
Corollary 5.1.65 Two Riordan arrays (1/(1 — t),t/(1 — t)) = (ces) aes 


and (1/(1+t),t/(1+#)) = (AT) ees, are pseudo-involutions. Hence, 


from (i) and (iti) of Theorem 5.1.62, we generate the following four Riordan 
involutions, denoted by Ri, R2, R3, and R4, respectively: 


Ry = ( oF (1,—t) = (1, -t) (= sy) 
(+) ~ ((-1)" eave’ 
“(etn -¥=0-a(chre 


(ravra) = (PO) va 


l| 


Re 
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(1, -t) (+4) = (= ) (1,2) 
 (ort)-(rG)),. 


- (- =) = (ore Gy). (5.96) 


Theorem 5.1.66 Let R; (i = 1,2,3,4) be the Riordan arrays as shown in 
Corollary 5.1.65. Then there hold the following four dual relationships, denoted 
by Dy, Dz, Dg, and Da, respectively: 


l| 


R3 


x 3 
eee 
Sw 
3 
> 
Vv 
° 


n 


Di: dn = y(-0 @ Gg, Dz: an = > -(-1)*44 (;) an, 


k=0 k=0 
D3 + An = y(-0" ie Gr, D4: an = eae . Ak. 
k=0 k k=0 k 


Furthermore, ((—1)"Bn)n>0 and (Bn)n>o are self-dual sequences with respect 


to Dy and D3, respectively, while (En (5) - x) and ((—1)" (En (5) - x)) 


are self-dual sequences with respect to Dz and D4, respectively. 


Proof. Since (cf. for example, Apostol [10] and Milton and Stegun [165]) 


n 


Dy (;) By = Bn(1) = (-1)"Bn, (5.97) 


k=0 


we can conclude that ((—1)"Bn)n>o0 and (B,)n>0 are self-dual sequences with 
respect to D; and D3, respectively. Similarly, from (5.91) and (—1)"E,,(—x) = 
—E,,(x) + 2x” (cf. for example [10, 165]), we get 


z(t) (®()-m) 


= cy" @ (-5 - ey (5) +cnt() i 


II 
Se 
i 
Nile 
a ae 
| 
i) 

iw) 
S| 
+ 
iw) 
S| 
| 
3 
, 
Dole 
a 
| 
NO 
Z|] 


Similarly, we have 


zcomcat({) (865) -m) 
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lI 
Me 
fon 
NIle 
eee 
was, 
fear 

i) 
2 
| 
| 
se 
ae 
3 
a 
Ntre 
ee 
| 
No 
34 
SS 


completing the proof of the theorem. 


Oo 

We now consider the duals of Bernoulli and Euler numbers and the cor- 

responding duals of Bernoulli and Euler polynomials with respect to different 
dual relationships as shown in Theorem 5.1.66. 


Theorem 5.1.67 Let By be the duals of Bernoulli numbers B,, with respect 
to Ry defined by (5.93), and let B*(a) be the corresponding dual Bernoulli 
polynomials defined by (5.92). Then, there hold 


B*(2) = (-1)"Br(-2 - 1) (5.98) 


and 


B* =(-1)"Ba +n (5.99) 


n 


for alln > 0. 


Proof. From (5.90) and (5.92), we have 


which implies (5.99). 
| 


Corollary 5.1.68 Let (B*(x))nen, be the sequence of the duals of Bernoulli 
polynomial sequence. Then its generating function is 
. | A | A 
bo B,,(t) = 5 7(-1)Ba(-2 - 1) 
n>0 n>=0 
—telet+Dt e(@+1)t 


—— = —_—. (5.100) 
e ty te i a 
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Theorem 5.1.69 With respect to the dual relationship Ds, the duals of num- 
bers (—1)"Bn, denoted by ((—1)"B,)*, can be written as 


(IB) =I) Be = Bo Ym G10 
k=0 
and the corresponding dual Bernoulli polynomials can be expressed as 
. n Ad * n- n- 
S- (;) ((-1)*B) 2"—* = Ba(x) — n(e -1)""1. (5.102) 
k=0 


With respect to the dual relationship D4, the duals of numbers E,,(1/2) — 
(1/2)”, denoted by (E,(1/2) — (1/2)")", have the expression 


( (3) - ia) - =e (;) («: (5) E (3) ) 


= (-1)" (z, (5) ~ =) (5.103) 


The corresponding dual Euler polynomials can be written as 


= (1) (3) (&(2)-@)) 


=(—1)"E,(—2 + 1) — 2(@ — 1)" + (w — 2)”. (5.104) 


With respect to the dual relationship D2, the duals of numbers 
(—1)" (E,,(1/2) — (1/2)"), denoted by ((—1)" (En(1/2) — (1/2)”))", have the 


expression 


(65) -a)) =o om" (G) -) 
_ (5) 4 sit (5.105) 


and the corresponding dual Euler polynomials can be represented as 


¥ (1) (e-3) (at(@G@)-#)) 
=E,,(x) + (x +1)" — 22”. (5.106) 


Proof. The proof is directly from the definitions and is omitted. 


| 

We now give some structures of self-dual number sequences, which include 
their characterizations, relationships, generating functions, and some proper- 
ties. The first half of the following theorem is represented in Prodinger [179]. 
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Theorem 5.1.70 Let a(x) = 30,39 Gnu". Then its coefficient sequence is a 
self-dual sequence with respect to D, (D2), i.e., it satisfies 


Sv (;) ay =n (—Gn) 


for nE No if and only if a(x) satisfies the equation 


x—1 


a( = ) = a= 2)a(a (—(1 — x)a(z)). 


The coefficient sequence of a(x) is a self-dual sequence with respect to D3 
(D4), t.e., it satisfies 


Sn" e ap =Gn (—an) 


for n€ No if and only if a(x) satisfies the equation 


x 
at hec 
1+2 


Proof. We leave the proof of the first half of the theorem as Exercise 5.5 and 
prove its second half as follows: 


) =(l+a)a(xz) (-—(14+2)a(z)). 


k=0 

= + > ay(—1)*a* 3 @ 7 ‘) x! 

k=0 j=0 J 
= =x > s. az(—1)*7 (‘ * ’) gkts 

k=0 j=0 J 
= eS Hy) i Gag | eS ss Ant" = £a(x) 

J 
n=0 j=0 n=0 


The proof is complete. 


Corollary 5.1.71 Let (an)n>o0 be a given sequence with ordinary generating 
function a(x) = di ,59 nz”. Then 

(i) (G@n)n>0 ts a self-dual sequence with respect to D, if and only if (2an41— 
Gn)n>o is a self-dual sequence with respect to Do. 

(ti) (Qn)n>0 is a self-dual sequence with respect to D3 if and only if 
(24n41 +4@n)n>0 is a self-dual sequence with respect to D4. 
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Proof. We leave the proof of (i) as Exercise 5.6 and give a proof of (ii) as 


follows: Let 
On, = 24n4+1 + An 


with its ordinary generating function b(2) = 0.5 bn#”. Thus 


2(a(a) — ao) x+2 2 


b(a) = —— + a(x) = a(a) — 700 


x x 


which implies 


Therefore, 


if and only if 


»(-) ae ees (Paw - =«0) afi 


Based on Theorem 5.1.70 we have finished the proof. 


Theorem 5.1.72 Let (@n)n>o0 be a given sequence with exponential generat- 


ing function a*(x) = di ns0 nx" /n!. Then 
i) (dn)n>o 18 a self-dual sequence with respect to D; 
a*(x)e—*/? is an even function. 
it) (Qn)n>o0 is a self-dual sequence with respect to D» 
a*(x)e—*/? is an odd function. 

itt) (Qn)n>o0 ts a self-dual sequence with respect to D3 
a*(x)e*/? is an even function. 
iv) (Gn)n>o0 is a self-dual sequence with respect to D4 
a*(x)e*/? is an odd function. 


Proof. The proof of (i) and (ii) are left as Exercise 5.7. Here, 
(iii) and (iv). 


if and only if 
if and only if 
if and only if 


if and only if 


we only prove 
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Hence, if 
” n 
So(-1)” (;) ay =G, and — an, 
k=0 
then 
a*(—a)e-* =a(x) and —a(a), 


respectively, which can be written briefly as 


a*(—ax)e~*/? = +a(ax)e?/?, 


If the case of the positive sign on the right-hand side holds, i.e., (a,) is a self- 
dual sequence with respect to Ds, then a* (a)e*/ ? is an even function; while the 
negative sign holds, or equivalently, (a,,) is a self-dual sequence with respect 
to D4, then the function a*(ax)e*/? is odd. It is easy to see the sufficiencies of 
(iii) and (iv) are also true. This concludes the proof of the theorem. 


Oo 

Sun [205] uses Theorem 5.1.72 to derive numerous identities including (i) 

in the following theorem. Wang [211] uses umbral calculus to extend (i) to 

(ii). We now survey their results and extend them to (iii) and (iv) for other 
self-dual sequences. 


Theorem 5.1.73 For any function f, we have 
i) Deen (7) (FH) — 1)" Do GLC) ane = 0 for n € No if 


(Gn)n>0 18 a self-dual sequence with respect to Dy. 


it) Soho G) (7) + (-1)""* a (£0) Gn—k = 0 for n € No af 


(Gn)n>0 18 a self-dual sequence with respect to Do. 


itt) ho (2) (Fl) = Dh o(-1)"9(4) F0)) ane = 0 for n © No ff 


(Gn)n>0 18 a self-dual sequence with respect to D3. 


Ww) Yeo G) (#(8) + Djeo(-D"-F (HF) Qn-k = 0 for n € No if 


(Gn)n>0 18 a self-dual sequence with respect to D4. 


Proof. The proofs of (i) and (ii) can be found from [205] and [211], respectively. 
The proofs of (iii) and (iv) are similar as the proofs of (i) and (ii) by using 
either Theorem 5.1.72 or umbral calculus. We leave them as Exercise 5.8. 


Oo 

From Theorem 5.1.66, we know that ((—1)"Bn)n>0 and (Bn)n>o are 
self-dual sequences with respect to D, and D3, respectively. In addition, 
(EB, (4) — $) and ((—1)” (Ey (4) — #4) are self-dual sequences with respect 
to Dz and D4, respectively. Therefore, we may use Theorem 5.1.73 to obtain 


the following identities. 
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Theorem 5.1.74 Let B, and E,, be Bernoulli numbers and Euler numbers, 
respectively. For any function f, we have the following identities: 


3 @ 1)" 7h) - (‘) AG) | Face =o, 

B (;) (uae> (S\ra (Ent (5) —_ 5 

= (:) [ @)— ey (5) 10) | Baa, 

(:) Cac “rene (")1)) (ex () - gee) 
=0. 


(5.107) 


The first identity of (5.107) is given in [205], and the others are shown in [114], 
which proofs are left as Exercise 5.9. 


SSS 


5.2. On an Extension of Riordan Array and Its 
Application in the Construction of Convolution-type 
and Abel-type Identities 


Using the basic fact that any formal power series over the real or complex num- 
ber field can be expressed in terms of a given polynomial sequence (p,,(t))n>0, 
where p,(t) is of degree n, we extend the ordinary Riordan array (resp. Rior- 
dan group) to a generalized Riordan array (resp. generalized Riordan group) 
associated with (p,(t)). A rather general Vandermonde-type convolution for- 
mula and certain of its particular forms are represented in this section. The 
construction of the Abel type identities using the generalized Riordan arrays 
will also be discussed. 


5.2.1 Generalized Riordan arrays with respect to basic 
sequences of polynomials 


In [84], the author defined a generalized Sheffer-type polynomial sequences as 
follows. 
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Definition 5.2.1 Let g(t), U(t), and f(t) be any formal power series over 
the real number field R or complex number field C with g(0) = 1, U(0) = 1, 
f(0) =0, and f'(0) £0. Then the polynomials u,(x) (n = 0,1,2,---) defined 
by the generating function 


g(t)U (af (t)) = > un (x)t” (5.108) 


n>0 


are called the generalized Sheffer-type polynomials associated with (g(t), 
f(t))uq@y. Accordingly, Un(D) with D = d/dt is called Sheffer-type differential 
operator of degree n associated with (g(t), f(t))ua)- Particularly, uo(D) = I 
is the identity operator due to uo(x) = 1. 


The author [85] shows that for every U(t) there exists a one-to-one cor- 
respondence between (g(t), f(¢)) and (un(x))n>o0, and the collection Py of all 
polynomial sequences (Un(x))n>0 with respect to V(t) = D739 ant”, defined 


by (5.108), forms a group (Pu, #) under the operation #, defined by 


{Pn(2)}H{an(2)} = {rn (2) = > taet® i tne = > Pnede,s/ae,n > Rj, 
k=0 l=k 
which is isomorphic to the Riordan group. Hence, for different power series 
U(t) and V(t), groups (Pu, #) and (Py, #), defined by (5.108) associated with 
U(t) and V(t), respectively, are isomorphic. 
Let c = (co, C1, ¢€2,---) be a sequence satisfying co = 1 and cy > 0 for all 
k = 1,2,.... We call the element A € F with the form A(z) = }°,55 = a 
generalized power series associated with (cn)n>0 or, simply, a (c)-GPS, where 
F is the GPS set associated with (Cn)n>o. In [76], a (c)-Riordan array gen- 
erated by g(t) € Fo and f(t) € F1 with respect to A(x) and (cn)n>0 is an 
infinite complex matrix (dp,4)o<k<n, Whose bivariate generating function has 
the form i 
YS dng ot = a(t)o(oF(0). (5.109) 
n,k>0 ue 
Hence, we denote (dn) = (g(t), f(t)). Particularly, if f’(0) A 0, the cor- 
responding Riordan array is called a proper Riordan array. Otherwise, it is 
called an improper Riordan array. 
Furthermore, if c, = 1 (k =0,1,2,...), then the corresponding series g(t) 
and f(t) are ordinary power series. Hence, expression (5.109) is written as 


a g(t) 
aa ~ 1—af(t)’ (5.110) 


356 Methods for the Summation of Series 


which defines the classical Riordan array, called (1)-Riordan array. If c, = k! 
(k = 0,1,2,...), ie., the corresponding series g(t) and f(t) are exponential 
power series, then expression (5.109) is written as 


> a aaa = g(t)e"F™, (5.111) 


n,k>0 


which defines the Sheffer-type (or exponential) Riordan array. If co = 1 and 
Ch =k (k =1,2,...), then the corresponding series g(t) and f(t) are Dirichlet 
series. Hence, expression (5.109) is written as 


doo+ S- ding = g(t) (1—In(1 — zf(t))), (5.112) 


1<k<n 


which is called the Dirichlet Riordan series. The improper Riordan arrays 
derived from the bivariate generating function g(t) In(1/(1 — xf(t)) is worth 
being investigated. 

In the above definitions, the (n, k) entry of (c)-Riordan array (dy,x) is 


n k j 
ann = |=] QZ = priors), 2Q==, 6.113) 
Cn Ck Cj 
for all 0 < k < n, and d,, = 0 otherwise. Obviously, we have dj, = 
[eo (F(E))* and dnx = [t?]g()(f())*/n!, 0 < k < n, for the classical 
(1)—Riordan arrays and the Sheffer-type Riordan arrays, respectively, and 
dn. = [t"/n]g(t)(f(t))*/n (1 < k < n) for the Dirichlet Riordan arrays. 

Notation [t”/cn] f(t) was introduced by Knuth [145] in 1993. 

Gould and the author [76] considered the characterization of (c)-Riordan 
arrays by means of the A- and Z-sequences. They also showed a one-to-one 
correspondence between Gegenbauer-Humbert-type polynomial sequences and 
the set of (c)-Riordan arrays, which generates the sequence characterization 
of Gegenbauer-Humbert-type polynomial sequences. 

In this subsection, we will consider the (c)- extension of Riordan arrays, 
the change of the basic sequence, and the algebraic structure of the Riordan 
group. Here a basic sequence is an extension of polynomial sequence (p,,(t) = 
t"/Cn)n>o0 defined below. As an application, we will give a new method to 
construct convolution-type identities using the extended Riordan arrays. 

Given a polynomial p(t) in t of degree n, we may denote deg p(t) = n. If 
f(t) is a formal power series in F,,,, then its lowest order (i.e., exponent) is m, 
which is denoted by ord f(t) = m. Particularly, the case ord f(t) = 1 means 
that f(t) € Fi, a delta series. We need the following definitions (cf.[21]). 


Definition 5.2.2 A sequence of polynomials (pn(t))n>o0 ts called a normal 
sequence, if po(t) =0 and deg p,(t) =n (n> 1). 
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Definition 5.2.3 (pn(t))n>o0 is said to be a basic sequence of polynomials if 
it is a normal sequences and every formal power series f(t) can be written 
uniquely as 


f(t) = > On Da (t), 
n=0 


in terms of {pn(t)} and real or complex coefficients {an }n>0, in the sense that 
f(t) =0 implies all coefficients a, =0,n=0,1,.... 


Note that a normal sequences may not be a basic sequence. The simple 
example is given by 


qo(t) = 1,q1(t) = —-t, Qn(t) = t"7"/(n — 1)! — t"/n! (n > 2). 


Clearly, {qn(t)} is a normal sequence, but it is not a basic sequence since 
f(t) = 1 has two representations: 


F(t) = qo(t) and f(t) = got) + 55 an(2). 


Also, it is known that {t”} and {(t¢)n} are the simplest basic sequences of 
polynomials, where (t), are the falling factorial polynomials: 


(t)o =1,()n =t(t— 1) (E-n 41) forn>1. 


Similarly, we have basic sequences {t"/c,} and {(t)n/cen}, where c, 4 0. 
Particularly, if c, = 1, n!, and n, the corresponding basic sequences are called 
the classical, Sheffer-type, and Dirichlet-type basic sequences. For example, 
the {pn(t) = t”/cn} defined by (5.110)—(5.112) with # = 1 are classical, 
Sheffer-type, and Dirichlet-type basic sequences, respectively. 

We shall show that a basic sequence is an infinite linearly independent 
normal sequence based on the following definition of the infinite linearly in- 
dependent sequence. 


Definition 5.2.4 Let (fn(t))n>o0 be a function sequence defined on a region Q 
in R or C with its every finite subsequence being linearly independent on Q, or 
equivalently, for every finite subset N C No, (fn(t))nen ts linearly independent 
on Q. We say (fn(t))n>0 is infinite linearly independent on Q, if every series 
nso Infn(t) vanishing on Q has zero partial sum sequence, or equivalently, 
noo Indn(t) = 0 implies its partial sum sequence (8n(t) = po Yk fk (t))n>0 
is a zero sequence at every point t € Q. 


Roughly speaking, an infinite function sequence is said to be linearly inde- 
pendent if its zero linear combination implies its every partial sum is identi- 
cally zero. Or equivalently, an infinite function sequence is linearly dependent 
if there exists a vanishing linear combination of the sequence that has a non- 
vanishing partial sum. Thus, the sequence {1,t, ¢? — t,t? — ¢?,...} is linearly 
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dependent, while both sequences {1,t/c1, t?/c2, t3/c3,...}, Cn = 1, n! and n, 
respectively, are linearly independent. If c, = 1, then the corresponding ba- 
sic sequence is called the standard basic sequence, which is also a standard 
normal polynomial sequence. 


Proposition 5.2.5 A normal polynomial sequence defined in Definition 5.2.2 
is a basic sequence if and only if it is linearly independent. 


Proof. Let (pn(t))n>0 be a normal polynomial sequence. Then any for- 
mal power series can be written as a linear combination of (p,(t) = 
ee Qn,jt) )n>0, Where Qn, # 0. More precisely, in a formal power series 
f(t) = SSaso fnt", we may take a transformation of the standard normal 
polynomial sequence (t”)n>o0 to an arbitrary normal polynomial sequence 
(Pn(t))n>0- First, we have t = pi(t)/ar,1. Assume that t’ = )%_, 6i,5p;(t) 
for alll <i<k-—1. Then, 


fl , ee 
t® = ——p x(t) - — Jo agit! 
Qk,k (t) Qk, k 2 


1 i i 
7 Pet) — FD ksi i,j Dg (t 
Qk,k He) Qk, k 3 e Di jpj(t) 


k-1 


= —pilt) - = : Bae Yon Pj (t). 


Ak,k k oq 


Hence we have proved that the transform t” > {px(t)}i<k<n holds by using 
the mathematical induction. Therefore, any formal power series can be written 
as a linear expression in terms of {p,(t) = we Qn,jt?}. We should note that 
the expression may not be unique. 

If (pn(t))n>0 is not a basic sequence, i.e., there exists a formal power 
series f(t) defined on 2 C R (or C) has two different linear sums in terms of 


(Pn (t))n>0 , Say 


= anpalt) f(t) = >— bapalt) 


n>0 n>0 


and assume no is the first subindex such that an, 4 bp,, then the vanishing 
series )>,s9(dn — bn)Pn(t) has a partial sum sp, = p29 (ak — be)pR(t) not 
being identically zero on 2. because an, 4 bn,. Thus, (pr(t))n>0 is not linearly 
independent from the definition. 

Conversely, if (pn (t))n>0 defined on 2 C R is not an infinite linearly inde- 
pendent sequence, then there exists a vanishing series in terms of (p,,(t))n>0, 
denoted by S05 )4npPn(t) = 0, such that it has a partial sum s,,. = 
Yo Gxpe(t) not being zero at some point to € 2. Hence, there exists at least 
one non-zero coefficient a,, in the partial sum s,,,. If a formal power series 
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f(t) is a linear sum in terms of (pp (t))n>0 shown as f(t) = 57,39 OnPn(t), then 
noo (an + bn)Pn(t) is also a linear expression of f(t) in terms of (pn (t))n>0- 
Therefore, we have 


f(t) = SS bnPn(t) = aC =F bn)Pn(t), 


n>0 n>0 


which implies that f(t) has two different linear expressions in terms of 
(Pn(t))n>o0 because of bpg A Any + Bno- 


a 

From Proposition 5.2.5, we know that {1,t,¢? — t,t? — t?,...} is not a 

basic sequence while {1,t/c1, t?/c2, t?/c3,...} with c, = n! and n are basic 
sequences. 


Remark 5.2.6 Definition 5.2.3 states that a normal polynomial sequence is 
a basic sequence if every formal power series f(t) = 0,59 fnt” can be written 
as a unique linear sum in terms of (pn(t))n>0° 


{= >— Gop), (5.114) 


n>0 


or equivalently, the above coefficient set {ay} is the unique solution set of the 
system of the linear equations 


a= fo > Gitte =f nel, (5.115) 


i>n 


which is called the characterization system for f(t) associated with (pn(t))n>0- 
In the proof of Proposition 5.2.5, we have shown that every formal power series 
can be written as a linear sum as shown in (5.114). Thus, system (5.115) 
is always solvable provided that (pn(t))n>0 is a normal polynomial sequence. 
The following example shows the solution may not be unique: For (pp(t) = 
t”? —t”~1),>1 and po(t) =1, system (5.115) becomes 


ao = fo, An — An+1 = fr; n= 1, 


which has infinitely many solutions. Thus a normal polynomial sequence is a 
basic sequence can be characterized as follows. 


Proposition 5.2.7 A normal polynomial sequence (pn(t))n>0 1s a basic se- 
quence if for every formal power series, the characterization system associated 
with (pn(t))n>0 has a unique solution set. 


Next are three useful type of basic sequences of polynomials frequently 
used in the book. 


(i) {pn (t) = t"/en : co = 1, en #0,n > 1} (cf. also [85]). 
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(ii) {pn(t) = (t)n/en + co = 1,en £ 0,n > 1} including a special case 


{Pn(t) = (E)n/n! = Chest 


(iii) Note that both t”/n! and : are the simplest Sheffer-type poly- 


nomials. Certainly every special kind of Sheffer-type polynomial 
sequence (pn(t))n>0 could be used as a basic sequence. 


In subsection 5.2.3, we will present a method (and an algorithm) to find more 
basic sequences based on Proposition 5.2.7. 

We now define the generalized Riordan arrays with respect to basic se- 
quences and prove the set of those arrays with a basic sequence forms a group, 
called the Riordan group with respect to the basic sequence. We will also 
show some subgroups of the Riordan group. Different Riordan groups with 
respect to several different basic sequences are given. And the isomorphism 
between the Riordan group and the Sheffer group with the same basic se- 
quence and the isomorphism between two Riordan groups with different basic 
sequences are also shown. In next subsection, we shall construct a general class 
of convolution-type identities using the formal expressions of entire functions 
in terms of the Sheffer-type polynomials and the generalized Riordan arrays 
(cf. [103, 105]),. Three different classes identities with respect to three differ- 
ent type basic sequences as well as the corresponding algorithms are given. A 
general method to identify basic sequences will also be given in next subsec- 
tion. Finally, we present Abel type identities using the generalized Riordan 
arrays in Subsection 5.2.3. 

Given a normal basic sequence of polynomials (p,,(t))n>o0 with po(t) = 1 
and deg p(t) = n (n > 1). Let g(t) € Fo and f(t) € Fy. Consequently, 
g(t) has reciprocal g(t)~+ and f(t) has compositional inverse f(t). Especially 
noteworthy is that g(t)p.(f(t)) is a formal power series so that it can be 
expressed uniquely as linear sums in terms of p,,(t)’s with coefficients dyx, 


viz., 


g(t)pe(f(t)) = Do dn,xPn(t). 
n=0 


Thus, based on this relation we may write, upon using of the extracting- 
coefficient operator [p,,(t)], by 


nk = [Pn(t)]g(t)pe (F(t), (5.116) 


where n, k € No, the set of non-negative integers. A combination of these facts 
allows us to introduce 


Definition 5.2.8 The matrix (dn.,) defined in (5.116) is said to be a gener- 
alized Riordan array with respect to the basic sequence (pn(t))n>o0- Following 
Shapiro—Getu-Woan—Woodson [196], we write it by 


(dn,z) = (g(t), F(t). 
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Although we use the same notation for the generalized Riordan arrays 


(dn,~) and the classical Riordan arrays (d,,;,), the entries are usually different, 


where d,,,j, is defined by (5.116), while dn. = [t”]g(t)(f(t))*. Let (pn (t))n>o 
be a basic sequence, where po(t) = 1 and p,(t) = pee ax, jt? (an; # 0, 
k > 1). From (5.116) we obtain a relationship between d,, and yi? 


k n k 


tng = IIo) ana FOP =o dy. 6.117) 


Remark 5.2.9 Some coefficients apj;, 1 < 7 < k—1, may be vanishing 


in pr(t) = an ax,jt?. If it happens, then the corresponding terms in the 


expression (5.117) are also missing. However, we emphasize that az, (k > 0) 
never be zero. 


As may be expected, two arbitrary Riordan matrices, (dn,~) = (g(t), f(t)) 
and (Cn,~) = (f(t), 9(t)), 9(t), F() € Fo and f(t), g(t) € Fi, of such sort can 
also carry out the usual matrix multiplications. To make this effect, let us 
denote 


co 
En k = S- dnd, ks (n, k) Ee Nx N, 
A=0 
where €,,,, may be real or complex numbers. Particularly, we denote €,,,, = 00 
in case | par ds, Oi | diverges to +oo. 


Theorem 5.2.10 Let (dn...) = (d(t),h(t)) and (cnn) = (g(t), f(t)) be two 
generalized Riordan arrays with respect to the basic sequence (pn(t))n>o0, where 
d(t), g(t) € Fo and h(t), f(t) € Fi. There holds the matrix multiplication 


(dn,k)(Cn,k) =? (n,n) = (a(t) g(A(E)), FACE), (5.118) 


or equivalently, 


(d(t), h(t)) (g(t), F(t) = (Ene) = (alto (h(E), F(A(t))). (5.119) 


Proof. The formal proof is entirely similar to that for the ordinary Riordan 
matrices. In order to justify the relation (5.118) formally, we make the re- 
placement t > A(t) in en.x = [Pn(t)]g(t)px(f(t)) so that we have 


g(h(t))pe(F (h(t) = Do cr,npa(h(t)). (5.120) 
A=0 
It is worthy of note that both the left-hand side of (5.120) and p)(h(t)) are 


formal power series, and d(t)g(h(t))|z-0 = d(0)g(0) = 1, f(A(t)) [20 = f(0) = 


0 and (f(h(t))) leo = (4) f(h()|t=0 = f (0) (0) = 1. Thus, in view of 
(5.120) we may compute 


[pn (t)] a(t) 9(A(t) pe (F (R(t) = [pn (t)]4t) DO cr,npr(h(t)) 
A=0 
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= old C),k 3 dm, Pmt = [pn(t yl iD Dm(t > imaera) 
A=0 


m=0 m=0 


3 dn, ©d,k = En,k- 


A=0 


This shows that 
(En,n) = (d(t)g(A(t)), F(A(E))). 


Hence the theorem is verified. 


| 
As usual, we have the inverse for the matrix (g(t), f(t)) : 
-1_ 1 z 
(a), £00) = (Ta Fe). (5.121) 


Indeed 


Lo ogy) _ g(t) = _ 

(al). 00). Ft) = (AE. se7t)) = 0) 

Here (1, ¢) denotes the unit matrix (6,,;) = diag(1,1,1,---), since for the case 
g(t) = 1, f(t) =t, we have 


dn. = [Pn(t)]pa(t) = One, (dn,&) = (On,4)- 


Moreover, the associative law for the matrix multiplication rule as given by 
(5.119) can also be confirmed without any difficulty. Thus for given basic 
sequence (pn(t))n>o0 of polynomials, all matrices (g(t), f(t)) formed by formal 
power series g(t) and f(t) satisfying those conditions mentioned previously 
just yields a group with the multiplication as shown in (5.119), in which the 
inverse and the unit are given by (5.121) and (1, ¢), respectively. 

All these can be summarized by 


Proposition 5.2.11 All the matrices (dy..) = (g(t), f(t)) associated with a 
given basic sequence (pn(t))n>o and with dn, being defined by (5.116) form 
a generalized Riordan group, denoted by R, associated with (pn(t))n>0 with 
respect to the multiplication as given by (5.119), and with the inverse ele- 
ment (dn,~) 1 and the unit element being given by (5.121) and (1,t) = (6n,x), 
respectively. 


Particular two subgroups of R are important and have been considered in 
the this section: 


e the set A of Appell arrays, that is the (c)-Riordan arrays R = (g(t), f(#)) for 
which f(t) = ¢; it is an invariant subgroup and is isomorphic to the group 
Fo with the usual product as the group operation; 
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e the set L of Lagrange arrays, that is the (c)-Riordan arrays R = (g(t), f(t)) 
for which g(t) = 1; it is also called the associated subgroup; it is isomorphic 
with the group F; with composition as the group operation; 


Next are three useful cases of Riordan groups associated with three type 
of basic sequences of polynomials given before. 


(i) Ifthe basic sequence (p,(t))n>0 is taken to be {t”/c,}, where cp = 1 
and c, # 0 for all n > 1, then we get the (c)- Riordan matrices and 
generalized Riordan group (cf. [85]). 


(ii) If the basic sequence (p,(t))n>o0 is taken to be {(t)n/cn}, where 
co = 1 and c, 4 O for all n > 1, which includes the special case 


{()n/n! = (‘) }, then we get a new type of Riordan group, which 


will be discussed later. 


(iii) Note that both t”/n! and : are the simplest Sheffer-type poly- 


nomials. Certainly, every special kind of Sheffer-type polynomial 
sequence (p,(t))n>0 can be used as a basic sequence, thereby pro- 
ducing a kind of Riordan groups related to Sheffer-type polynomial 
sequences. 


Remark 5.2.12 Analog to the isomorphic property of the generalized Sheffer- 
type polynomial groups (cf. [85]), we have an isomorphic property for our 
generalized Riordan groups. Let P = (pn(t))n>0 and Q = (qn(t))n>0 be two 
distinct basic sequences of polynomials, and let Gp and Gg be the generalized 
Riordan groups associated with P and Q, respectively. Then it can be shown 
that Gp and Gg are isomorphic in the sense that a one-to-one correspondence 
can be established between the elements of Gp and Gg. 

More precisely, let (dn.x)p = (d(t),h(t))p and (enxn)p = (g(t), f(t))p 
be two generalized Riordan arrays with respect to the basic sequence P = 
(Pn(t))n>o0, where d(t), g(t) € Fo and hit), f(t) € F1. From Theorem 5.2.10, 
we have their product 


(én,n)P = (a(t), A) p - (9(t), FO) ep = (dg (h(t), F(A(E))) P- 
(t 


Similarly, (d(t), h(t), (gt), fe, and (d(t)g(h(t)), f(A()))q@ denote the 
corresponding elements of Gg associated with Q = (dn)n>0, where 


(d(t),h(t))e =(dhade with dy, = [dn(t)]d(t)ax(A(t)), etc. Then Gp and Ga 
are isomorphic under the one-to-one correspondence relations (d(t),h(t))p o 


(d(t), h(t))a, (g(t), F(t) p + (g(t), F(t))@, which imply 
(d(t), h(t) pla(t), FO) + (dt), h(@))a(g®) F(t))e 
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Note the unit element (1,t) is common to both Gp and Gg. Consequently, all 
the generalized Riordan groups are isomorphic to the ordinary Riordan group 
with {t"/n!}. However, concrete structures and analytic and combinatorial im- 
plications between different groups are different. More details and applications 
demonstrating the differences are worthy of further study. 


5.2.2. A general class of convolution-type identities 


In order to secure convergence in power series expansions, throughout this sub- 
section, a(t), (t), d(t) and w(t) might be assumed to be real entire functions 
having power series expansions in R. We may also assume ¢(t), w(t) € Fi 
so that both ¢(t) and 7(t) are compositionally invertible functions. Hence 
w(@(t)) is also an entire function in F,. In addition, some weak conditions 
for the convergence can be found by using the similar arguments as shown in 
previous contents (cf. also [102, 104] and [107]). 

Let (Pn(t))n>0 be a basic sequence of polynomials with real coefficients, 
and let a(0) = 6(0) = 1. Then parallel to (5.116), we define 


dnk = [pn(t)]o(t)pe((t)) 
Crk = [pn(t)]B(t)pe(v(t)) 
By Theorem 5.2.10 we have 


(a(t), (t))(B(4), P(t) = (a(t) B(O(4)), Y(G)). (5.122) 
This implies 


Theorem 5.2.13 (Vandermonde-type convolution formula) With all the 
same assumptions as above, we have 


do (Pnlad)pa($))) (a Q)13 (px (b(@))) 


A>0 
= [pn(t)]o(t)B(O(t) pe (Y(G(t))). (5.123) 


Remark 5.2.14 Let (a(t), d(t)) and (G(t), w(t)) be the generalized Riordan 
arrays with respect to a basic sequence (Pn(t))n>o0- In (5.122), if W(o(t)) = 
o(w(t)) =t and a(t) = 1/8(d(t)), then a pair of inverse matrices, (a(t), d(t)) 
and (G(t), w(t)), with respect to the basic sequence (pn(t))n>0 is defined. Fol- 
lowing Definition 5.2.8, we denote (a(t), (t)) and its inverse by (dn) and 
(€n,n), respectively. Then a pair of inverse matrices (dn.~) and (en,~) can be 
used to generalize the combinatorial inversion 

Tn = oe dn kGk > In = a Cn klk; (5.124) 


k=0 k=0 


or equivalently, 
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where F(t) and G(t) are the generating functions of the sequences (fn) and 
(gn), respectively. The inverting combinatorial sums by means of Riordan ar- 
rays was introduced and discussed in [105] by He, Hsu, and Shiue. This prob- 
lem was also studied by Merlini, Sprugnoli, and Verri in [162]. It is easy to 
See 


(dn,k)* = (g(t), F(t)" = (G(t), FD) = (€n,), (5.125) 


| 

g(t) = PTO (5.126) 
As an example, for the Pascal triangle (g(t), f(t)) = (A/(1 — t),t/(1 — t)) = 
((Z)) from (5.126) there holds 


Cat), 70) = (eq) = (Cr). 


which yields the well known binomial inversion (cf. Subsection 5.1.4) 


where 


n n 


n= (j,) Gn = > (-1)"* &@ fre 


k=0 k=0 
Another example can be found in Catalan matrix (C(t), tC(t)) = (di, ,), where 


1—-v1-4t 


C= 2t 


and the entries of the Catalan matrix are (cf., for example, [42, 86, 151, 193]) 


k+1/2n-—k 
de 5 = won == ==( n 


i; O<k<n. 
n+1 


It is easy to find 
(C(t), tC(é))~* = (1-4, t(1- 4) = (ene), 


where the matrix entries are 


: [k+l 
a = (er]e* (1 — ier — (~1y* (; a O0<k<n. 


Thus we have the sum inversion 


nm 


k+ n—k ” k 
es yee’ ij ) an a =e (FT) 


k=0 k=0 


Remark 5.2.15 It may be shown that (5.123) is a valid finite convolution- 
type identity for the case where a(t), B(t), d(t), and W(t) are arbitrary poly- 
nomials. This is not a particular case of Theorem 5.2.13, but can be proved 
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similarly. Let a(t) and $(t) be arbitrary polynomials. Especially noteworthy is 
that a(t)p,(@(t)) is @ polynomial so that it can be expressed uniquely as linear 
sums in terms of py(t)'s with coefficients dy.,, viz., 


a(t)pe(O(t)) = 0 dn.wpn(t)- 
n=0 


Thus, based on this relation we may write, upon using of the extracting- 
coefficient operator [pp(t)], by 


dn. = [Pn(t)]a(t)pr(e@)), 


where n,k € J, J C No. We denote the matrix (dn.~) by (a(t), d(t)). For 
arbitrary polynomials 3(t) and w(t), we may define 


Cnik = [ n(t)] 3 (t)pe (w(E)) 


and denote (cnx) = (G(t), W(t), where n,k € J. Thus there holds matrix 
multiplication 


(a(t), 64) (6H), ¥®) = (eB), HO), 


which implies a finite convolution-type identity (5.123), in which there is no 
infinite summation involved. 


Before proceeding to applications of (5.123), we need Theorem 3.7 of Hsu, 
Shiue and the author [103] represented as follows. 


Lemma 5.2.16 Let f(t) be an entire function. Then we have a formal ex- 
pansion of f(t) in terms of a sequence of Sheffer-type polynomial sequence 
(Pn(t))n>0, namely 


f(t) = > ax pet), (5.127) 
k>0 
where 
O, = Ag(D)/(0),D = ©, (5.128) 
A,y(D) = y Fo*(n, k)D", (5.129) 
n>k ~ 
, é] 1 (h*(@))* 
o*(n,k) = Fleercon (5.130) 
and 
p(t) = [r"]9(7) exp(éf(r)) (5.131) 


is derived from the definition g(r) exp(tf(7)) = Dee pp(t)t®. 


Extension Methods 367 


Applying Lemma 5.2.16 to (5.123) leads us to the following corollary. 


Corollary 5.2.17 Let the differential operator Ay,(D) be defined by (5.129), 
(5.180), and (5.131), where A(t) and g(t) satisfies the conditions A(0) = 
1,ordg(t) =1. Then there holds the general convolution formula of the form 


do An(D)(a(#)pa(@(t))) ap Aa(P) (BOP) so 


ADO 
= An(D)(a(t)8(b(t)) px (h(G(E)) )t=0- (5.132) 


In fact, all the functions appearing in (5.132) are entire functions so that 
differential operators can apply. However, a practical application of formula 
(5.132) would seem quite complicated. 

The key to construct convolution formulas using (5.132) is to find the 
basic sequences with respect to corresponding operators A,, similar to those 
defined by Lemma 5.2.16. More precisely, we call A = (An)n>0 a sequence 
of the function-to-sequence operators if there exist A, : f 9 dy (n > 0) 
mapping every real entire function f(t) to a real number sequence (Gn)n>0 
with the property that the particular case f(t) = 0 leads to the zero-sequence 
(Gn = 0)n>o0- Given a simple normal polynomial sequence (p,,(t))n>0, Suppose 
that there is a function-to-sequence operator sequence (A,,)n>o0 that makes 
every real entire function f(t) expressible formally or analytically in the form 


_ S- AnPn (t) 


n>0 


where the sequence (an )n>o is determined from f(t) via A,,. Then from Propo- 
sition 5.2.7 (pn(t))n>0 is a basic sequence, called a basic sequence for entire 
functions with respect to the operator sequence A = (An)n>o0- 

Here are some examples of basic sequences with respect to some function- 
to-sequence operators. 


Example 5.2.18 Generally, every Sheffer-type polynomial sequence 
(Pn(t))n>0 18 @ basic sequence with respect to A(D) = (An(D))n>0 defined 
by (5.129). Let the Sheffer-type sequence (pn(t))n>o0 be given by (g(z), f(z)) 


as 
g(z)exp(tf(z)) = >> pn(t)z 


n>0 
Let g(z) and f(z) have convergence radii p; and pz, respectively, and let 
p=min{p1,p2}. Then the absolute convergence of )>,,39 Pn(t)z” with |z| < p 
implies the convergence of >) .594nPn(t) with Timnsoo|an|'/" < p. Accord- 
ingly, for the basic sequence (pn(t))n>o0 with respect to the operator A(D) we 
see that the expression 
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is an absolutely convergent expansion for every entire function h(t) satisfying 
the condition 
Timy+o0 |An(D)h(0)|*/" < p. 


Example 5.2.19 Bernoulli polynomial sequence (Bn(t)/n!)n>0 and Euler 
polynomial sequence (E,/n!)n>0 are basic sequences for entire functions with 
respect to the operators A(D) = (AD"~')n>0 and A(D) = (MD")n>0 acting 
to h(t) att =0, respectively so that there hold formal expressions 


h(t) =) | (AD"*h(0)) Bult) and h(t) = > (MD"A(0)) = a 


n>0 : n>0 


where Mh(t) = (h(t) + h(t + 1))/2. Particularly, the above expressions are 
convergent analytic expressions in case h(t) are taken to be entire functions 
satisfying the following conditions, respectively: 


Titin-s00 |AD"~1h(0)|"/" < 2m, Tita soo |MD"h(0)|/" <a. 


These follow from the following generating functions, respectively, 


(a) = Pe team, 


(=) = Ful) on (z| <7). 


n>=0 


In the rest of this subsection, we consider in detail the convolution formulas 
constructed by using the following basic sequences. 


(i 
(ii) pr(t) = (t)n/n!; 
t 


) ) 

) ) 
(iii) Pn(t) = Al /nl, where tl"! = ¢ (t + 3 a ae 

iv) ) 
h 


= B,,(t)/n!, where B,,(t) is the nth order Bernoulli polynomial 
e first kind; 


(v) pn(t) = E,(t), where F,,(t) is the nth order Euler polynomial; 
(vi) pn(t) = €,(t), where €,(t) is the nth order Boole’s polynomial; 
(vii) p(t) = pr(t, x) :=t(t —nx)"—1/n! (n > 1) and po(t) = po(t, rz) = 1 


for fixed x, where p,,(t) is the nth order Appel polynomial. 


For (i), the Maclaurin expansion 


a(t) = Sn (0) = So D*AO)Palt) 


n>0 n>0 
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shows that A,,(D) = D”. Consequently, we get the convolution formula 


XP (ooe) P(e), 


(5.133) 


where the index 0 in the above equation means the corresponding functions 
take their values at t = 0. 

For Lagrange arrays (a(t), d(t)) and (A(t), w(t), iLe., a(t) = B(t) = 1, we 
have the following lemma to evaluate the high order derivatives in (5.133). 


Proposition 5.2.20 Let f(t) € F, with compositional inverse f(t). Then 
Dr (pr = (n— 1)!k[u"-*] ( —— 5.134 
(F()) ag = (n— talw*] (2) (5.134) 
foradln>k>0. 


Proof. First, for py(t) = t"/n! and h(t) € F we observe the nth coefficient of 
Maclaurin expansion of 


t) = 37 D¥A(O)px(?) 


k>0 


can be written as 
D°R(0) = [palt)|h@). 


Let h(u) = u* and u= f(t). Then 
DWF H))lizo = Pall h(F()) = rte" RF). 


Using the Lagrange inversion formula (4.179) (cf. also Theorem 5.1 in [216]) 
and noting the compositional inverse of u = f(t) satisfies u = ut/f(u) with 
u/f(u) € Fo, we can write the last equation as 


D°A(F (tno = D"F*Olpcg = MEAT) 


= nl=[u"!]D Dp nu) (Fe .) 


ime) 


which implies (5.134). 
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Corollary 5.2.21 Let f(t) € Fi, and let g(t) € Fo be the generating function 
of sequence {gn}n>o-. Then 


n L 
D” (g(t) f*( = kn Get tut (4 ) 5.135 
(9 (t) f° (E Vile. 0 Me ome L lw] f(u) ( ) 
for dln >k>0. 


Proof. Noting f(t) € F1, from the Leibniz formula 
D"(a(t)9(0) =D (7) Dato" 
é=0 


and formula (5.134) we have 


DOF Oo= (7) Pay PPO 


é=max{k,1} 


s x (1) (2 = Oona = Deut (44): 


é=max{k,1} 
which implies (5.135). 
Oo 
Denote the compositional inverses of ¢(t), u(t), and (io) (t) by A(t), H(t), 
and (70 ¢)(t), respectively. Using Proposition 5.2.20, we can immediately 
write Identity (5.133) as 


> (« ~ (aan) ) (14 (35) | =e" (ao) 


(5.136) 


for a(t) = 6(t) =1. 
Let a(t), 8(t) € Fo with a(t)3(t) 4 1 and ¢(t), Y(t) € Fi. Using Corollary 
5.2.21, we can modify Identity (5.133) as 


ee 5: = ([t"-“Ja(t)) (wn (st5) ) 
A=0 \ ¢=max{A,1} f p(w) 


; | 
1 yi wink) (—*_’ 
(5 de a(t) ( IC ) 


n 


= Yo Fle owmaco~) (we 


€=max{k,1} 


oS 
_— 
fo) 
Ol] 
bad 
ae 
So 
Ss 
ee 
o— 
on 
an 
w 
“I 
~~ 


foraln>k>0. 


Extension Methods 371 


As an application of identity (5.137), if a(t) = G(t) = 1/(1 — tt), and 
o(t) = w(t) = t/(1 — t), then a(t)8(d(t)) = 1/(1 — 2t). Similarly, there holds 


identity 
n n 1 0 Xr 1 j 
2 d 5, ; 2 ey) 
A=k é=max{A,1} j=max{k,1} 
“ if 2 
gn—k = . ; 
~ 3 (, ‘ , (5.138) 


é=max{k,1} 
For the basic sequence (ii), the Newton series 
FH) = DTA" FO)—F = DAF Opalt) 
n>0 n>0 


implies that A,(D) = A”. Consequently, we obtain the convolution formula 


x a(wo(")) 2°00), 


_ ee v(t) 
= ar(acparoe) (MG) ) (5.139) 
among which the particular case with a(t) = 6(t) = 1 seems more interesting, 
since 
n( P)\ vr. (el) v(9(t)) 
A A =A" ; 5.140 
aes he aes 


This is actually a “deep generalization” of the Vandermonde convolution for- 
mula. Indeed, let k > n and take ¢(t) =t+a and (t) =t+0. It follows from 
Remark 5.2.15 that 


ee eT) = Blvd) 
= as (5.141) 


The last equality gives 


x ie ae = ta) (5.142) 


For the basic sequence (iii), the Newton series in terms of central difference 


[n] 
AO) = TOM FO = Tora, 
n20 n>0 
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where 6f(t) = f(t + (1/2)) — f(t — (1/2)), implies that A,,(D) = 6”. Conse- 


quently, noting 
t t+3-1 
n(t) = "I /n! = 2 
p(t) =t"l/n a ( ) 


we obtain the convolution formula 


x fae A - Cozi k )), 
_ jaf LOBOMWOO) (YOM) + 3-1 

al HOO) —F ( )), ia 
where 26(0),2(0), 2W(¢(0)) ¢ No, among which the particular case with 
a(t) = B(t) = 1 yields 


Seam) Pm), 


= 6” Geos ae 2 yr (5.144) 


Taking g(t) = t+a and w(t) = t+), 2a,2b,2(a + b) € No, we obtain the 
convolution formula 


re t+a ee) m( t+b (presi) 
tta—4 A o \t+o-& k 5 


ADO 


ae k_ 
- n( t+a+t+b (' at+b+s ')) (5.145) 
0 


tta+b—4 k 


for k > n, or equivalently, 


3 ab ieee ye ‘) 

oy Oe Oe) A-n k—2X 
a+b a+b+5"-1 

a+b—4* k—n 


(5.146) 


for all k > n due to d*pp(t) = pn—z(t). 


For the basic sequence (iv), using the property of Bernoulli polynomials 
(cf. [44]) we have the following series expansion 


£0 = DFO) — f-P) BY = DFO 


n>0 , n>0 


Br(t) 


n! 


where 


[D-'f()|4 = i, f(t)at. 
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Consequently, we obtain the convolution formula 


> [pes BOON) pas Bo)! _ [on Baton) son 


where we may assume n > 2. 
For the basic sequence (v), we apply the property of Euler polynomials 
(cf. [44]) to have the following series expansion 


fH=>0 5(F(1) + f (0))En(t) = SUIMD" f(O)]En(t), 


n>0 n>0 


where M f(t) = (f(t) + f(t + 1))/2. Consequently, we obtain the convolution 
formula 


S- [aex(o(o)| 


ADO 


[arex(o(o)] = [mor ew(ore))] » 6.148) 


0 0 0 


where we assume n > 2. 
For the basic sequence (vi), similar to (iv) and (v), from the property of 
Boole’s polynomials (cf. [44]) we have the series expansion 


F(0) = FANE) + ANFOEnl#) = DIMA" FOE). 


n>0 n>0 


Thus there holds the convolution formula 


¥ [arareoroy] [ararecoro)| 


AD>0 


Z [arare.w(oce))| | (5.149) 


0 0 


where we assume n > 2. 
Finally, for the basic sequence (vii), from Theorem C on page 130 of [44] 


there holds 
fy=)> f° @ap.ho) 
n>0 
for all f € F, where f“) is the kth derivative of f and x is fixed. If x = 0, 


then the above expansion is the ordinary (formal) Taylor formula. Noting 


[pn(é)] f(t) = [pn l(t, 2)] fd) = fF (ne), 


from Vandermonde-type convolution formula (5.123) in Theorem 5.2.13, we 
find out 


Dd. Di (alt)pa(O)) lene Dé (B(E)Pe(YO))) lene 


AD>0 


= D? (a(t) B(O(t) pr YOO) iene - (5.150) 
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Remark 5.2.22 Clearly, (5.122) subject to (5.128) reduces to finite summa- 
tions whenever W(t) is polynomial. The final result is: 


Ea (#0) iz (HO) ae ($1600) Ress 


Remark 5.2.23 The Lagrange inversion formula (4.175) (cf. also Theorem 
A of [44]) guarantees the relation 


ESP = oS (0) ar*(ae) 


suggesting that for the case g(t) = 1, (5.130) may be reformulated in the form 


inn) = [EEO 


nl| kl 
- (2) Sal (aa) 
-C2)"Gi)e 


This applies to the case when f(t), the compositional inverse of f(t), is not eas- 


ily computed. For instance, [86] consider (g(t), f(t)) = a —— 


which has a complicated inverse (dee(t), tde,e(t)), where 


_ l=(@=<e 1— 2(c+ e)t+ (c— e)## 
2et ; 


e #0. 


5.2.3. A general class of Abel identities 


Inspired by previous subsection, we will use the fundamental property of the 
generalized Riordan arrays and its alternating form with respect to basic se- 
quences to give two ways for the construction of a general class of Abel iden- 
tities. First, we present the fundamental property of the generalized Riordan 
arrays with respect to a basic sequence using a similar argument of [193]. Let 
(g(t), f(t), g(t) € Fo and f(t) € Fi, be a generalized Riordan array with re- 
spect to the basic sequence (pn (t))n>0, and let h(t) be the generating function 
of any sequence {hn}n>o0 in terms of (pn(t))n>0, Le., A(t) = Denso RnPn(t). 


We have 
So dyer = [pn (lg @ACF(E)), (5.153) 


k>0 
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which comes from the following observation 


Pn (t)]g(t)ACF(t)) = [Pn (@)]g(t) $5 have (f(t) 


k>0 
Yo helpn(Olg(t)pa(f(O) = So dn, whe (5.154) 


k>0 k>0 


Proposition 5.2.24 Let (g(t), f(t)) = (dn.x)n>n>0 be a generalized Riordan 
array with respect to the basic sequence (pn(t))n>0 with po(t) = 1 and pn(t) = 
a1 Ont? (n > 1, any #0), where g(t) € Fo and f(t) € Fi, and let 
h(t) = do ,>0 hnPn(t). Then there holds 


n n 5 i 


Sonate = > > — [AIO 9@). (5.155) 


Furthermore, if f(t) is the compositional inverse of f(t), then (5.155) can be 
written as 


} £ 
Yasha = D9 ze waa h'(t) (s5) [t?~‘]g(t). (5.156) 


j=l @=1 


Particularly, if pp(t) = t’/cen, Co = 1, cn #0 for alln > 1, then (5.156) is 
specified to 


1 t : n— 
Yo tate = en Do Zl mo (Fa) tae. (5.157) 


Proof. For n > 1, substituting pp(t) = S7j_1 An,jt? (ann # 0 or see the 
following Remark 5.115 ) into (5.153), we can write it as 


which implies (5.155). We may use the Lagrange inversion formula (4.179) to 
write 


1 


—ly,/ t ' 
eaCre) = Fe (so). 02d 
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Thus (5.156) is derived from (5.155). 
a 


Remark 5.2.25 From the proof of (5.155), it is easy to see that the initial 
terms of both sides of (5.155) can be extended to k = 0 and £ = 0, respectively, 
namely, 


x bhp = Se (t))[t?~“Jg(t). 


j=l 20 7 


The fundamental property (5.153) of the generalized Riordan arrays has 
an alternating form shown in the following theorem. 


Theorem 5.2.26 Let (g(t), f(t)), g(t) © Fo, f(t) © Fi, be a generalized 
Riordan array with respect to (pn(t))n>0, where po(t) = 1 and p,(t) = 
re On jt, Ann # 0, for n > 1, and let h(t) be a formal power series. 
Denote h(f(t)) by v(t), and [pr(t)]u(f(t)) by un. Then there holds 


do dn eve = Pal] g (tot) (5.158) 
k>0 
where vo = ho and 
e j 
vy = [pe()]o(F() = yy 7 [t?-*]u’ (t) Ga (5.159) 


for allk > 1. Particularly, if pn(t) = Qnnt”, Ann #0, then 


k 
Uk = : [e*—1Ju’ (t) (sa) (5.160) 


kak,k 
for allk > 1. 
Proof. Since v(t) = h(f(t)), then v(f(t)) = h(t). Thus, (5.154) becomes 


Pn (t)]g(u(t) = YO dn whe, 


k>0 
where hy = [px(t)]h(t) = [pe(t) u(f (t)) = vu,. Using the Lagrange inversion 
formula (4.179), in which h(t) = tA(h(t)) or A(t) = t/A(t), we may further 


obtain 


ne = a(OFO) =o — FO) 
a aor t \) 
7 ra Ww) Ca 
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for all k > 1. As for k = 0, vo = [l]u(f(t)) = v(f(0)) = v(0) = h(0) = ho, 
completing the proof. 


Substituting (5.158) into (5.159), we obtain 


Corollary 5.2.27 Let (g(t), f(t)), g(t) © Fo, f(t) © Fi, be a generalized 
Riordan array with respect to (pn(t))n>0, where po(t) = 1 and p,(t) = 
1 Ont, Ann # 0, for n > 1, and let h(t) be a formal power series. 
Denote h(f(t)) by v(t), and [pn(t)|v(f(t)) by Un. Then, we have the following 
identity: 


J dante = drove + 77 fit (Fa) = Paolawowe 


k>0 k=1 j= + Fo, 


Particularly, if py(t) =t"/cn, then (5.161) becomes 


k 
eed 00+ daa El Yo"(t) (+5) = [pn(t)lg(t)v(t). 
k> k=1 

: (5.162) 


Example 5.2.28 As an example of (5.162) with pn(t) = t"/cn, we now con- 
sider (g(t), f(t)) = (e®, te®") and v(t) = e”. Thus, 


n tePtyk k)n-k 
rpc cea 
Cn 


Ck Ck (n = k)! : 


n= []ogoy = Sew (Fo) = 86-50) 


Ck F(t) 
[pn (@)] g(é)u(e) = enltJe#™ = Fla +7)", 
which implies the following well-known Abel identity: 
Cn Crk a = (a+ Bk)” — Cn ni 
a a Teak (1 BR = la +9)" 
Co n! Ck (n a : n 


or equivalently, 

n n : ss 
So 7(2) r= ay Hat shy = (aba) 
k=0 


From (5.158), we can find another type identities. Let (g(t), f(t)) = 
(dn,k)n>k>0 be a (c)-generalized Riordan array with respect to a (c)-sequence 
{cete>o with co = 1 and c, #0 for all k > 0, where g(t) € Fo and f(t) € Fi, 
and let h(t) = 7,50 Mnt”/cn. Then, there holds identity 


yt a 7 se [JAE () fe ]9(0)- (5.163) 


g=1 
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Furthermore, denote by f(t) is the compositional inverse of f(t), then (5.163) 
can be written as 


3 dnt =Sse WO (FE) wea. 6.164) 


jai? 


Indeed, substituting uv, = hy, and v(t) = h(f(t)) into (5.158), we can write it 
as 


= fodno + DAFOE 90, 


which implies (5.163). By using the Lagrange inversion formula (4.179) we 
have 


e]n(f(t)) = hfe h'(u) (55) | 


J 
Thus (5.164) is derived from (5.163). 
From the proof of (5.163), it is easy to see that the initial terms of both 
sides of (5.163) can be extended to k = 0 and ¢ = 0, respectively, namely, 
he _ ys n=j 
tne = HAF O) E90). 


k=0 j=0 


Example 5.2.29 As an example, we consider (g(t), f(t)) = A/(-2), t/U- 
t)). From (5.164). Noting formula (5.117) for evaluating dn.,, from (5.157) 
we obtain the identity 


n if : 7 n 1 = F 
ye (;) A] Ae) = OSTA + 8) (5.165) 
k=1 gail 
which yields the identity 
n nm 71 
Salt) - SE abt) 
oo k\\k em jei\j-1-2 


when h(t) = e'. For h(t) = (a+t)™, formula (5.165) yields the identity 


. Cr) (ron = lGeere 
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In fact, the right-hand side of (5.165) becomes 


nm 


So teeter +t) 


j=l 
n m—1 
Meg m-—-1 ope 
- Sw a> . Ja-via+y i+j-l 
ja 2 1=0 
m—-1 n Z 
_ m—1 i~nlfm-l4+j-1 
= EO PE) 
1=0 j=l 
m—1 n 
_ m (m-1 ern (m-l4+j-1 
~ > e Jen Gay 
l= g=1 
m—1 n , 
mm e ~ (7m +3 1 
= ee es 
1=0 j=0 


Applying these to make further simplification, in which we have used the sum- 


mation formula 
- mt+k\  (n+m+1 
= m 7 m+1 ; 
Thus, the right-hand side of (5.165) can be written as 


 (o-o((er7 4-2) 


which yields the desired identity. 


For h(t) = weet formula (5.165) yields the identity (cf. (3.85) in [73]) 
oe \(O& My iene eth sree 
k ! n 
k=0 j=0 
because that ° 

eo (2k) (=) 

ae ( k ) Ak 
k=0 


and 
1 j-1 —3/24j — (-8/24+9)3 — [-3/2+3 
—3[e aja zeae = SED 8"), 
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In general, for a € C, let h(t) = (1+ t)*, we might deduce the following 
identity similarly: 


“(n ” (a+ a —1); atn 

2 0 oar ee oe 
k=0 j=0 

In the following example, we consider parameter 0 < q <1 and denote 


_ (1—g)Q—¢")---G=a") (5.166) 


with a non-zero constant a, and evaluates 


= Sal) 


k>0 


Hence, we have the q-analog (c)-Riordan array 


(Jerh)- (EDS). 


>k>0 


where we use the formula 


[e" a(t) 8) = DUTea(e)ler 186) 


to evaluate 


k=l l=k a ae ET a 

and 
a y (et ghd +( j ) 
k=l (=k k—1} Cn-e jal P= ey CO 1-é 


from (5.164) with h(t) = et and h(t) = 1/(1—t), respectively, where cp are 
defined by (5.166) and note (2) = 6k,0- 
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For (g(t), f(t)) = (ea(t),<4), the q-ezponential function a(t) = 
ase our Ck = lg. Assume further h(t) =1/(1+t). Then it is clear that 


k n 
; t l-1 qr! 
dink = [t” ea (t) (4) ~ Ds 6 - Cat 


l=k 


All these leads us to the following q-identity 


yeMy (a eee 


Cn—l Cn—-1 


since 


So Se +2 [Fealt) 


We now discuss more Abel-Gould identities using Classical Riordan arrays. 
At the end of Subsection 4.3.7, we used the Riordan arrays related Fuss- 
Catalan numbers to prove Gould identity: 


re a lO 


i=0 


which can also be proved by using the following process as shown in [202]. 
Theorem 5.2.30 Let (9, f) be a Riordan array, and let h = )7,39 hnt” be a 
formal power series. Denote the compositional inverse of f by f. Then 

Ve VOMOEAAG = lo@h. (5.168) 


k>0 


Proof. The left-hand side of (5.168) is (g, f)h(f) = gh(f o f) = gh, which 
gives the desired formula (5.168). 


| 
For the Riordan array ((1 + at)’, ¢(1 + at)?), p,q € R, its (n,k) entry is 


dng = (ENC + at)? (UCL + at) = [eA] + ane = (PEM) ar 


382 Methods for the Summation of Series 


Let h(t) = t*(1+ at)". Then for k £ 0 and k > s, from the Lagrange inversion 
formula (4.179), we have 


k 
enc) =F (Fey) = Fle MOU + an") 
ie + at)” +rat*(1 + at)"4)(1 + at)“ 


a + att + Shot + ty 
= On Jk-s-1 r—qk—-1 
ee 
= r—qk 8 
ae =) Ce teen) 

74 its ok 

p— gk - 


Meanwhile, we have 


[e"]o(t)h(E) = fe" + at )P#8(1 + at)” = [E94 at P*? = ae 


Consequently, using (5.168) in Theorem 5.2.30 yields 


“.r—qs (r—aqk\ (p+qk _f DEF 
pie ie | akg eae a 


k= 


which gives Gould identity (5.167) when we set s = 0. 

As one of central identities, Gould identity has many applications. For an 
example related to the previous materials, we use it to prove an alternative 
form of Girard-Waring identity as shown in (4.266), 

_ antl —k 
me} co", )ente+w, 6.70 


0<k<n/2 


where zy # 0 and x ¥ y. Identity (5.170) was proved in Subsection 4.3.5 
using the Riordan arrays (1/(1 + at”), bt/(1 + at”)) with b? > 4a > 0. The 
alternative form of formula (5.170) that we are going to prove is 


i yy yr (" ‘) (2 +y)"-**(ay)*, (5.171) 


0<k<[n/2] 
First, we replace n > j, i> k, and r > n in (5.167) to obtain 


EC CE) C YT) sim 


k=0 
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Then, from (5.172) we have 


7 n—k n—-t—1 
Ss & ay ) ( ) 
0<k<[n/2] 0<i<[n/2] eee a 


(x 4 yet (xy)*** 


- > per 1) n n—k n+k-j-1 
~ : n—k k j-k 
0<k<[n/2] 0<j<n 
(x + y)2"-25-1 (qy)3 


rol + ee) 


0<j<n 0<k<[n/2] 
(x oe y)2”-25-1 (ey) 


= Deo fF e+ ey. 


0<k<n 
Hence, 
Scott (";"\etw eu 
0<k<[n/2] 
= Dee eer ey" 
0<k<n 
SoS ery ten! 
0<k<[n/2] 
Se 


uy ty 
which implies (5.171). 
Similarly, we can use Theorem 5.2.30 to prove Abel identity 


S > a(a+k)*"(b+n- mr*(7) =(at+b+n)”. (5.173) 
k=0 

The Riordan array we now considering is (g, f) = (e?*, te”) with p,q € R, the 
formal power series we are using is h(t) = t’e™. For k #0 and k > s, we use 
the Lagrange inversion formula (4.179) to obtain 


k 
[t*]h( ) =o Ho Ga = ltt *(st? te" he toe" )e— 


384 Methods for the Summation of Series 
a= gk)*-*  rlk—s) (r—gk)** 
ik (k—s)! k(r—qk) (k—s)! 


_r—qs (r—qk)** 
r—qk (k—s)! 


Since the (n,k) entry of (e?", te) is 


_k + qk)n—* 
dn — ft” pt t qt)\k _ tn ky) (ptak)t _ (p 
a= [ee (te) = [ee cea 
and ee 
ela ere a ee i ane Mat 
(n— s)! 


the formula (5.168) in Theorem 5.2.30 yields 


S > (pt gk)" * r —gs (r— gk)" _ ptr)" 
> (n—k)! r—qk (k-—s)! (n—s)! © 


k=0 


The above expression can be written as 


S_(r — gs)(r — gk)’ "1p + gk) ts - ) =(p+r)""*. (5.174) 
k=s 


By setting s = 0, r =a, g = —1, and p= b+ n into (5.174), we obtain Abel 
identity (5.173). 

If we start from (5.174) and specialize the values of p, g, r, and s, numerous 
familiar identities can be obtained. For example, by substituting p = 0, q = 
—l,r=a, and s =0, we have 


(—1)"4F KF (a 4 kyF-1 = x”, 


> 
Il 
° 


Me 


which is given in [183, (5)]. 


5.3 Various Methods for constructing Identities Related 
to Bernoulli and Euler Polynomials 


Some powerful methods of evaluating in closed form the sums involving bino- 
mial coefficients or factorials such as W-Z method, snack oil method, hyperge- 
ometric function method, haven’t introduced till now. It is partially because 
that they have been well represented in [9, 177, 189, 216], partially because 
that this book is focused on symbolic methods and Riordan array approach, 
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and partially because that the summations dealing with involve Stirling num- 
bers, Bernoulli numbers and polynomials, Euler numbers and polynomials, 
etc. for which other methods either hardly to be applied or offer no hope. 
Hence an extension of those methods are needed. This section only intends an 
initial and intuitive discussion of the recent related work. We just use exam- 
ples to demonstrate snack oil method and hypergeometric series method and 
leave W-Z method and its extension in the second subsection. Finally, W-Z 
method, snack oil method, hypergeometric function method are foundation 
of computer proof of combinatorial identities, particularly, the identities with 
binomial coefficients. However, the computer proof for the identities involving 
Stirling numbers, Bernoulli numbers, Euler numbers, etc. is still on the way 
for developing. 

The snack method might be called two variable generating function 
method, which is an extension method from known identities to develop more 
wide classes of identities. The book [216] phased it as following steps: (1) 
Name the sum in terms of n that we are working on, say f(n). (2) Denote 
F(x) =>, f(n)x”, i.e., the ordinary power series generating function of f(n), 
that is a double sum. (3) Interchange the order of two summation and perform 
the inner one in a closed form by using some known series sums such as 


(i) qtr ton, EC 0eor 


r>0 r>0 
k k 1—/1—-4t 
y e + ) = F* (k>1), where Fy = C(t) = ——_ _, 
so mn +k n 2t 
(5.175) 


etc. (4) Try to identify the coefficients of the generating function. The method 
procedure and the demonstrating example shown below are given in [216]. 


Let f(n) = Ves C2) for n = 0,1,2,..., and let F(z) = 35, f(m)z™. 
Then, taking r =n — k yields 


Fe)=DY(, 8) = LeL()e -Ltato= a. 


k>0 n k>0  r>0 k>0 


which implies f(n) = 0,5 ez) = Fyn torn = 0,12) 44; 
The process proving the following identity (cf. [212, 116]) may demonstrate 
the purely algorithmic method by using hypergeometric series. 


>i 1) cae ee ba ee | 


Since any term in the sum on the left-hand side is non-zero, we require m > 2k 
and k > n, som > 2n and the sum can be written as 


5=¥ (34) (0) <2 (on’t an) ("2 ') 
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= y m (2n)!(m — 2n)! (n+k)! 
= “> \2n/ (2n + 2k)M(m — In — 2k)! bk! 


oe 


2n 0 2n + 1)or kl? 


where we use the raising factorial (a), = a(a+1)---(a+n-—1). Furthermore, 
noting 


1 
k 


_ 2 _ 2 1 
(m —2n— 2k + 1)o, = 2" (=) (ee) ; 
k k 


S' can ba written as 


S= (2) (5.177) 


k! (n+), 


Now define ‘ (a), (b) 
me . = AQIEAO)E 
A(* be) oe 


k>0 


Then, from (5.177) we may write S in terms of hypergeometric series as 


m ee —m+2n+1 
= F; , s1). Ll 
lO sl Ss SD 


The Chu-Vandermonde theorem (cf. [9, Corollary 2.2.3]) states 


—N_i _N 2n)!(n + N)! 
2 ( aed 11) = oe (5.179) 
Applying (5.224) to the right-hand side of (5.178), we obtain (5.176). 

In the first subsection, we shall present two approaches in the construction 
of identities related to Bernoulli numbers and polynomials and Euler numbers 
and polynomials. The first approach is using dual sequences and auxiliary 
formal power series. The second one is a computer algebraic approach, which 
provides identities related to Bernoulli polynomials and Euler polynomials by 
using the extended Zeilberger’s algorithm (cf. [226, 35]). The key idea of this 
approach is to use the contour integral definitions of the Bernoulli and Euler 
numbers to establish recurrence relations on the integrands. Such recurrence 
relations have certain parameter free properties which lead to the required 
identities without computing the integrals. Furthermore two new identities 
related to Bernoulli numbers derived in [34] will be included. 
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5.3.1 Applications of dual sequences to Bernoulli and Euler 
polynomials 


The first subsection diverts to the identities of Bernoulli numbers and poly- 
nomials and their conjugates by using dual sequences and an auxiliary formal 
power series method. Dual sequences related to Riordan pseudo-involutions 
have been introduced in Section 5.1. 

Recall the Bernoulli polynomials, B,(x), and Euler polynomials, E,, (x), 
defined by (1.67) and (1.68), respectively; ie., 


t et By (x) n 
wae" = » “rt (5.180) 
(5.181) 
2 ‘ Ey, (2) 
a ee 182 
eb ty n>0 ni : 


respectively. In addition, B, = B,(0) and E,, = 2”F,,(1/2) are called the 
Bernoulli numbers and the Euler numbers, respectively. Consequently, from 
the definitions, we can easily deduce the following well known formulas: 


Ba(l—2) =(-1)"Ba(z), Br(x+1)—- Br(z) = nz", (5.183) 
E,(l— 2) = (-1)"Epn(x), En(a@ +1) 4+ En(x) = 22”. (5.184) 


In 1995 M. Kaneko [142] found that Bo, can be computed in terms of 
those B, with n < k < 2n, namely, he proved the recurrence formula 


” 1 
S- ("; n+ b+ 1)Bst =0 (5.185) 
k=0 


for n = 1,2,3,.... In 2001 Momiyama [167] extended the above result as 
follows by using Volkenborn integral (cf. [190]): If m,n € No and m+n > 0, 
then 


ayo (EN nsney eat (i ("E1) emtj+Bney =O. 
k=0 j=0 

(5.186) 
Later, some extensions by using an auxiliary formal series method were given 
in [219] and [206]. We first introduce their work. Then, we present some further 
extensions, which result derive Momiyama identity as a congruence. At the end 
of Subsubsection 5.3.2.4, extended Zeilberger’s creative telescoping algorithm 
will be used to prove again Momiyama’s identity. 


Theorem 5.3.1 Let (fi (2))k>0 be a sequence of polynomials defined by 


> filo) = e(-1/2)2 F(z), (5.187) 
k=0 , 
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where F'(z) is a formal power series. Let m,n € No. If F is even, t.e., F(—z) = 
F(z), then 


ayn 9 (2) fosute) =I" (")fny(a)s G18 


if F is odd, i.e., F(—z) =—F(z), then 


ays (‘") fasx(z) = ("SO (") fnsj(—2). (6.189) 


k=0 j=0 


Proof. Suppose that F'\(—z) = eF(z) for all z where e € {1,—1}. Consider the 
generating function 


Gla.y,z = 33: (C9 "So (7) fae) a 


m! n! 
n=0 m=0 k=0 


Thus, we have to show that G(x, y, z) = eG(—2, z,y). By changing the order 
of summation in the above equation, we obtain 


Gen. = OVI" (7) fees 


n=0 k=0 m=k 


=Sy mus Dev) 4 
oe a = Velo VED F(z — y) 
re 


which implies 


G(-2,z,y) = e (9-2) (249)/2 By —z)= er (2—y)—(Ut2)/2¢ Bz —y) 
= G(x, y, 2), 


as desired. 


Here is a consequence of Theorem 5.3.1. 
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Corollary 5.3.2 Let F(z) be an even or odd formal power series, and let 


fr(a) (k © No) be given by (5.187). Let m,n € No and e = 1 or —1 depend on 
whether F(z) is even or odd. Then 


m+1 
(-1)" 5° « ‘) (n+k+1)fn+n(2x) 


n+1 


=-«-1)">- ey (m+j+1)fm+j(—2)- (5.190) 


j=0 
Proof. Clearly, —zF(—z) = —ezF(z) and 
(w—1/2)z ~ ae = * z 
OUD F(2) = 20 fel) = fila). 
k=0 


where fz(7) = kf,-1(x). In view of Theorem 5.3.1, we have 


m+1 n+1 
(aye (feral) = —el— (2) farsslea) 


k=0 j=0 
which implies (5.190). 
i 
Observe that 
< 2 = p(e—1/2)z = 
dP), =e or/2 _ owe and 
= ae (w-1/2)z 2 
d, r(x) ni ae e2/2 4 e- 2/2" 
Also, 
Bytnti(£) oF (=1)""" Bea na1(—2) =Bm4n4i(2) —_ Bmintil(l + x) 
=—-(m+n4+1)0™™ 
and 
Ernanti(2) lr (—1)"*" Emin4i(—2) =Emin+i(£) = )oeerre al oF #) 
SIE pai(e)—2"""". 
So Theorem 5.3.1 and Corollary 5.3.2 imply the following result. 
Theorem 5.3.3 Let m,n © No. Then we have 
"do (FT) Basle) =O" (")Bmisl-a), (6.190) 
k=0 j=0 
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nm 


("> (7) Bsele) =)" 0 (") Bmasl—as (6199) 


j=0 


and 


ie 
a 
3 
cow 
iM: 
ao ~~ 
a 
= 
i 


Jen +k+1)Bnin(z) 


TahD> (" +N (m+ 4+ VBmril—2) 
+n+2)\(m+n41)c™, (5.193) 


yn (PN bk et) Bneal 
k=0 


2 n ne 
+(-1) a ( Jem +94+1)Em+;(—2) 
=(—1)"2(m+n+2)("*"*! — By inei(a)). (5.194) 

Clearly, (5.191) and (5.193) in the case of x = 0 yield 
ee m m : n n 
(—1) > ( ) Bost = (—1) Sy ( ") Bs 
a j=0 ‘J 


and Momiyama’s formula (5.186), respectively, and the latter in the case of 
m = n implies Kaneko’s recurrent formula (5.185). Similarly, (5.192) and 
(5.194) in the case of « = 1/2 provides recurrent formulas for Euler polyno- 
mials, for instance, 


8 (BH -CrE ()en() 


k=0 j=0 


We now extend the above identities of Bernoulli numbers to other dual and 
self-dual sequences with respect to ((—1)*(‘)). Recall that (a*)n>0 defined by 
(5.86) as a% = Soyo (7) (—1)* ax is the dual sequence of (@n)n>0 with respect 
to ((%)(—1)*) (cf. for example, Graham, Knuth, and Patashnik [79]). Hence, 
Qn = dopeo (4) (—1)*ak and ax* = an. If aX = an, then (an)n>0 is a self-dual 
sequence with respect to ((—1)*(7,)). For instance, ((—1)"Bn)n>o is a self-dual 
sequence (cf. Subsection 5.1.4). Like the definition of Bernoulli polynomials, 
[206] introduce 
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aes (Gn)n>0 and (a*)n>09 are dual sequences. Clearly, A, (0) = (—1)"an, 
An(1) = Dhcg (2)(—1)2 = a}, and 


n 


Al yi(z) =~ (" if ') (—1)¥(n +1 — k)age”-* = (n + 1)An (2). 


k=0 
Motivated by the results shown in Theorem 5.3.3, Sun [206] established the 


following extension. 


Theorem 5.3.4 Let A, and A* be the formal power series defined in (5.195), 
and let k,€E No anda+y+z=1. Then 


nsyr (8) xj Acti) as (0) op Abage® _ ao(—n)PHEH 
OD) Tere TM EG essa ~ eee CE 
( CE) 


j=0 j=0 J 
(5.196) 
In addition, we have 
k ke : 4 0 ; 
ato Fees =o (ease) G97) 
=e = 
J J 
and 
. k+1 
yy ( j Jers + De Ansty) 
j=0 
“ft+1 
+O (TE ested se 
j=0 
=(k + £42) ((-1)**1 Agsesi(y) + (-1) Ake 1 (2) - (5.198) 


Here is an application of Theorem 5.3.4 given in [206]. 


Theorem 5.3.5 Let k and & be non-negative integer. 
(i) Ifa+y+z=0, then 


k gp +541 é  oykt+g+l _p\k+ 41 
(ko (5) shi yy (') ee oe 
ja0 SI tay oP ap Wo ror (kK+£+41)("7°) 
(5.199) 


In particular, 
k 


ao a 
(*) (k+j+1)27 (2k + D(C?) (5.200) 


(ii) Let B,(x) denote the Bernoulli polynomial of degree n (n € No), and 
let-a+ty+z=1. Then 


evo (k\ 7 Beis) ey (¢ 5 Bessei(2) _ (ca 
(-1) > (5)= tga >t: k+j+l  (k+e4+)(%9 
(5.201) 
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In addition, we have 


ore (Best = OD (Jest) and (5.202) 


j=0 J j=0 


(-1)* (* . ‘) (045 +a" Bey s(y) 


$f=1) (‘ : _) (k+j+1)2°7*! Bi; (z) 


=(-1)*(k+0+2)(Beseri(e +4) — Besesr(y))- (5.203) 


(iit) The part (tt) remains valid if we replace all the Bernoulli polynomials 
in (5.201)-(5.203) by corresponding Euler polynomials defined in (5.88): 


Proof. (i) Let ag = 1 and a, = 0 for k = 1,2,.... For any n € No it is 
clear that a* = 1, A,(t) = t”, and A*(t) = (¢- 1)". Ifa+y+4+2z=0, then 
x+ty+(14+z) =1, and A*¥(1 +z) = 2”. Consequently, (5.199) follows from 
(5.196). When ¢ =k, « = —1, and y = z = 1/2, (5.199) yields (5.200). 

(ii) Let a, = (—1)"B, for n € No. Then A,(x) = A*(x) = B,(x), and 
Theorem 5.3.4 yields the identities (5.201)—(5.203), where the identity B,,(1— 
x) = (—1)"B,,(2) is applied in the rightmost term of (5.198) to find 


(—1)** Ag seyi (2) = (—1)**" Bese4i (2) 
=(-1)* Beperi(l — (@ +-y)) = (-1)* Beteri(e ty). 


(iii) By the definition of the Euler polynomials, we have E,(1 — x) = 
—1)"E,(x) and E,(x + y) = peo Ex(x)y"™ for all n € No. Let an = 
(-1)"£,,(0) for n = 0,1,2,.... Then 


ee & Ey(0) = En(1) =a, and A(x) = AX(x) = E,(z). 


k=0 


So we obtain (iii) from Theorem 5.3.4. 


We now extend Theorems 5.3.4 and 5.3.5 to the dual relationship D3 : 
Gn = > op-9(—1)" (7) ax, which is shown in Theorem 5.1.66. We first define an 
analog pair of (A,(x), A},()) as follows. 
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Let a € R, and let 


Ch, o:(2) = (—1)" 3 (;) a, (a—a)""* and 


Chalo) = (I (Pat @— ay". (5.204) 


k=0 
Then we have the following identities about Cy,(#) and Ch .(x), which are 


extensions of the main results shown in [206]. 


Theorem 5.3.6 Let Cn.a(x) and Ch (x) be defined as (5.204), and let k, 0 € 
N andx+y+z2=1+2a. Then, there exists the following identity: 


k L * 
ewe (F eee ol) 4 (-1)ia! “(6 ee 
a j) Hegel j) k+j+1 
a0 okt eri 
- — (5.205) 
(kK+€+1)("7°) 


In addition, we have 


k 
So (-1i(E +94+1)a*-7t1 (" ‘) Co+5,0(y) 


sing fl 
“Yer eg tial ; *) ssl) 


2 (ee) ((-1)*Ceserra(y) + (-1)’Chrerre(2)). (6-207) 


The proof of Theorem 5.3.6 is left as Exercise 5.12. 
The following corollary of Theorem 5.3.6 are analogs of the results as shown 
in Theorems 5.3.4 and 5.3.5. 


Corollary 5.3.7 Let Cyo(x) and C* 9(x) be defined as (5.204), and let k, £ € 
N anda+y+2z=1. Then there holds 


s(-1 yigk iG \——— Ce45+1,0( ae yint3 é ) Cizs+1.0(2) _ aga’ tft! 
= j ee j) k+g+1 (k+04+1)(*74 

(5.208) 
In addition, we have 
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and 
5 eg thet 
Sit st Vatit ( ; Cras, ite 
OT 
“Le Vik+94+)2- aa j )Cergale 


a ra +£+2) ((—1)* Cr+e+1,0(y) + (-1)’Ci4041,0(2)) : 


If ay = By or (—1)*By, then we have 


an .: oki é 4 Ber j+ily) aa 3 afi ({ . aa 3 


ge” 


Pe 
—— 5.210 
(k+é+1)(**) ( ) 


In addition, we have 


and 


= (+042) ((-1)*Brpesi(y) + (-1)*Betesi(z)) - 


The conjugate Bernoulli polynomials B,,() are introduced in [92] by using 
their generating function shown below: 


17 Hz -> Bn( (5.212) 


where the first few terms of the conjugate polynomial sequence (Bn)n>0 are 
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~ 3 5 
B3(x) = 2° + 57 +=2+2, 


2 
< 191 
Ba(x) = o* + 203 + 5a? + 84 + 30° 
~ 5 25 191 76 
Bs(x) = x + a + ae + 20a? + ed oF 3° etc. 


Let (B,(x))n>0 be the conjugate Bernoulli polynomial sequence defined 


by (5.212), and let the conjugate Bernoulli numbers (B,,)n>0 be defined by 


B, = Bn(0). Then we may find that 


nm 


S W\ noke 
Bp (a) = » @: By (5.213) 
for all n > 0. 
We define the dual sequence of the conjugate Bernoulli number sequence 
with respect to inverse matrix R, = (x4. 4) (1,-t) = (DP) aes as 
shown in Corollary 5.1.65. Then the corresponding dual polynomial sequence 


1s 
n 


B(2) =~ @ o" (5.214) 
k=0 
for all n > 0. From Theorem 5.3.6, we obtain the following results. 


Corollary 5.3.8 Letk,@eN andu+y+z2=1. Then there holds 


k 


: ; 
Cardy (Jarra Beg yo ai 
] J J ; j j 
j=0 = 
—1)k+l yp kt+e+1 
- eee (5.215) 
(k+£+1)(**% 


where Bn(ax) are defined by (5.212), and B*(ax) are defined by (5.214). In 


addition, 


k e 
Po (Cay Bu sv) = (DD (FoR sa) 6.216) 


j=0 
L 
HD (SY ena s+ BC) 
7=0 


= (k+0+2)((-1) Basen (—y) + (DBE, 6 (—2)). (5.217) 


396 Methods for the Summation of Series 


In (5.204), we substitute a = 1/2 and get 


1 1 ‘ : 1 3* —2 
ay = Ep (5) — 5R and at =(—1)* ( (5) + 5K ) , (5.218) 


where the duals aj are derived by using (5.103) of Theorem 5.1.69. Hence, 
from (5.195), the corresponding dual polynomials A,,(x) and A* (x) are 


An(x) = (-1)"E,(x) — (-1)"2" and A* (x) 
= F,(-#+1)4+ (2-—2)"—-2(1- 2)", 


respectively. 


Corollary 5.3.9 Let Cn.q(x) and Cj, (x) be defined as (5.204) with a = 1/2, 
and letk,€e N andu+yt+2=2. For ax and aj, as shown in (5.218), there 
holds 


: 1 wag (R\ Besieiy) , /_ ayy ea (2) Beatin (—2 + V) 
re Te Oe) ia 


an [Ye k oo a e aa e 
(-1) (t+ x2)"dt — t"(a — t)"dt + 2 t" (a — t)"dt. 
0 0 0 


(5.219) 


(5.220) 


The above identities of polynomial sequences can be used to establish 
identities of number sequences. For instance, if «= 1, y= 0, and z = 1, then 
(5.219) yields the number sequence identity 


- 1k—-j k\ Ee+j+1(0) 
Oe ( ) titi 


i 


ae 
+50 (-1)ia" ()) kK+g+1  (k+e41)(*F4" 
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If«=1 and y= z=1/2, from (5.219) we have 


k £ 
Santas (8) Basen) 91 gpg) Bese 
= j €+g+1 =r j k+jg+1 
1 1 3 
err +28 (5.641.041) —2B (S.e+1,¢41), 
aD 2 


where B(a,a,b) = fy’ t*~1(1 — t)’1dt is an incomplete beta function. From 
the last two identities, we have 


: 1b—j (B\ Be¢j4i1 (1/2) — Ee4j+1(0) 
ea) 

. 50-5 ( ©\ Ee+j41 (1/2) — Ex+j41(0) 
po - (;) eee 


-2(a(e+ue+1)—a(2e+ue+1)). 


Let A and B be any m x m and n x n square matrices, respectively. Cheon 
and Kim [39] introduce the notation © for the direct sum of matrices A and 


7. 2 (5.221) 


By using the notation, we may obtain the following results on the conjugate 
Bernoulli polynomials B(a) defined by (5.214), which includes the matrix form 
of Lemma 3.2 of Pan and Sun [173] as a special case. 


Aes=| 9 e| 


Theorem 5.3.10 Let n be a positive integer, and let B(t) and Pit] be defined 
as 


respectively. Let (x) = (1,2,27,...)7, D = diag(0,1,1/2,...), and [X] = 


ark - 
Oral k leases as 
0 0 0 0 
0 1 0 0 
0 2 4 0 
[X] = 


‘3yech 
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Then we have 


[X]B(@ + y) = Plz]DB(y) + [X](a), (5.222) 
which implies 
B - Buy 
3 Moe y) eh k =a (‘ )aw 4 Aa (5.223) 
k=1 l=1 
for alln > 0 as shown in [173]. 
Proof. Noting that Bo(y) = 1, the left-hand side of (5.222) can be written as 


LHS of (5.222) = [X]P[z]B(y) 


( 
1 
z+ ( 


No 
+ 
mee 
aS etl 
WH 
8 
& 
ra 
— 
Kms 
at 
+ 
— 
Nw 
wa 
w 
i) 
— 
< 
SS 


1 O 
x (1) Buy) 
x ({)zBi(y) + (3) Ba(y) 
= [X] + 
ot | | (ae 2Bi(y) +--+ (Ba) 
0 | 0. 
(1+ 4)? (j)aBy (y) + (5) Ba(y) 
= : a [X] - ? 
G42 ncd De (a Bily) +--+ +O) Bay) 


where the second term can be written as 


| / | 
((1) +3) Bwe + $Q Bow) 


(Qt 42 


(1) Bi(y)ae* + ( (3) tet +(5)) Bo(y)a”-? +++: 
zg Bly) 
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0 
(7) Bi(y)@ + 5 (3) Ba(y) 


(7) Biya? + (5) Bayar? + + G) Bay) 


In the last step we use the identities +(7) = z(t-4) and 
nm\  (n—-1 " n—-1\_ (n-1 4: n—2 + m—3\ _ 
k} \k-1 k }) \k-1 k-1 kj 
_ n—-1 ae n—2 Ae gape k a k 
~ Ak-1 k-1 k-1 k 
for k,n € N with 1 < k < n. Since the last matrix can be written as 
P{z|DB(y), we obtain (5.222). By accomplishing the multiplications of the 


matrices in (5.222) and using them in (5.223), we find that the left-hand side 
of (5.223) can be written as 


n B n B ; 
LHS of (5.223) = Hye" +> (7) Hort = (7) art ta 
l=1 


which is the right-hand side of (5.223). 


5.3.2. Extended Zeilberger’s algorithm for constructing 
identities related to Bernoulli and Euler polynomials 


Gosper’s algorithm (cf. [69]) is one of the landmarks in the history of com- 
puterization of the problem of closed form summation and also vital in the 
operation of the Zeilberger’s creative telescoping algorithm and the W-Z al- 
gorithm given in [217, 218]. Hence, we first briefly introduce this algorithm 
based on the description as shown in [69, 177]. Then we describe W-Z algo- 
rithm, and Zeilberger’s creative telescoping algorithm. Finally, we present the 
extended Zeilberger’s algorithm given by Chen et al. in [35]. 


5.3.2.1 Gosper’s algorithm 


We are now looking for a closed form of 


n-1 
Say 1h (5.224) 
k=0 


where t, is a hypergeometric term (i.e., th41/tk is a rational function of k) 
that is independent of n. This problem is also an indefinite sum problem. 
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As an analog to antiderivative, we may define antidifference (also known as 
indefinite sum) to a function f(x), denoted by A~' f(x) or )>,, f(x), as 


KY fay=fe): (5.225) 


More explicitly, if }°.. f(z) = F(z) + C, then F(z+1)— F(z) = f(z), which 
is similar to indefinite integration for a continuous function, [” f(x)dx = 
F(x) — F(a), when F’(x) = f(x). For instance, A7'n = n(n — 1)/2+C 
because A(n(n — 1)/2 + C) = n(n + 1)/2 — n(n — 1)/2 = n. Hence, we may 
change our problem to be the following one: given a hypergeometric term ty, 
find a hypergeometric indefinite sum z,, such that 


Ag = 2a = 2S tas (5.226) 


F -1 ’ : : 
i.e., ae t, becomes a telescoping series. Thus, the relation between z,, and 
Sn, 18 


n—-1 
Zn = 2Zn—1 + tn-1 = 2Zn-2 + tn-2 + tn Ler = 2+ S th = 5n + ©, 
k=0 
= : ; 
where Sn =) ,~9 te and c = 2 is a constant. Since 
Zr Zn 1 


a (5.227) 


Zn+1 
Zz —2Z a] 
by n+1 n Zn 


is a rational function of n denoted by y(n), we have z, = y(n)tn. Substituting 
y(n)ty, for z, into (5.226) yields 


r(n)y(n +1)— y(n) =1, where r(n) = tr (5.228) 


Gosper then reduced the problem further to that of finding polynomial solu- 
tions of yet another first-order recurrence. 
Express the ratio r(n) = tn4i/tn as 


r(n) = a) oo (5.229) 


where a(n), b(n), and c(n) are polynomials in n with gcd(a(n), b(n + £)) = 1 
for all € € No. It is always possible to put a rational function in this form, for 
if gcd(a(n), b(n + £)) = d(n) for all £ € No, then the common factor can be 
eliminated with the change of variables: a), = a,/d(n), bf, = b(n)/d(n — 4), 
and c'(n) = c(n)d(n)d(n—1)...d(n—€+1), which leaves the ratio unchanged. 
The values of @ for which such d(n — 7) (0 < i < €—1) exist can be detected 
as the non-negative integer roots of the resultant of a(n) and b(n + £) with 
respect to n. 
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If we write , F 
y(n) = Me Dan) (5.230) 
c(n) 
where x(n) is an unknown rational function of n. Substituting (5.229) and 
(5.230) into the first equation of (5.228) shows that x(n) satisfies 


a(n)a(n + 1) — b(n — 1)a(n) = c(n). (5.231) 


Then [69] proved that under the above conditions of a(n), b(n), and c(n), the 
rational function x(n) satisfying (5.231) is a polynomial in n. Hence, finding 
hypergeometric solutions of (5.226) is equivalently to find polynomial solutions 
of (5.231). This is because if a(n) is a nonzero polynomial solution of (5.231), 
then 
b(n — 1)a(n) ; 

c(n) ™ 
is a hypergeometric solution of (5.226), and vice verse. A general way to find 
polynomial solutions of (5.231), if they exist, or to prove that there does not 
exist a solution, is given in Section 5.4 of [177]. In the following example, we 
can see x(n) can be found by using test and try method. After finding z,,, one 
may have 8, = Zn — 2 OF Sn = 2n — Zk if the sum starts from ko. 

As an example that is shown in [177], let us consider 


zn = 


- k! 
Sn = 4k + 1) ———__, 
»_(4k+ Deep 
k=0 
and let s, = S,—1. Following Gosper’s algorithm and noting t, = n!(4n + 
1)/((2n + 1)!) we have 
tn+41 4n + 5 
r(n) = —— = ——__—_., 
ty 2(4n + 1)(2n + 3) 
which is a rational function in n. We may choose 
a(n) =1, b(n) = 2(2n+3), and c(n)=4n+1, 
because they satisfy equation (5.229) and the condition gcd(a(n), b(n+)) = 1 
for all 2 € No. Consequently, equation (5.231) becomes 
a(n + 1) — 2(2n + 1)a(n) = 4n +1. 
We might assume a(n) is a constant, a linear function in n, etc. to test and 
try a polynomial solution. Here, x(n) = —1 works, and 
b(n — 1)a(n) 2(2n + 1) n! n! 
ga a ge ee 
‘ an) ip Ge (Qn)! 
which satisfies 2,41 — 2, = tn. Hence, 


n! 


(QQn+ 1) 


Sn = Zn — 2 = 2-2 and Sp, = Sn41 = 2- 


n! 
(2n)! 


402 Methods for the Summation of Series 


5.3.2.2 W-Z algorithm 


Because of (5.226), Gosper’s algorithm is an extension of telescoping method. 
We now consider general sum 


f(n) = 30 F(,k), (5.232) 
k 


where F'(n,k) is a hypergeometric term in both arguments, i.e., both F'(n + 
1,k)/F(n,k) and F(n,k + 1)/F(n,k) are rational functions of n and k, and 
the range of the summation index k may be the set of all integers. If the sum 
is telescoping with respect to k, say F'(n,k) = G(n,k + 1) — G(n,k) for some 
nice G, then the sum is easily to be found. However, we cannot expect, in 
general, to have it. For instance, )>, (7) is not Gosper-summable. We saw in 
(216, 217, 218] another type extended telescoping method, called W-Z method, 
is given for constant sums including (5.232), because after dividing f(n) on 
both sides we get the new summation equaling to one. To apply this method 
for the constant sum )7, F(n,k), we need the summands of 5°, F'(n, k) satisfy 


F(n+1,k) — F(n,k) = G(n,k +1) — G(n,k) (5.233) 


for some nice functions G(n,k). Then, under the condition 


lim G(n,k) =0 (5.234) 
k—-+00 
for n = 0,1,2,..., we obtain a telescoping summation in terms of G as 
k=K k=K 
k=—L k=—L 
=G(n, K +1)-— G(n,-L) > 0 (5.235) 


as K,L — oo. Hence, 3, F(n,k) = constant. The summation in (5.235) is 
definite summation (for discrete variables). Therefore, W-Z method and Zeil- 
berger’s algorithm shown later are based on definite summation, while Gosper 
algorithm is based on indefinite summation. Hence, the definite summation of 
a discrete function (or sequence) a, is defined by 


K+1 
-L? 


a(k) = [A7*a(k)] 


k=-L 


where A~! is the indefinite summation operator, and A is the forward dif- 
ference operator. As what we know, for some continuous functions, although 
their indefinite integrals have no a closed form, their definite integrals is cal- 
culable. For instance, indefinite integral [ e~* dt has no a closed form, but 


fee edt = x. Similarly, there exist non-Gosper-summable series that are 


W-Z or Zeilberger summable. 
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Now we go back to the non-Gosper-summable series }>,, (7) and change 
it to the series >, (7) /2". Let F(n,k) = (%)/2” (n > 0), and let G(n,k) = 
—(,.",)/2"*. G(n,k) satisfies (5.234). Then from the relation 


1 n+l 1 /n 
Fn 1h) ~ Flak) = sar ( k )--@) 


1 n 1 n 


we may write the original summation as a telescoping series in terms of G and 


obtain 
> 1 n+1 _ a. n _¢ 
7 9Qnt1 k on \ k _ 


ora 0,1,9) 00 ie, SFiS Sy Oia Lie, (ya o" 

We call (F,G) W-Z pair if the conditions (5.233) and (5.234) hold. W- 
Z method provide a way to find G(n,k), or equivalently, R(n,k) such that 
G(n,k) = R(n,k)F(n,k — 1), when F(n,k) (resp. 50, F(n,k)) is a hyper- 
geometric function (resp. hypergeometric sum) if both arguments, F'\(n + 
1,k)/F(n,k) and F(n,k + 1)/F(n,k), are rational functions of n and k (cf. 
[216, 217, 218]). 

For instance, to prove )>,,(—1)* (7) (7) 4n—k — (?") we consider F(n, k) = 
(-1)¥(}) 72)4"-*/(?"). Then R(n,k) = (2k — 1)/(2n +1). Thus, G(n,k) = 
R(n,k)F(n, k — 1) satisfies (5.233) and (5.234), which implies the desired re- 
sult. 


5.3.2.3 Zeilberger’s creative telescoping algorithm 


In general, we cannot expect (5.233) always happen. Hence, we need to take 
a somewhat more general difference operator in nm on the left-hand side of 
(5.233), ie., a general telescoping technique, called the method of creative 
telescoping, given by Zeilberger [225, 226]. 

More precisely, let N and K be the shift operators in n and k, respectively, 
i.e, N(A(n,k)) = A(n +1,k) and K(A(n,k)) = A(n,k +1) for any A(n,k). 
Hence, N*KI(A(n, k)) = A(n+i, k+j). Thus, the telescoping used in Gosper’s 
algorithm can be written as N°F(n,k) = (K —1)G(n,k), and the telescoping 
used in W-Z algorithm is (NV — 1)F(n,k) = (K — 1)G(n,k). The Zeilberger’s 
creative telescoping is 


p(n, N)F(n,k) = (ke — 1)G(n,k), (5.236) 


where p(n, N) = ee, a;(n)N4, in which the coefficients {a;(n)}¢ are poly- 
nomials in n. Articles [225, 226] proves that if the general term F'(n,k) is a 
proper hypergeometric term, where a proper hypergeometric function is de- 
fined in Definition 4.4. of [218, 177], then F' satisfies a nontrivial recurrence 
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of the form (5.236), in which G(n,k)/F(n,k) is a rational function of n and 
k, i.e., such that 


[]e 


a;(n)F(n + j,k) = G(n,k +1) — G(n,k). (5.237) 
7j=0 


Since the coefficients on the left-hand side of (5.237) are independent of k, we 
can take summation on both sides of the equation over all integer values of k 
and obtain 


J 
> a;(n)f(n+ J) = G(n, co) — G(n, -00) = 0, (5.238) 


j=0 


if (5.234) holds or G(n,k) has compact support in k for each n. Now we may 
solve the last recurrence equation for f(n) in terms of n. 

For instance, for f(n) = lock jn/3] kn ("5") /(n—- k), [177] shows it satis- 
fies (5.236) with p(n, N) = (N—2)(N?4+1) and G(n,k) = 2*n(2~*) /(n—3k+ 
3). Thus, the sum f(n) satisfies recurrence relation (N — 2)(N? + 1)f(n) =0, 
which gives solution f(n) = c12” + coi” + c3(—i)". Substituting the values 
fQ) = 1, f(2) = 1, and f(3) = 4, we solve cy = cp = cg = 1/2. Therefore, 
f(n) = 2"-1 4 (a" + (—a)")/2 = 2"-1 + cos(n7/2). 

Denote the left-hand side of (5.237) by ty. Section 6.3 of [177] gives a 
procedure similar to Gosper’s procedure to write 


theta _ po(k + 1) pi(k + 1)pe(k) 
tk po(k) pi(k)ps(k) 


where coefficients a; only appear in the first polynomial ratio on the right- 
hand side of the above equation, the numerator and denominator in the second 
polynomial ratio on the right-hand side are coprime and gcd(p2(k), p3(k+j)) = 
1 for all non-negative integer 7. The expressions of those polynomials are 
shown in [177, 226]. If t,41/t, is written as 


te+1 _ p(k +1) pa(k) 


tk p(k) p(k)’ 


where p(k) = po(k)pi(k), then G(n, k) = (b(k)ps(— 1)/p(k))te, where 6() is 
a polynomial solution of 


pa(k)b(k + 1) — ps(k — 1)b(k) = p(k). 


Furthermore, it was also proved that the last recurrence equation has a polyno- 
mial solution b(k) if and only if t, is an indefinitely summable hypergeometric 
term. 
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Remark 5.3.11 The purpose of Zeilberger’s algorithm is to establish (5.238), 
i.e., f(n) is holonomic in n by using creative telescoping (5.237). There is no 
reason to expect (5.236) holds for a given f(n), and when it does, there is no 
guarantee that such a miraculous G(n,k) that satisfies (5.237) exists. However, 
it was proved in Zeilberger [225] that if F(n,k) is holonomic, (in particular if 
both F'(n,-) and F(-,k) satisfy linear recurrences with polynomial coefficients 
that are “independent” in a certain technical sense), then it is guaranteed that 
f(n) is holonomic inn, t.e., satisfies a homogeneous linear recurrence equation 
of the form (5.238), with polynomial coefficients. Zeilberger’s general “slow” 
algorithm in [225] produces a recursion, and in principle it also enables us to 
find G(n,k). 

In analysis, a holonomic function is a smooth function of several variables 
that is a solution of a system of linear homogeneous differential equations with 
polynomial coefficients and satisfies a suitable dimension condition in terms 
of D-modules theory. More precisely, a holonomic function is an element of 
a holonomic module of smooth functions. Holonomic functions can also be 
described as differentiably finite functions, also known as D-finite functions. 
When a power series in the variables is the Taylor expansion of a holonomic 
function, the sequence of its coefficients, in one or several indices, is also 
called holonomic. Holonomic sequences are also called P-recursive sequences: 
they are defined recursively by multivariate recurrences satisfied by the whole 
sequence and by its suitable specializations. The situation simplifies in the 
univariate case: Any univariate sequence that satisfies a linear homogeneous 
recurrence relation with polynomial coefficients, or equivalently a linear homo- 
geneous difference equation with polynomial coefficients, is holonomic. Joseph 
N. Bernstein’s theory of holonomic systems (cf. Bernstein, [19] and Bjork [20]) 
forms a natural framework for proving a very large class of special function 
identities. 


5.3.2.4 Extended Zeilberger’s algorithm 


We are now ready to introduce the work by Chen et al. in [46] on the ex- 
tended Zeilberger’s algorithm used to prove and establish identities related to 
Bernoulli and Euler polynomials and numbers. The Bernoulli polynomials and 
Euler polynomials can be defined by the generating functions as (5.181) and 
(5.182), respectively. Noting B, = B,(0) and E,, = 2”F,,(1/2) are referred to 
as the Bernoulli numbers and the Euler numbers, respectively, then Bernoulli 
numbers and Euler numbers can be defined by the generating functions 


co n isa n z 

Zz Zz z 2e 
een elo and Le ee 
n=0 n=0 


respectively. The contour integral definitions of the Bernoulli numbers and the 
Euler numbers can be represented with the Cauchy integrals as 


| ! z 
B= =f z dz eid En= sod 2e dz 


e% —1 zntl Qni J et? +1 grtl? 
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respectively, where the contour encloses the origin, has radius less than 27 (to 
avoid the poles at +277), and is traversed in a counterclockwise direction. We 
will see there will be no need to compute the contour integrals, and one can 
formally treat the contour integrals as linear operators. The integral repre- 
sentation plays a crucial role in connecting the Bernoulli numbers and Euler 
numbers to hypergeometric terms. The Bernoulli numbers are also given by 
the recursion 


n 1 
Ds ea ) Bi =0, n>0, and Bo=1. (5.239) 
k=0 


It is well known that B2,41 = 0 for n > 1. The first few values of the Bernoulli 
numbers are Bo = 1, By = —1/2, By = 1/6, By = —1/30, Bg = 1/42, etc. For 
the Euler numbers, we have E2,4, = 0 for n > 0. 

The Bernoulli polynomials and Euler polynomials obey the relations (5.90) 
and (5.91), which we repeat here for easy reference: 


2 => & Ba. a>, (5.240) 


k=0 
n n—k 
1 Ex 
En(z) =~ (;) € = 5) a n>0. (5.241) 
k=0 


We need the properties of B,(x) and E,(a) given in (5.183) and (5.184), ice., 


Bn(l—2) =(-1)"Br(z), Br(x+1)— Br(z) = nz", (5.242) 
E,n(1— 2x) =(-1)"E, (x), En(a+1)+ Ey(x) = 22”. (5.243) 


We also need the following well known binomial expansions for Bernoulli and 
Euler polynomials to calculate initial values for the recurrence relations de- 
rived by the algorithm given in [35, 46]. 


n n 


Br(z+y)= >> 6 By(a)y""* and En(e+y) =~ (1) Ex(x)y"—*. 


k=0 k=0 
(5.244) 
The original Zeilberger’s algorithm is devised to find recurrence relations 
of the summation 5°, F(n,k) by solving the equation (5.236), ie., 


ao(n)F(n,k)+ai(n)F(n+1,k)+ +aj;(n)F(n+J,k) = G(n,k+1)—G(n,k), 


where F'(n,k) is a hypergeometric term in n and k, a;(n) are polynomials in 
n and are k-free, G(n, k)/F(n, k) is a rational function in n and k. It is known 
that Zeilberger’s algorithm can be applied to summands with parameters in 
order to establish multiple index recurrence relations, for example, see Sec- 
tion 4.3.1 of [9] and [35]. The algorithm as shown in the latter will become 
apparent when it is being used to prove some identities related to Bernoulli 
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and Euler polynomials. Let us consider Gessel (cf. [66, Lemma 7.2]) identity 
as an example 


x (7) Bose = ( = yen (i )e ch (5.245) 


k=0 =0 


where m and n are non-negative integers. 

To justify the above identity, we aim to find recurrence relations for both 
sides. If they agree with each other, then the equality is established by con- 
sidering the initial values. There are four steps to compute the recurrence 
relations for the above summations. We will give detailed steps for the left- 
hand side of (5.245). 

Denote the left-hand side of (5.245) by L(n,m). The first step is to ex- 
tract the hypergeometric sum from the Cauchy integral formula of Bernoulli 
numbers. From 


(n+k)! 
me es we i gan 4 


we take a summation S(n,m) = 77.) C(n,m, k), where 


cwmuy= (st 


In the second step, we construct an extended telescoping equation with a shift 
on the parameter m of the summand C(n,m,k), and solve this equation by 
the extended Zeilberger’s algorithm. More precisely, we set the hypergeometric 
term 


F (n,m, k) = boC(n, m, k) + 61C(n,m + 1,k) 
+ boC(n+1,m,k) + 63C(n+1,m+1,k), (5.246) 


where 6,’s are k-free rational functions of n and m, namely, k does not appear 
in b;’s. Moreover, we require that the rational functions b;’s are independent 
of the variable z. By Gosper’s algorithm, it is easy to check that C(n,m,k) = 
Zk+1 — 2% has no hypergeometric solution for z,. Moreover, since the Bernoulli 
numbers are not P-recursive, Zeilberger’s algorithm does not work in this case. 
Then, we will try to solve the equation 


F(n,m,k) = G(n,m,k +1) — G(n,m,k), (5.247) 
where G(n,m, k) is a hypergeometric term. By Gosper’s algorithm, we have 


F(n,m,k+1) — a(k) c(k+1) 
r(k) = “hiene = OE) ok) (5.248) 
where a(k) = (m—k+1)(n+k+1), bas = HON c(k) = Da an bonnet 
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Assume that G(n,m,k) = y(k)F (n,m, k), where y(k) is an unknown ratio- 
nal function of k. Substituting y(k)F'(n,m,k) for G(n, m, k) in (5.247) reveals 
that y(k) satisfies 

r(k)y(k-+ 1) — y(k) = 1. 


From Zeilberger’s algorithm, by substituting the factorization (5.248) into the 
above equation and setting 


y(k)e(k) 
r(k) = b(k— 1)’ 


we reduce the problem to be the problem of finding polynomial solutions of 
the following equation (cf. Theorem 5.2.1 of [177] or Subsubsection 5.3.2.3) 


a(k)a(k + 1) — b(k — l)x(k) = e(k). (5.249) 


Notice that the coefficients a(k) and b(k) are independent of the unknowns 
b;’s, and c(k) is a linear combination of 6;’s. One can estimate the degree of 
the polynomial «(k), as in Gosper’s algorithm. In this case, x(k) is of degree 
0. Assume that 2(k) = a9. Then Equation (5.249) becomes 


(—ag — b2)k? + (mbz — nbz + mb3 — boz — (n — m)ag — anz + b3)k 
+((n + 1)(m + 1)ao + boz + nbz + b3nm + bozm + benm + nb2 
+b, 2m + byz + bg + mbz + mbz + b3) = 0 


By setting the coefficient of each power of k to zero, we get a system of linear 
equations in ao and b,;’s. Note that in the solution of this system, ag and 6,’s 
may contain the variable z. To prevent z from appearing in b;’s, we should go 
one step further to impose that the coefficient of any positive power of z in 
b;’s is zero. This may also lead to additional equations. Combining all these 
equations, if we can find a nonzero solution, then take this solution to the 
next step. Otherwise, we may try recurrences of higher order. In this case, we 
get a nonzero solution a9 = —1, bo = 1, b} = —1, bg = 1, b3 = 0. Note that in 
general the b;’s are polynomials in n and m. 

Thirdly, we find the recurrence relation for L(n,m). Since the solution of 
ao, bo,..., b3 leads to the following telescoping equation 


C(n,m,k) — C(njm + 1,k) + C(n+1,m,k) = G(n,m,k +1) — G(n,m,k), 
(5.250) 

where 

mi(n + k)! 


Clam §) = Gin — + De 


(5.251) 
Summing the above recurrence over k from 0 to m+ 1, we obtain S\(n,m) — 
S(n,m+1)+ S(n+1,m) = 0. Substituting this recurrence relation to the 
contour integral definition of B,, we find that L(n,m) satisfies L(n,m) — 
L(njm+1)+ L(n+1,m) =0. 
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By the same procedure, we see that the right-hand side of (5.245), de- 
noted by R(n,m), satisfies the same recurrence relation as L(n,m), namely, 
R(n,m) — R(n,jm+1)+ R(n+1,m) =0. 

Finally, we verify initial values. By considering the parity of By, we see 
that (-1)"B,, = Bm unless m = 1. Hence, L(0,1) = R(0,1) = 1/2 and 
L(0,m) = R(0,m) = By, for m # 1. The proof is complete. 

We now consider Momiyama identity 


(-1)™ “ ‘) (n+k+1)Bn4z+(-1)” ds (" 4 2 (m+j+1)Bm+; = 9, 
k=0 j=0 
(5.252) 
where m+n > 0. The identity was proved by using Volkenborn integral in 
[167] and, later, by using the auxiliary formal series method in [219]. We now 
show that it can also be proved by using extended Zeilberger’s algorithm after 
noting that the identity contains parameters m and n. 
Denote the left-hand side and the right-hand side of (5.252) by L(n,m) 
and R(n,m), respectively. By the contour integral definition of the Bernoulli 
numbers, we have 


m 


Lam ea (Eicon (fore 


k=0 


Denote the summand in the above summation by F'(n,m,k), that is, 


F(n,m,k) = (-1)™ e ‘) (n+k+1) mee 


Applying the extended Zeilberger’s algorithm to F'(n,m, k) and assuming that 
the output is independent of z, we obtain 


F(n,m,k) + F(nym+1,k) + F(n+1,m,k) = G(n,m,k +1) — G(n,m,k), 
(5.253) 
where 


(-1)™(m + Ii(n+k +1)! 
(K—1)\(m+2—k)lerth © 

Summing the telescoping equation (5.253) over k from 0 to m, we are led to 

the following recurrence relation for L(n,m) 


G(n,m,k) = 


L(n,m) + L(n,m +1) + L(n+1,m) = —(-1)"(n + m+ 2)Bnim+i.- 
Similarly, we find that R(n,m) also satisfies 
R(n,m) + Rn,m +1) + R(t 1m) = (-1)"(n+ +2) Basen. 


Considering the parity of B,,. It is easy to see that 


((-1)" + (-1)")(n+ m+ 2) Bnim+i = 0. 


410 Methods for the Summation of Series 


Therefore, both sides of Momiyama’s identity (5.252) satisfy the same recur- 
rence relation. 

To compute the initial values, setting m = 0, we get L(n,0) = (n+1)Bn. 
It follows from the recurrence relation (5.239) that 


VEE )a-L (mE ()m-m (0) 


which implies }7;_o (;,";) Be = —Bn- On the other hand, for n # 1, we have 


R(n,0) =— ("5 ey (k + 1)Be 
i : 
cme (ECT ECT 9) 


It is easily checked that L(1,0) = R(1,0) = —1. So we deduce that L(n,0) = 
R(n,0) for all n > 0. This completes entire proof. 
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Exercises 
5.1 Consider a special case of (5.22) for k = 0: Let D = (g, f) be a Riordan 
array, and let f = 7,59 fxt® be the compositional inverse of f. Then 


for n > 1. Use this formula to prove the following identities. 
eat) = 1h 
Hint: consider D = (1/(1 — t),t/(1—t)). 
Gi) (1) | as =. 
Hint: Consider D = (1, —In(1 — t)). 
(ii) Deo) mital = el" | 2 1. 
Hint: Consider D = ((— In(1 — t))™, — In(1 — ¢)). 
(iv) Dye (-D)* k- DYE} = nldn, n>. 
Hint: Consider D = (1, e' — 1). 
n —1)8-l(ktp)! pon n—-1 
(v) kat een sean CNP = npl{ Pp }s nel. 
Hint: Consider D = ((e' — 1)?, e’ — 1). 
5.2 Let the generalized Stirling numbers S(n,k;a, 3,7) be defined by 


Bla _ Me n 
a a (eur) =o S(n, kya, 8.1) (5.254) 


n>0 
for (a, 6,7) € R® and B 4 0, where limgo $(n,k;1, 6,0) = s(n,k), the 
Stirling numbers of the first kind, and limg-49 S(n,k;a,1,0) = S(n,k), the 


Stirling numbers of the second kind. 

(i) Use Theorem 5.1.13 to find the recurrence relation of Stirling numbers 
of the second kind. 

(ii) Use Theorem 5.1.13 to find the recurrence relation of Stirling numbers 
S(n, k;a,a, 7). 

(ii) Prove the numbers S(n,k;a, 6,7) satisfy the following recursive rela- 
tion. 


S(n+1,k; a, B,y) = S(n, k—-1; a, 8, y)+(y+kB—na)S(n, k; a, B,y) (5.255) 


for n> 1. 

Hint: (i) Since the exponential Riordan array (9(n,k))n,c>0 is (1,e’ — 1), 
the generating functions of the corresponding c-sequence and r-sequence can 
be found by using formulae in (5.27) as c(t) = 0 and r(t) = 1+t. Then the 
recurrence relation of Stirling numbers of the second kind can be obtained 
from (5.30): 


S(0,0)=1, S(n,0)=0(n>1), S(n,n)=1 (n> 1), 
S(n+1,k) = S(n,& —1)+kS(n,b). 
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(ii) Noting (S(n, k; a, 8,7) = (d(¢), h(t), where 


Jo 
d(t)=(1+at)/* and h(t) = oa. 
from (5.27) we get 

c(t) = (1+ Bt)-°/? and r(t) = (14 Bt)-o/?. 


If a = £6, then c(t) = y/(1+ at) and r(t) = 1. Hence, by using (5.30) we 
obtain the following recurrence relation of Stirling numbers of the second 
kind S(n, k; a, a, 7). 


S(n a 1,0; a, a,7) = ae, i\(—a)'S(n, a; a, a,); 


ALAC \-¥ S(n,t;0,0,7) (n > k > 0). 


(iii) Denote the LHS of (5.254) by ¢;(t). Evidently, ¢,(0) = 0 for k > 
1, and ¢o(t) = (1 + at)?/*. Moreover, using elementary differentiation and 
algebraic computations, one can verify that 


(1 + at) dx (t) — (y+ KB)oe(t) = be-a(t) (>I). (5.256) 


Since the above differential equation has a unique solution satisfying the ini- 
tial condition ¢,(0) = 0, the RHS of (5.254), 7.9 S(n,k; a, 8, 7)t"/n!, also 
satisfies the above equation. Consequently, ~ 


n-1 
(1+ at) 7 S(n, kya, By) — (7 + kB) ST S(n, ks, 8,7) 
n>0 : n>0 
=S¢ S(n,k - 156, BY) 
n>0 


The LHS of the last equation can be written as 
is t” 


n>1 , n>0 


Comparing the coefficients of the nth term on the both sides, we obtain 
(5.255). For wa = 1 and 6 = 0, we have the recursive relation for the Stirling 
numbers of the first kind, while the recursive relation of the Stirling numbers 
of the second kind S(n,k) = S(n, k;0,1,0) as shown in (i) can also be derived 
from (5.255). 
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5.3 Denote A(s) = >) ,50 ns”. Show 


ag + (a1 — pag)s 


Furthermore, prove the Taylor expansion A165998 [197] of A(s) is 


A(s) 


n/ ; 
1 n-j-1l n—-2j-1 5/7. . n 
= m4 (mw >on joa )p gq’ (jpao + (mn — 27)a1) | 8”. 


n>1 


(5.258) 


Hint: See Proposition 1 in [112]. 
5.4 Prove (5.170), 


ee Yt") )evtero 


rt 
y 0<k<n/2 


where zy £ 0 and x # y, using the difference of a polynomial. 

Hint: See Lemma 3.1 of [112]. 

5.5 Prove the first half of Theorem 5.1.70. 

Hint: Use a similar argument in the proof of the second half of the theorem 
or see Prodinger [179]. 

5.6 Prove (i) of Corollary 5.1.71. 

Hint: Use a similar argument in the proof of (ii) of the corollary or see Sun 
[205]. 

5.7 Prove (i) and (ii) of Theorem 5.1.72. 

Hint: Use an argument similar to the proof of (iii) and (iv) of the theorem 
or see [205]. 

5.8 Prove Theorem 5.1.73. 

Hint: See the statement in the book. 

5.9 Prove Theorem 5.1.74. 

Hint: See [205] and [114]. 

5.10 Let d(t) € Fo, A(t) € Fi, and U = (6;41,;)i,j>0- Then a lower triangle 
matrix R = (g(t), f(t)) = (dn.k)n,e>0 is a Riordan array if and only if 


UR = RP, (5.259) 


or equivalently, 
P=R7 UR, 
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where P, called the production matrix of R, has the expression 


(5.260) 
where the rightmost expression is the presentation of P by using its column 
generating functions. 

Hint: Let Riordan array R = (g(t), f(t)) = (dn,&)n,z>0 have the generating 
functions A(t) and Z(t) of its A-sequence and Z-sequence, respectively. Then, 


st) = py and f(t) =tA(f(t)). (5.261) 
We may write (5.261) as 
MH too _ gayz(g@)) and LOPO _ gay pr—rmacen). (6.262) 
Noting 
01000 
00100 
U = (41,3 )ngo0 = : ; : : : , 


we may re-write (5.262) by using upper shift matrix U as 


U(g(t), F(t) = (9(t), F))P. 


5.11 Let D = (g(t), f(t)) be a generalized Riordan array with respect to 
(k!)z>0. Then the (n,k) entry of its production matrix (Pn,k)n,c>0 satisfies 


mr 
Pn,k = yy (one + ki'n—k+1) ; (5.263) 


where the sequences (r%)xen and (cx)xen are defined by the ordinary gener- 
ating functions 


r(t) = #'(FO) = Soret and c(t) = FO) get (5.264) 


2. (fp) 2 
respectively. Namely, 
Co ro 0 0 0 
Le, t(co +r) ro 0 0 
Ppa | 2lce 2(c1 +12) 3 (co + 2r1) To 0 
3!e3 #(c2 +13) F(c1 + 2r2) 2 (co +3r1) ro 
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Then, use (5.263) to reprove Theorem 5.1.13. 
Hint: From Exercise 5.10, the production matrix of R is given by 


P={D""UD. 
Then, the exponential generating function of the k-th column of UD is 


k k k-1 
8 (LOO 2 QL «pg y LO 


f(t). 


Hence, the exponential generating function of the k-th column of the produc- 
tion matrix P is 
1 d_ (FO) _ (FO) te 


ml) = | Fo] Sat EE = DE 5 er Flo) 


_! 
kl 


(c(t)t® + kt*®-1r(t)). 


The (n, k)-th entry (5.263) of production matrix P is determined accordingly. 
From Exercise 5.10, we have DP = UD, which implies 
“il 
dn4i,k = > —(G_—¢ + kri-nsi)dnu 


k) 
i=k-1 


for all k > 0. Consequently, we have 


n 


dn+41,0 = S tleidn i 5 


i=0 


“il 
dn+i1,k = T0dn,k—1 + S- 7 (Ci-k +kri-kyi)dn, fork >1. 
ixk 


5.12 Prove Theorem 5.3.6. 
Hint: See Theorem 9 of [114]. 
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